Exercise 1 : Definitions

1. Write down the domain and range of each relation:

@ {13, 30, 649 ® {11, 2D, G D}

2. State whether eachrelationisa FUNCTION or NOT A FUNCTION:

@ {11, 2,2, 3,3} ® {(12), 23,149} © {32, %3), (5,3}
@ Ay © X ® W~ (2 A ‘

< At P A

(h) y=2x @ x=) G) y=2 k) x=1

u\N

Exercise 2 : Function Not

1. If f(x)=',’2x2 - 1, evaluate 7
@ £ ®) f3) © f(-2)

@ 3f)-[f@OF (e) f(@ O fe&x+1
2. K g@=2+—— (3 evalate () £(0)
x-1 (1) g(-4) asafraction

(b) For what value of x does g (x) not exist ? |
3. K f(R)=F+1 md g)=2-3, evaluate (@) flgO] ) g[f(0)]

| ’ simplify () flg®] (@) gl f®]
4. Evaluate 4 (3) if

(@) hx)=5-=x (b) h(x)=425-x? (c) A(x)=6x

@ =6 © h@=|x| ® h@=|2x-1]-]3- 5]
5. If f(x)=3x- 2, solve

(@ fx)=0 (b) SR =x+1 (0 fx<1

6. If P(x)=x- x- 2, solve
(a) P (x} =0 (b) P(x)=4




10.

11.

12.

13.

2.

2

FARX=2"+7x-4 and B(x)=2x-1, solve 4 (x)=B (x).

If f(x)=2% forwhatvalueof x does fx)= % ?
1-x 1if x<3
If f(_x)“— {xz 42 i x> 3 evaluate

@ f(=3) ®) F3) © f

x?-1 if x< -4
If feo= 6 if -4<x<0 evaluate
5x if x20

(@ f(-6) (b) f(-2) © [+ ) @ fla?)

If f(x)= +x, simplify fully L& ”})1 S

If g(x)=x*- x- 1, for what value(s) of x does g(x)=g(-x)?

If f(x)=ax+b, f(3)=2, and f(4)=4, find @ and b.

Exercise 3 : Graphs of Basic Functions and Relations

Draw neat sketches of the following functions and relations.
Show all important features of the graphs. State also the domain and range.

(@) x=3 (®) y=-1 () y=2x-4

(@ 3x+4y-12=0 () y=-¥ ® y=22+1

(8 y=9-% (h) y=(x-2) @ y=-@+1)

G y=G-2x-4 k) y=xX-x-6 ) \y=8+2x—x2

(m) y=(@x+3y°+1 M y=4-@x-5¢ (o) y=-x

®) y=3+27 @ y=+ @ y=-x

(s) #+y*=16 M P+E-37=4 (@@ @-1)P+@E+2Y=1

V) P+ +8&-6y-11=0 (W) 2+y-2x=0 (x) 92+ P?+0x+6y+1=0
y) y=3 (2 y=-47 (aa) y=1-27

(ob) y= -2 (cc) 2 =3

A standard hyperbola has as its asymptotes the x and y axes, and passes through the point
(3, -2). Find its equation.




Find the equation of this circle in general form.

(Note that the numbers given are extremities of the circle, NOT
intercepts with the axes.)

Exercise 4 : Graphs With Restricted Domains, and Graphs of
Piecemeal Functions

Sketch each function over the stated domain. State also the range of the function over the
specified domain.

(@) y=3-2x, x>1 () y=x, 0<x<2
() xy=6, -2<x<3, x=#0 (d y=(x+2-1, -3<x<0

Sketch each of the following piecemeal functions, showing the coordinates of the endpoints of
" each interval. State also the range of the function over the specified domain.

@ ro-{ 2 Y wsw={TTy f T
0= {23 F 12 ese-{nl o
2 -2x —? ?or x < -1
_ : < - or -1 <x<

© f(X):Jl );f i‘ )xc>i @ 0= 1 for xlz 1 |
X

Write down piecemeal descriptions for the following functions:

@® A ®) I

<
I

X

|
/
wY

" o

% -9, -9

@2, -4)

(Both curved sections are hyperbolae
whose asymptotes are the x and y axes)
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Fxercise 5: Graphs of Polynomial Functions

1. Sketch graphs for
@ y=G&-1)&-3)
@ y=@-2)
(@ y=G+1PE-1)

() y=X(1-0G+D

2. Sketch graphs for
(a) y=x+3x*+2x

3. Solve using graphical means:
(@ x-2)(x+3)<0
(d) F*+5x+6>0
(g ¥-52+4x>0

4. Sketch the function y=f(x), where f(x)= {

(b)

()
(e)
(h)

y=x(x+2)(x-3)
y=@E+1)y
y=-x+2) - 17

y=x(1-x¢
y=x - 6 +9%

x-2)(x+3)>0
xx+DHx-1)<0
x(x-27*>0

-x%(x +2)
x-x3

(©
®
&)
M®

y=-xx-1)x-2)
y=x(x- 3}

432 ¢

y=@-17x-3)7

=21 %) G+ 2

y=xr +2*-x-2

X+5x+6<0
x{x+1D)(x-1)<0
x(x-27<0

5. Write down the equation of lowest degree for the following polynomial graph:

w4
A

>/

[_

I

4

[
1 4

Exercise 6 : Graphs of Rational Functions

[State the domain and range for all sketches]

1. Sketch graphs (on separate number planes) for the following functions:

(b) y= ! () y=1+ 1. .

x+2 x+2

(@) y= L
X

2. Sketch graphs (on separate number planes) for the following fanctions:

b) y=— (€ y=--2 @ y=4-_2

.X’“?)_ x - x-3

@ y=2
X




Sketch, stating the domain and range :

2 1 1
A y= S +1 b) y=-2- c) y= -3
@ y=— - By — © y=-—3
+2 2 1
d) y= = (& y=— H y=22
x+1 x+1 x -2
3x - 2 1-
@ y= = ) y=-—=
x+3 1 +x

Exercise 7 : Graphs of Surdic and Absolute Value Functions
Sketch each relation, stating the domain and range mn each case:

() y=y25-x7 (b) y=-y1-x’ ©) x:W

For each function, find the domain algebraicly, sketch the graph, then state the range:

(@) y=vx-1 ®) y= -yx+3 ©) y=y3x-2
(dy y=y2-x " (e) y=-45-2x () y=3+1+2x

Calculate the domain of each of the following functions [ and the range for (d) - (h) I:

(@) y=yx-2+yd-x () y=yx+1 +yx+5 ) y=yx-3-4yl1-x

) 1 2
(d y= (&) y=1- - =yx?-9
y a e) y e A(f) y=yx
1

© y= —— @) y=y1+x2

Sketch the following functions, stating the range in each case:
@ y=l|x-4| (b) y=-|x+3] © y=|x[+3 (@ y=1-|x]
() y=|2x- 3| H y=13x+7|-2 (9 y=4-3]4-x]

Exercise 8 : Odd & Even Functions

State whether the following functions are EVEN, ODD, or NEITHER. Show ail working.
() y=2x (b) y=2x (c) y=x"-x+1 (d) y=x-x+1

© y=|x| O y=—= (& y=(x+1)7

Xz—
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Sketch the graph of ¥ =x°, 0 < x < 2. Show the coordinates of the endpoints.

The above function is part of an even function f{x), defined in the domain -2 <x < 2.
Draw a sketch of y =f(x).

Write a piecemeal description of the function f(x).

Sketch the graphs of y =sinx and y =cosx on separate number planes, each in the
domain -180° < x < 180°. “

Hence decide ifthe sine and cosine functions are odd, even or neither.

Remembering that sin 45° =cos 45° = T‘f—, write down the values of sin(-45°) and
2

cos(-45°).

Show that if an odd function is defined for x =0, then its graph must pass through the origin.

Exercise 9 : Curve sketching techniques

(i) On the same set of axes, sketch the graphs of y=x and y= -}-.
x
(i) By addition of ordinates, sketch the graph of y=x ~ .
X
Sketch the following by addition of ordinates:
1 3
(@) y=2x+= (b) y==- 2 (© y=2+ -+
X x x
@ y=xt-2 € y=2+2" ® y=2-27
< __
(a) Provethat y=4x+ 1 +4/1-x isaneven function.

(b)
(©)
(d)

Find the domain of this function.
Find the value of y when x=0.

Use the information gleaned in parts (a), (b) and (¢), and the method of addition of
ordinates to sketch this function, stating also its range.

Sketch the following graphs of reciprocal functions, stating the domain and range :

(a) y=cosecx, 0<x< 360° (b) y=cotx, 0<x<360° (c) y= :
. \ x2+1
2 1 :
d - e — = —
() y x2~1 () Y x3—-x (f) Y xZ
1 :
g y= M y=

(x/— 2)2 /4 _ )CZ




[ ]

Sketch the following rational functions:

o (b) y= a © y= ———
© =3 G MRGICEE R
_ o x*1 .
@r== © 7= e RGP

Exercise 10 : Inverse of a Function
For each function in Exercise 1 Question 2, state whether or not it has an inverse function.

Find the inverse function of each of the following functions:

(@) y=x+1 (b) y=3x-2 © = x;Z
@ y=+ (& y=(x+17 0 y=—
© y=—=3

The function y =x is invariant under inversion.

That is, the equation of the function and its inverse are the same.

(i) Give examples of 2 more functions which are invariant under inversion.
(i) What do you notice about the graphs of such functions?

(2) Sketch the graph of y=y3 - x.
(b) On the same axes, sketch the graph of its inverse function.
(c) Find the equation of the inverse function.

(d) Find the coordinates of the point of intersection of the function and its inverse.

Exercise 11 : Revision & Extension

Sketch the following relations, showing main features, and stating the domain & range.

@ xy=1 | ) y=lx] © y=x-4
(d) #+y =36 (€ y=2' O y=x -4
(&) y= -y49-x’ () y= -y3-2x @ y=1+ _3_4
. X +4
G) G- 1P+p+2y=1 &) y=1+|x+1| () y=x-4F+3x

Determine the equation of the axis of symmetry and the coordinates of the vertex of the
parabola y =3x* - 6x + 1. Hence skeich the parabola and write down 1ts range.




10.

11.

12.

13.
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For the domain -1 < x < 3, determine the maximum value and the minimum value of each of
the functions defined by flx) =3%, g(x)=4x - x".

Find all values of x in the interval -1 < x < 3 for which f{x) = g(x).

Sketch the curves y=f(x) and y=g(x), for -1 <x <3, onthesame diagram. Indicate
clearly the points where maximum and minimum values are attained and the points of
intersection of the two curves.

A function is defined by the following rule:
J 0 if x < -2
fey=91-1 1if -2<x<90
x if x20

Find: @ f-2)+A-1)+A0); ® fla?):
The function f{x) is defined by the rule f(x)= {22 :l{II: i i ((})

Sketch the function fix), from x=-2 to x=2.
If flx)=ax*+ bx + ¢ find a simplified expression for fx) - fl=x).
() What is the equation of the circle whose centre s at the origin and which passes through

the point (5, -7)?

(b) A circle, of radius 5 units, has its cenire at the point (-3, 4). What are the coordinates
of the two points at which the circle cuts the y axis?

(c) Find the equation of the parabola with vertex (-1, -4) which passes through the origin
and whose axis is parailel to the y-axis.

The parabola y = ax’ - ¢, and the circle x*+)* =16 meet onboth the x and y axes. If a
and ¢ are both positive, what are their values?

(i) Draw the graphs of y=|x] and y=x+4 on the same set of axes.

(i) Find the coordinates of the point of intersection of these two graphs.

State the natural (ie. the largest possible) domain of the function given by

y=41+x-y1-x.

Find the range of the function f given by f{x) =

over the domain of all real numbers.
1+x

1-x2

x4

, x = 0.

Consider f(x) =

(i) State the zeros of this function, ie. the values of x where fx) = 0.
(i) Describe how this function behaves near x = 0.

(iii) Describe how this function behaves for large x.

(iv) Give arough sketch of this function.

Find the maximum value of 2x (1 - x).




14.

15.

16.

17.

18.

20.

21.

22.
23.

24,

25.

26.
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The function f(x) is defined by the rule f{x) = 9x(x - 2)* inthe domain -1 <x< 3. Drawa
sketch of the graph of y =fx), showing clearly the intercepts with the x and y axes, and the
values at the endpoints of the domain.

(a) Sketch the curvey =x +x" - x -1 overthe domain -1 < x < 2.

(b) Given that one of the turning points of this curve occurs when x = /s, find the range of
this function over the stated domain.

Sketch graphs for
x?+x x?+x x> +2x? +x

b) y= © y=

x+1 . x+1

(a) y=

Ffx)=yx and gx)=~Vx+ 1. For what values of x does

@ gl?)=[e@]? ® feY)=[@F?
Find f(x) if
@) fx+1)=x+4 (b) fx+1)=3x-2
(©) fr+1)=1-% d) fQRa)=d"-2a-1
. f()=3x-4 and g(x) =& - 1, show that |
(@ fl+f®)=fla+b) () g(@+gb)*gla+tb)
1

Write down the range of the function f(x) = ———.
x?+dx+7

Sketch the graph of the function y = /16 = (x - 3)* + 1. State the domain and range of the
function.

x—-5

If Ax)=3x+5 and g ()= . find a simplified expression for f[g(x)] + g[/®)]-

The parabola y = o2 + bx + ¢ has its vertex at (2, 1) and passes through the point (0, 0).
Find a, b and c.

Given that O(x)=ax® + bx+ ¢ forall x, and that 0(0)=4, O(1)=23, O(-D=1, determine
the constants a, b, c.

Sketch y = y/(x + 2)?

(a) By first sketching y=x" - 1, draw a sketchof y= L

x2-1

1

xt-1

(b) Hence write down the domain and range of the function y =




Answers

Exercise 1 1. (@ D={1,3,5}, R={0,3,4} (b) D={1, 2,3}, R={1}
2. (@ F. (b) NF () F (@ F () F
® NF (¢) NF ® F (I NF @ F (k) NF
Exercise2 1. (2) -1 o 17 © 7 @ -46
(&) 24°-1 (H 2¢+4x+1
2. (@ @ 0 (i) —% b x=1
3. () 10 (v -1 {c) 4xX*-12x+10 (@ 2F-1
4. (a) 2 (b) 4 (c) 18 (9 6
(e) 3 o -7
5. (a)y x=% b =x=1% (c) x<1
6. (@ x=2,-1 ) x=3,-2
7. x=-3,% 8. x=-2
9. (3 6 () 11 () 27
10. (a) 35 () 6 () 25 @ 54
11. 2x+h+1 12 x=0 13. a=2, b=-4
Exercise 3
L@ Ay A ® Ay © C (@
Aoy
2> 3 !
* < > -4
\’ Y
D:x=3 D: allreal x D:allreal x D:allreal x
R:allreal y R:y=-1 R:allreal y R:all real y
© | ® ©

®) N f

|

4
N 2
D:alireal x D:allreal x D-: all real x
Riys<0 Riy=>1 Riy=20
) -1 ® W ) @ (1,9
ol 8
-1 8
) 4
2 1'4 .
3,-1
¢ ) (%5, -6
D:allreal x D: all real x D:all real x D: all real x
Riy<0 Riyz> -1 Riy>-6% Riys<?9

(m) @) 5.9 (0) ()
AT
| N R o

D:all real x D: allrealx D:allreal x D:allreal x
Riyz1 R:iy<4 R:all real x R:allreal y

—
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@ (© ﬁ :
D:allreal x D:alireal x
Riy20 R:allreal y
u
() 1 2
-1
-2
-3
D:0<x<2 “ D: 0<x<2 D:-1<x <0
Ri-3zy=<-1 R:-1gy<l R:—%sys%
62 (2) | (aa) ‘1/’)
1 -1 e i}
D:allreal x D:allreal x D: all real x
R:y>0 Riy<0 Riy<i
(co) !
“,2)
Dix=0
Ry=0
3. F+yF-4x+2y-11=0
. Exercise 4 ‘
L@ | @1 ® | @ 9 © (@ 5
(3,2)
| -3
\ (-2,?% -1
-2,-1
Riyx<i ROo<y<4 Riy<-3,y=22 R:i-1<y<3
2. (@ ®) @, 3) © | @
(0, 1) \ 3,3)
Z RN A 2 dE 1) © 1
\ %\(2’ _4 1
Riys<l Riy<3 Riy>-4 R:allreal y
(e) H '
A R
1,2)
' -L-D} &-D
(1:_1)
Riy<0, y>2 Riyz-1
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if x<-=
2 X
-2 i x< ol
3. (a) f(x)={2§_8 L7 ) f@={-4 i -Lsx<2
8 ¥ x22
pe

Exercise S

1. (a) (®) . (©) (@
3’\1@;“ \il/z\] Z N]’\ﬁ/\zx, 4 :

()

(®)

®

@

| /

3. (a) -3<x<2 ) x<-3,x>2 (©) -3<x<-2 (d) x<-3,x>-2
(&) x<-1,0sx<1 () -1<x<0,x21 (g Os<x<l,x24 (h) x>0,x=2
@ x<0,x=2

4. ﬁ 5. y=-20x- 1) (@-4)x+4)

A

1 X
Exercise 6

1. (a)

(d)




Dix=-1 Dix=2
Riyz1 Riy=2
Exércise 7

1. (a)

2. {a)

Dix2-3
Riy<0
€3
4
(_/273)i
i
Dix<2¥ Dix>-%
Riy< 0 Riyz23
3. (8 2<x<4 ®) x=z-1
() Dix<l,Riy<l (f)
4. (@) { -3
4
Riyz20
(e)
3
14
(-2%, -2)
Riy=0 Riy>-2

D:x<-3,x23,Riy20 (g

Dix=1%
Riy=-3

Dix#-3
Riy=3

©) )
12
I

-1%
D:0<x< 1%
Ri-1lesy< 12

(©

(¢) mnorealx
D:-d<x<4,R:iy2 ¥

(©)

g

(d) Dix>-4,Riy>0
(h) D:allreal x,Riy2>1
(@




Exercise 8
1. (a) even )
(e) even ®
2. (a) 2,8 (b)
(0,0
3. (® y y=sinz

14

odd (c) even (d) neither
odd (g) neither
_f-x* for -2<x<0
23 @9 © U { x> for 0<x<2
!
y
1

F™=CO8X

-130 \;
\/l 130 x
-1

-180 \ 189,
X

NN

p 3

[

(b) sineis odd; cosine is even (¢) sin (—45"):-_1_; cos (-45°) = R
V2 V2
Exercise 9 i
1. ' Ty 2. (a) y=2x+1x/ “(b)
} iy
3,
4 y
__/jj ,%—1/:
/,/ ])/;a-—-l/;
d 7/
4 i
(4 3
@ CR
A
z
\ 7 r1fy=x -7
\/
i
i
7
3. by -l=z<xc<l (c)y 2
@ y=x+1+4J1-x
2
- y=~l-x \/)’:N‘th,
Tl 2 N
. // 1\\ :
of N\
i i
. ]
4. (a) (© , (d) 4\5\
i l&
1 )
3 1 A‘\L
| -4 2 g1
D:0<x<360,x= 180 D:0<x<360,x= 180 D:all real x Dix=+1
Rys-1,y=21 R:allreal y R:y>0 Riy<-2,y>0




Exercise 10
1. (a) Yes
{e) No

(i)  Not Function

2. (@) y=x-1

(e) y=3x/;—1

H
3
i
]

(b) Not Function
() NotFunction

() No
® y-=

x+2

m y=1+1
X

(c) No
(&) Not Function
(x) Not Function

() y=3x-2

P

g y= T

D:-2<x<2

Riyz>¥
DN

!

}

i

1
s -
!
1

(d Yes
(h) No

(d) y=3\/5

3. (i) y=-x (or more generally, y=c - x, where ¢ is any constant) ; y= 1 (or y= —C);
x x

y=1yc?~x? overthe domain 0 < x < ¢ ; and an infinite number of others.
(i) They are all symmetrical in the line y=x
Ay

L (@, o)

(©) »=3-x x>0

J13 -1

>

2

@ [m‘l

Exercise 11

|

1. (@ (®
(1, D (1,1
D:x=0 D: allreal x D: allreal x
Ryt R0 R753-%




© © | A (8 -7 7 ®) s
'
@Z ’ s w 5

|-7
D:allreal x D :allreal x D:-T<x<7 D:ix<1¥%
R:y> R:allreal y R:-7T<syx<0 R:yx<0
® 6) ) O
2
<L D
]
D:x=-4 D:allreal x D :allreal x
R:y=1 Riy=21 R:allreal y
2 :x=l 3 4, (a) -1 (b) az 5. (2’ 4)
1 J
o L3 9 N
.- o =2 B
1-5 -2
Axis of Sym:x =1 6. 2bx
Range:y > -2
7. (a) X +y =74 (b) (0,0), (0, 8) () y=4(x+17-4 8. a=, c=4
9. (@) (D) (-2,2) 10. -1<x<1 11. O<ys1“
12. () x==x1 (11) approaches mfmity {ii1) approaches 0 from below i) \—/1/ i \V‘
@27 2,9 l
1 X 32
13. = 14. 15. (a > -=
. 7 @ ® y2-
\\/1
(-1.-80)

o
6@ A o) })}/‘M © 17. (@) x=0 (b) x20

/ ‘ -1-v1. =<

18. (a) fx)=x+3 () fx)y=3x-5 © f@)=2-x @ f@=sx-x-1

20. 0<f(x)< % 21. D:-l<x<7,Rilsys<5 22, 2x

I A :

, .
X F L
' Vot
23. a=-Y,b=1,¢=0 24 g=38, b=11, c=4 25 2 26. (a) S
- 1N
_o | (

() Dix=x1
Riy<-1, y>0




