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General Instructions

e Reading time — 5 minutes

o Working time — 2 hours Total marks (84)

o Write using blue or black pen * Aftempt Questlons 1-7
e All questions are of equal value
e Board-approved calculators may

be used

e A table of standard integrals is
provided separately

e All necessary working should be
shown in every question

Disclaimer

Every effort has been made to prepare these ‘Trial’ Higher School Certificate Examinations in accordance with the Board of Studies documents,
Principles for Setting HSC Examinations in a Standards-Referenced Framework (BOS Bulletin, Vol 8, No 9, Nov/Dec 1999), and Principles far
Developing Marking Guidelines Examinations in a Standards Referenced Framework (BOS Bulletin, Vol 9, No 3, May 2000). No guarantee or
warranty is made or implied that the “Trial’ Examination papers mirror in every respect the actual HSC Examination question paper in any or all
courses to be examined. These papers do not constitute ‘advice’ nor can they be construed as authoritative interpretations of Board of Studies
intentions. The CSSA accepts no liability for any reliance use or purpose related to these ‘Trial’ question papers. Advice on HSC examination issues is
only to be obtained from the NSW Board of Studies.
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Marks

Question 1 Begin a new page

4
(a) Find the value of Z (=) *&!

k=1

() A(-2,-5) and B(1,4) are two points. Find the acute angle 6 between the line AB 3
and the line x+2y+1=0, giving the answer correct to the nearest minute.

(c) Thepolynomial P(x)=x"+ax’+ bx leaves aremainder of 5 when it is divided by
(x—2), where a and b are numerical constants.

(i) Show that P(x) is odd.
(ii) Hence find the remainder when P(x) is divided by (x+2).

(d)

ABCD is acyclic quadrilateral. The tangent at A to the circle through A, B, C and D is
parallel to BD.

(1) Copy the diagram.

(i1) Giveareason why L ACB = ZMAB. 1
(1) Give areason why £ ACD = ZABD.
(iv) Hence show that AC bisects £ BCD . 2
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Question 2 Begin a new page

2

(a) Find dilx—z e’

2

() A(-1,4) and B(x,y) are two points. The point P(14,-6) divides the interval AB
externally in the ratio 5: 3. Find the coordinates of B.

(¢) Find the number of ways in which the letters of the word EXTENSION can be arranged in
a straight line so that no two vowels are next to each other.

(d)

P(2z 1 2) is a variable point which moves on the parabola x* = 4y. The tangent to the
parabolaat P cuts the x axisat 7. M isthe midpoint of PT.

(i) Show that the tangent PT has equation tx—y—1t> =0.

2
(1) Show that M has coordinates (:;—I- , %—)

(111) Hence find the Cartesian equation of the locus of M as P moves on the parabola.

Marks




Question 3 Begin a new page

(a) (i) By expanding cos (2A + A), show that cos 34 = 4cos’ A — 3cos A.

1
(i1) Hence show thatif 2cos A= x +-; then 2cos3A=x" +;c? .

(b) The function f{x) isgivenby f(x)=Jx+6 for x >2-6 .
(i) Find the inverse function f ~(x) and find its domain.

(ii) On the same diagram, sketch the graphs of y= f(x) and y= f7'(x), showing
clearly the intercepts on the coordinate axes. Draw in the line y=x .

(iii) Show that the x coordinates of any points of intersection of the graphs y= f(x) and
y= f!(x) satisfy the equation x*—x—6=0. Hence find any points of intersection
of the two graphs.

Question 4 Begin a new page

(a) Use Mathematical Induction to show that 5" + 2 (1 1 ") is a multiple of 3 for all
positive integers n.

(b)

A
a2

Two concentric circles with centre O have radii 2cm and 4 cm . The points P and Q
lie on the larger circleand £POQ =x, where O0<x <% .

(i) If thearea Acm”® of the shaded region is % the area of the larger circle, show that

x satisfies the equation 8sinx —2x -7 =0.
(ii) Show that this equation has a solution x =, where 0-5 < o < 0-6.

(iii) Taking O-6 as a first approximation for & , use one application of Newton's Method
to find a second approximation, giving the answer correct to two decimal places.
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Question § Begin a new page

(a)

(b)

(©

49
1 ) . )
Evaluate ———— dx using the substitution u P=x , u>0. Give the answer
.4 (x +Jx )

in simplest exact form.

d
Atany point on the curve y= f(x), the gradient function is given by &—: =sin’x.

Find the value of f(2£) ~ f(%).

A particle is performing Simple Harmonic Motion in a straight line. At time 7 seconds it
has velocity v metres per second, and displacement x metres from a fixed point O on

. 1
the line, where x =5 cos %

(1) Find the period of the motion.

- . . 2
(11) Find an expression for v interms of t, and hence show that v*= ”T (25 - xz) .

Find the speed of the particle when it is 4 metres to the right of O,

Marks
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Question 6 Begin a new page

(@)

0

T

A person on horizontal ground is looking at an aeroplane A through a telescope 7.

The aeroplane is approaching at a speed of 80 ms ~'at a constant altitude of 200 metres
above the telescope. When the horizontal distance of the aeroplane from the telescope is
x metres, the angle of elevation of the aeroplane is 6 radians.

-1 200
(i) Show that = tan ' — . 1
x
de 16000
(ii) Show that — = ———— . 2
dt x~+40000
(iii) Find the rate at which 6 is changing when 8 =%, giving the answer in degrees 2
per second correct to the nearest degree.
(b) A particle moves in a straight line. At time ¢ seconds its displacement is x metres from
afixed point O on the line, its accelerationis a ms ™, and its velocity is v ms -
. 32 x
where v is givenby v =— — — .
x 2
(1) Find an expression for a in terms of x. 1
.. 2 -
(ii) Show that t = J ad ~ dx , and hence show that x* =64-60e™ . 3
-Xx
(iii) Sketch the graph of x* against ¢ and describe the limiting behaviour of the particle. 3




Marks

Question 7 Begin a new page

(@) Four fair dice are rolled. Any die showing 6 is left alone, while the remaining dice are

rolled again.

(i) Find the probability (correctto 2 decimal places) that after the first roll of the dice, 1
exactly one of the four dice is showing 6.

(i1) Find the probability (correct to 2 decimal places) that after the second roll of the dice 4

exactly two of the four dice are showing 6.

(b) A particle is projected from a point O with speed 50 ms™ at an angle of elevation 6 ,

and moves freely under gravity, where g =10 ms .

(1) Write down expressions for the horizontal and vertical displacements of the particle at 1
time ¢ seconds referred to axes Ox and Oy.

(i1) Hence show that the equation of the path of the projectile, given as a quadratic equation 2
in tan@ , is x* tan*6 — 500x tan6 + (x2+500y)=0.

(iii) Hence show that there are two valuesof 8 , 0< 0 <%, for which the projectile passes 2
2 PIoj pas

through a given point (X, Y) providedthat 500 Y < 62500 — X *.

(iv) If the projectile passes through the point (X, X) whose coordinates satisfy this inequality, 2
and the two valuesof 8 are o and B, find expressionsinterms of X for
tana + tan B and tane tanfB , and hence show that o+ B = 3F .




Mathematics Extension I CSSA

HSC Trial Examination 2001

Marking Guidelines

Question 1

(a) Outcomes Assessed: HS, H9

Marking Guidelines

Answer:

Answer:

Criteria Marks
» one mark for simplification of sum 2
« one mark for value of sum
. k
Y (DK = —1+20-31+41 =19
k=1
(b) Outcomes Assessed: P4
Marking Guidelines
Criteria Marks
» one mark for values of gradients
» one mark for value of tan 6 3
» one mark for size of angle
AB has gradient m, =3 3-(-1
! . :>tan0=———£—2l=7 . 0=81°52
x+2y+1=0 has gradient m,=-5 1+3(_%)
(c) Outcomes Assessed: (i) P5 (i) PE3
Marking Guidelines
Criteria Marks
(i) » one mark for showing P(x) is odd 3

» one mark for value of remainder

(ii) * one mark for showing remainder is —P(2)

Answer:
@)
P(=x)=(~x)’ +a (=x)’ +b (-x)

S—ax*-bx

=—x
=—(x5 +ax3+bx)
~P(x)

~ P(x) is odd.

forall x

(ii) When P(x) is divided by (x+2),
remainder is P(—2)=~— P(2) since P(x) is odd

=-5  since P(2)=5
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d) Outcomes Assessed: (i) (i) PE3 (iii) PE3 (iv)H5, PE2,PE3

Marking Guidelines
Criteria Marks

1) * no marks for copying diagram
(ii) * one mark for reason

(iii) » one mark for reason 4
(iv) * one mark for showing £ MAB= £ ABD

« one mark for showing £ ACB = £ ACD

Answer:
®
M— A N (iii) £ ACD = £ ABD because the angles subtended in
m the same segment at B and C by the arc AD are
_ equal.
B D
@iv)
C /MAB = ZABD (equal alternate angles, MN // BD)

ZACB = ZACD (£/MAB = ZACB, ZABD = AACD)
(i) £ ACB=ZL MAB because the angle between the - AC bisects ZBCD
tangent MA and the chord AB through the point of

contact A is equal to the angle ACB in the alternate
segment.

Question 2
(a) Outcomes Assessed: P7, PES

Marking Guidelines
Criteria Marks

« one mark for first derivative 2
« one mark for second derivative using product rule.

Answer:

2
x2 2 d x2 2

&d; e = 2xe’ — e = gx—erx = 2(e"2)+(2x)(2xe"2)=2(1+2x2)ex

(b) Outcomes Assessed: P4

Marking Guidelines
Criteria Marks

« one mark for equation in x
s one mark for equation in y 3
« one mark for coordinates of B

Answer:
_5_"_‘_?’_><_(__L)=14 — 5r+3=128 ~x=5
5-3
- B(5,0)
2Y=3xW8) _ ¢ = sy-12=-12  .y=
5_3 = y—12=-12 ~y=0

-2~




(c) Outcomes Assessed: PE3

Marking Guidelines

Criteria Marks
* one mark for number of arrangements of vowels
» one mark for number of arrangements of consonants 3
» one mark for total number of arrangements

Answer:
The vowels (E, E, I, O) can be arranged in The consonants ( N,N, S, T, X ') can be arranged in
positions 2, 4, 6, 8 in ;i: = 12 ways. positions 1, 3, 5, 7, 9 in j—" = 60 ways.
Hence the total number of arrangementsis 12 x 60 =720.
(d) Outcomes Assessed: (1) PE3, PE4 (ii) PE3 (i) PE3
Marking Guidelines .
Criteria Marks

(1) = one mark for equation of tangent

(i1) * one mark for coordinates of T 4
 one mark for coordinates of M

(111) » one mark for equation of locus

Answer:
y4 . y 2
x° =4y (W At7, y=0=1tx-0-1t"=0 = x=t
Hence T has coordinates (z,0), and
. . - 2
P(ZI,IZ) M is the midpoint of P(21,t ) and T (¢,0),
: _ 21+t 1?40 3t 1?
. with coordinates P = —2— , —5— .
0 /T x
i  y=1x" = ﬂ=%x (i) AtM, x 3 LB
dx ’ T2 -3
- tangent at P(2 t,tz) has gradient $(2f)=1 L2 (2x\E 24
Ly=g§tt =3 = = =
and equation  y~1* =¢(x-21) Y= ZL 3 ) 9
tx—y—1*=0 Hence the locus has equation 2x* = 9y.




uestion 3

) Outcomes Assessed: (i) P4 (i1) PE3

Marking Guidelines
Criteria Marks

(i) * one mark for expansion and expressions for cos2 A, sin2A
« one mark for simplification to obtain final expression for cos3A in terms of cos A

1
(ii) » one mark for expressing 2 cos3A in terms of (x +—) 5
x

S . 1)’
« one mark for binomial expansion of (x + —)
x

« one mark for simplification to obtain final expression for cos 3A interms of x

.NSWer:

) (i1)
cos3A=cos(2A+ A) 2cos3A=8cos’ A—6cos A
=cos2A cos A—sin2AsinA = (2cos A)® =3 (2cos A)
=(2cos2A—1)cosA—(2sinAcosA)sinA 1\3 1
~(x+3) -3(5+3)
=2cos’A — cos A — 2sin” Acos A X X
3
=2c0s’ A -oosA—Z(l—coszA)oosA =x3+3x+§-+(l) Y-
; x \x x
=4cos” A — 3c0s A 1
:x3+—3—
x

b) Outcomes Assessed: (i) PS, HE4 (ii) P5, HE4 (i) P4

Marking Guidelines
Criteria Marks

(i) * one mark for finding the inverse function
« one mark for the domain of the inverse function
(ii) » one mark for the graph of y= f(x) and intercepts
« one mark for the graph of y= f '(x) and intercepts
« one mark for the line y = x passing through the point of intersection

(iii) » one mark for the equation
« one mark for the coordinates of the point of intersection

Answer:
d) (ii)
y=yJx+6 Interchanging x and y
y=x+6 gives y=x"-6
A
x=y*-6 o T x)=x"-6 Y o y=x
y/7(x
Range of f(x) is Domain of f7'(x) is ‘/_6— y=f(x)
=
{y:y=0} {x:x>0}
% /|0 > |
(iif) Where y= f(x), y=f"(x), y=x intersect, -6 oo ' |
fix)=x>= xP-6=x !
X' —x=6=0 §

But x #-2 (outside domain). .. x=3 Hence intersection point of the curves is (3 , 3).




Question 4

(a) Outcomes Assessed: HE2
Marking Guidelines
Criteria Marks

« one mark for establishing the truth of (1)

o one mark for  S(k) true = 5" +2 (1 1 k) =3M forsome integer M.
sonemarkfor 5" +2 (11°")= 5(5%)+22(11*) >
« one mark for deducing S(k) true = S(k +1) true

« one mark for deducing §(n) true for all integers n>1

Answer:
Define the sequence of statements S(n): 5" + 2(1 1 ") is a multiple of 3, n=1,2,3,...
Consider S(1): 5'+2(11")=27=3%x9 .~ S(1) is true.

If S(k) is true, then 5* +2(11-")=3M for some integer M. *¥
Consider S(k+1): 5 +2(11")= 5(5*)+22(11%) = 5{(s*) +2(11)} + 12(11%)
L2 (117)= 56M) + 12 (11%)=3{sM+ 4 (11*)} if S(k) is true, using **
But M and k integral = {SM + 4(11k)} 1s an integer.
. S(k) true = S(k+1)true, k=1,2,3,...

Hence S(1) istrue, and if S(k) is true, then S(k+1) istrue. .. S(2) istrue, and then S(3) is true,
and so on. Hence by Mathematical Induction, S(n) is true for all positive integers n.

(b) Outcomes Assessed: (i) H5 (1) PS5, H2 (ii1)) PE3

Marking Guidelines
Criteria Marks
(1) » one mark for areas of small circle sector and triangle OPQ

» one mark for equating expression for shaded area to % of large circle area
» one mark for simplification to find equation in required form

(ii) * one mark for showing f(0-5), £(0-6) have opposite signs
» one mark for using continuity of f(x) to deduce 0-5<a <0-6

(1i1) » one mark for expression for second approximation
» one mark for calculation of second approximation

Answer:
(i) Let f(x)=8sinx-2x—m . Then
f(0-5)==0-31<0 and f(0-6)=0-18>0.
Hence, since f(x) is continuous, f(a)=0 for
%A some 0-5<a <0-6.
P Q (1i1) Taking a first approximation & =0-6,

. Newton's method gives a second approximation
W £(0-6)
AreaofAPOQz%(42)sinx a =06 - m

: _ 1 2
Areill s(rjnz;ll circle sSec.tor—- : 2(2 ) x o 8 sin(0-6)— 2(0-6) — 7
-~ shaded area = - =06 -
© SInx = 2x 8cos(0-6) —2

s 8sinx—2x = £r(4?) =
Sinx = ox 16”(4) n =0-56 to 2 decimal places.
8sinx —2x—m =0




Question 5

(a) Outcomes Assessed: HE6
Marking Guidelines
Criteria Marks

» one mark for change of limits
» one mark for change of variable 4
» one mark for integration
» one mark for evaluation

Answer:
49 1 7 1
lLet I = —_— dx Then I=J——2udu
e Jl 4(x+ﬁ) . 4(u2+u)
|
2 _ = — du
u*=x, u>0 Jl 2(u +1)
dx

x=l=u=1, x=48=u=7 . I=4(In8 — In2)=1 In4=In2

(b) Outcomes Assessed: HS
Marking Guidelines
Criteria Marks

. .2 . !
» one mark for expressing sin”x in terms of cos2x :
« one mark for integration, including constant of integration

» one mark for evaluation of f (%) / (’3{')

¢ one mark for value of difference

Answer:

; f(x)=%x—Lsin2x + ¢
Y _ 2
&; =sin’ x f(z";—”)—f(%)

=-é—(1—cos2x)
1
2

I

y (x —%sin2x) +c¢, cconstant _ (3n

(¢) Outcomes Assessed: (i) HE3 (ii) H5, HE3

Marking Guidelines
Criteria Marks
(1) *one mark for finding the period of the motion

(i1) * one mark for expressing v ? interms of ¢

» one mark for expressing v * in terms of x
» one mark for the value of the speed.

Answer:

(1) Period is 27 + & = 4 seconds

(ii) ) = £ (25— 25c0s *Z1)
x=SCos-2—t vzzﬂi("S—xZ)
dx A
= e— —Zcin & A
VI = 5(~%sin31) x=4 = v =E(25-16)= 2~

2 . .. 37w -1
vi= (%)-255”1225, —-6- Speed is =- ms



Question 6
(a) Outcomes Assessed: (i) P4, HE4 (ii) HE4, HES (i) HS

Marking Guidelines

Criteria Marks
(i) * one mark for expression for 8
d
(ii) » one mark for expression for o
Y
» one mark for expression for I 5
dé
(iii) » one mark for value of E-t—
» one mark for value of 8
Answer: . 3
® (ii)
X
Pp—=—(5 >4 o 1 (200)_ — 200
ZTAP =6 Topaf)? U R 2 4+ 40000
200 (alt. £ llel lines) “ 1+(X) ) '
alt. /s, parallel lines — 200
2 200 H_Bx_ (~80)
r tanf =— dt  dx dr x*+40000
Y . do _ 16000
6 =tan ' — Todt x*+40000
X

do 16000
dt — (200)* + 40000

Hence 6 isincreasingat11° s~ (correct to the nearest degree)

(iii) When 6 =%, TP= AP = x=200, and = 0-2 radians per second.

(b) Outcomes Assessed: (i) HES5 (ii) H3, HS5, HE4 (ii) HE3, HE7

Marking Guidelines
Criteria Marks
(i) * one mark for expression for a interms of x
(i1) * one mark for expressing ¢ as an integral with respect to x
» one mark for integration to find ¢ in terms of x

. 2 .
* one mark for expression for x” interms of #

(iii) » one mark for graph of x* asa function of ¢
» one mark for limiting values of x, v, a
» one mark for description of limiting behaviour in words

N

Answer.
(1) (i1)
2 2 , —x2
x 2 x dt x 2 2x
_ 2y 1.d (1024 x? a2
=) =i -2+ & A
_ 1024 x I
x3 + 4 64—x2




(1i1)

.. x4 _

(i1) Cont. e”
0

l::-—ln(64—_x2)+c, } = c=In60 /
x=2

_— 64— x? ., 64—x? 4
- 60 ’

Lxt=64 - 60e”

- 32_8_0n" =1024 , 8 _ v
As 1=, x—8 , Vo ¥ 2—O , 4= =55 +4-O

Hence the particle is moving right and slowing down as it approaches its limiting position
8 metres to the right of O.

Question 7
(a) Outcomes Assessed: (1) HE3 (1) HE3

Marking Guidelines
Criteria Marks

(1) » one mark for value of probability

(ii) » one mark for expression for probability of two 6's on first roll and no 6's on second
« one mark for expression for probability of one 6 on first roll and one 6 on second 5
« one mark for expression for probability of no 6's on first roll and two 6's on second
» one mark for value of probability

Answer:

(i) Plone 6 on firstroll) =°C, (%)1(%)3 ~0-39 (to 2 decimal places)

(ii) P(two 6 s on first roll and no 6 s on second roll) = c, (—é—)z(—g-)z x *C, (%)0 35-)2 = 0-0804
)" = 0-1340

P(no 6 s on first roll and two 6 s on second roll) = *C, (—1—)0(6 X 4C2(;15-) 2(;6’-)2 = 0-0558
P(two 6's overall) = 0-0804 + 0-1340 + 0-0558 = 0-27 (to2decimal places)

(b) Outcomes Assessed: (i) HE3 (ii)) HE3 (iii) P4, H2 (iv) P4,H2

Marking Guidelines
Criteria Marks
(1) = one mark for expressions for x and y intermsof 8 and ?
(i1) * one mark for expression for y in terms of x
* one mark for rearrangement as quadratic in tan 6 7
(111) *» one mark for discriminant intermsof X and Y
» one mark for using discriminant > O to give required inequality
(iv) » one mark for the values of the sum and product of tan &, tan § intermsof X
» one mark for the value of o+ f8




Answer:

(i) x=50tcos® and y=50tsinf —5¢°
(1)
X sinf@ 5x?
= = =X - >
50 cos 6 cosf 2500 cos“ 0

500 y =500 x tan — x* sec’ 6
=500 x tan 6 — x* ( 1+tan *6)
=500 x tan§ — x’— x*tan >0

~ x*tan’6 — 500 x an® +(x* +500 y)=0

(iii) Projectile passes through the point (X, Y) if
tan 0 satisfies the quadratic equation
X*tn®6 — 500 X tan6 +(X*+500¥)=0
This equation has two distinct solutions for tan 6
and hence for 8 , provided its discriminant A >0.
A=(~500 X)* -4 X*(X*+ 500 Y)

=4X (62500~ X*~500Y)
- A>0 provided 500Y < 62500 - X2

(iv) If the projectile passes through the point (X, X) where 500X < 62500 — X 2, then the equation
X*tan*0 - 500 X tan® +(X2 +500 X) =0  has two distinct real roots tan ¢, tan B where

500X 500 X*+ 500X 500
tn +tan ff = —— = and tanotanf = —F—— =1+ —
X X X
tanor + t 00
- tnfa+p) = ot 500 +(_ 5&) =1

I-tanx tan B X X
Since O<a+B<m, a+,3=3—_f-.




