SYDNEY GRAMMAR SCHOOL

2010 Half-Yearly Examination

FORM VI
MATHEMATICS EXTENSION 1

Tuesday 16th March 2010

General Instructions Structure of the paper

¢ Writing time — 2 Hours » Total marks — 84
» Write using black or blue pen.

* Board-approved calculators may be used.
* A list of standard integrals is provided

» All seven questions may be attempted.

e All seven questions are of equal value.

at the end of the examination paper. Collection

o All necessary working should be shown * Write your candidate number cleatly on
in every question. each booklet.

* Start each question in a new booklet. e Hand in the seven questions in a single

well-ordered pile.

e Hand in a booklet for each question,
even if it has not been attempted.

* If you use a second booklet for a ques-
tion, place it inside the first.

o Place the question paper insisde your
answer booklet for Question 1.

Checklist
* SGS booklets — 7 per bay
e Candidature — 133 boys
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STANDARD INTEGRALS
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cosaxdx = —sinax, az0
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sinaxdx =—-Ecosax, a#0
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sec*axdx =Etzmax, az0
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secax tanaxdx = secax, az0
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NOTE: lnx=log,x, x>0
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QUESTION ONE (12 marks) Use a separate writing booklet.

(a) Write down the exact value of:
(i) tan 3
(i) 2log,e®
1 {3
(iil) sin (7)

/{b), Express 160° in radian measure. Give your answer in terms of .

) ((c) Differentiate with respect to z:
i} cosdz
(it) log.(2z +1)
(iii) e tanz
{iv) tan~!(z?)
(d) Find:
1) / sin(4 + 2z) dz

(i) / e+l dg

(iii) / \/—z_l:_?;dz

Exam continues next page ...
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QUESTION TWO (12 marks) Use a separate writing booklet.

(a) Sotve

T
> 3.
z—1_3

{b) Find, to the nearest minute, the acute angle between the lines
y:—§-+4andy::v+1.

4

{c) The points P(2ap, ap?) and Q(2aq, ag®) lie on the curve z? = day.

(i) Show that the chord PQ has gradient Lp+q).
(ii) Hence find the equation of the chord PQ.

'(iii\y If PQ is a focal chord, show that p = —1.
q

. {d) Suppose that « is obtuse and sino = lg

. Find the exact value of:
(i) cosa
(ii) tsin 2¢¢

~

Exam continues overleaf ...
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QUESTION FOUR. (12 marks) Use a separate writing booklet.
QUESTION THREE (12 marks) Use a separate writing booklet. Marks

(a) Find:
" (;,) Find / sin® z cos z dz.

. 2
. O [T
b) (i) Sketch the graph of f(z) = 2¢~%. <4/
(b) (i) Sketch the grap (z }’(ID %<m>
(b) y
P
{c) (i) Evaluate / g sin? z dz. '

0
(i)

]

(ii) On the same number plane, sketch the graph of f~'(z).

(] [=] [=]

@fi) Find a simplified expression for f ().

(=]

(0] - X

Two points P(8p,4p?) and Q(8q, 4¢*) lie on the parabola 72 = 16y. The chord PQ
subtends a right angle at the vertex of the parabola.

(i) Use gradients to show that pg = —4.
0 3 n X

(i1) Find the coordinates of the midpoint M of the chord PQ.
The diagram above shows the region bounded by the curve y = 2sinz, the z-axis

 Git) Hence find the Cartesian equation of the locus of M.
and the line x = 7. Using your answer from part (i), find the exact volume of

o] [F] ]

the solid generated when the shaded region is rotated about the z-axis. (c)
y X B A
(d) Sketch the graph of f(z) = 5cos™(z + 1), indicating clearly the coordinates of the .
endpoints and any intercepts with the axes. 5000m .
N
G D! \

38N 64
P
A helicopter’s flightpath takes it from point A to point B at a constant altitude of
5000 metres. An observer at P on the ground follows its progress. Point A is due
north of the observer at an angle of elevation of 64°.- Two minutes later the helicopter
reaches B which is on a bearing of 300°T from P and at an angle of elevation of 58°.
(1) Write down the size of ZCPD, giving a clear explanation of your answer.

i) Find the speed of the plane in metres per second, correct to one decimal place.

Exam continues overleaf ...
Exam continues next page ...
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ape Q‘___— s .
QUESTION FIVE (12 marks) Use a separate writing booklet. Marks UESTION SEX (12 marks) Use a separate writing booklet Merlks
/'(;) Find the exact value of sin (tan_l (_ §>) ) (a) Write down the general solution of the equation cosz = —-2‘/§ in radian measure. '

(b)
®) () Find %(ztan‘l 2).

[=]

@) Hence, or otherwise, find / tan™ z dz.

[0]

[£) By setting ¢ = tan 22%0, use a t-formula to calculate the exact value of tan 22%0.

(d) (i) Express 3cosz + 4sinz in the form Rcos (z — ) where R>0and 0 < o < z

(][] [eo]

(ii) Hence, or otherwise, solve the equation 3cosz + 4sinz = -g—, where -7 < z < 7.
Give your solutions correct to four decimal places.

The diagram above shows the graph of f(z) = ﬁ
Calculate the area bounded by the curve, the z-axis and the lines z = —-% and z = %
(’c) Use mathematical induction to prove that

2X U4+5x20410 x 31+ ...+ (n® 4+ Vn! = n(n + 1)!

for all positive integers n, where nl =1x2x 3 x .- x (n — 1) x n.

(d)/i (i) Show cos30 = 4cos® 8 — 3cosb.

(][]

(ii) Hence solve the equation cos36 = — cos 8 where 0 < 6 < 2r.

. Exam continues overleaf ...
Exam continues next page ...




SGS Half- Ye{zrly 2010 .......... Form VI Mathematics Extension 1 .......... Page 8

.

« QUESTION SEVEN (12 marks) Use a separate writing booklet. Marks

&

nja

=
M=

A

The diagram above shows the graph of y = sin™' 2z. Find the area of the Tegion
bounded by the curve, the z-axis and the line r = %

(b) (i) Find the constants A and B such that

A(sinz + 2cosz) + B(cosz ~ 2sinz) =sinz + 12 cosx.

(ii) Hence find / wdm.

sinz + 2cosz

()

c
The diagram above shows AABC with altitude BD. Let ZABD = acand ZCBD = B.
(i) Show that acosf = ccosa.

(ii) Show that b = csina + asin§.

[e] [=] [=]

(iif) Use the cosine rule to derive the compound angle formula for cos{a + B).

END OF EXAMINATION
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