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Question 1 (15 marks) Marks
2
dx
a Find .
@ I 2xvInx

[ @)

|

©

| @

©

2
Use integration by parts to find
I3x2 costxdx.
4

By using integration by parts twice, evaluate

7

r
Ixz cosxdx.
o

(i) ___Find the real numbers A and B such that 2

3x% -x+12 -_A ,_Bx-3
(-2 +2x+3) x-2 £ +2¢+3"

3x2-x+12 2

ii H find dx.
@ ence to (x—2 X2 +2x+3

“ “ D sin® 3x 3
Show oj Flx)dx = oj fla—x)dx, hence find J’m
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Question 2 (15 marks) Marks
@  ()... Find1-3i in modulus-argument form. _________ . __..._. g----"
@)  Find (1—3i) in the form of a+ib. NI S
(iiiy  Find all the values of integers 7 so that (1—\/51‘)” is real. 2

(b)  The complex number z=x+iy, where xand yarereal, exists such
that [z — 2] = Re(z).

® Show that the locus of the point P representing z has Cartesian 2
equation y? = 4(x—1). Sketch this locus.

(ify  Find the gradients of the tangents to the curve which pass 3
through the origin. Hence find the set of possible values of the
principal argument of z.

NOTTO
SCALE

Iy

AABC is drawn in the Argand diagram above where ZBAC =30°, A
and B are the points (— 6,2)and (~2,4) respectively. The length of
side AC is twice the length of side AB.

B(2,4)

A(6,2) )

o

@ Show that the complex number that represents the vector 1
ABis4+2i.

(i) Find the complex number that the point C represents. 2

(iiiy  Find the complex numbers that the point D represents such 2

that AABD is an equilateral triangle.
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nestion 3 (15 marks) Marks

(a) __The diagram below shows the discontinuous function y = f (x)

S UG
&

2

.~ ~ - -| Formatted: Bullets and
- Numbering

i

RS

WO
13, | Formatted: Builets and
p >, | Numbering

' N
V%Y, | Formatted: Bullets and
Y Y Numbering

y
ty
t {
P [Formatted: Bullets and
i

D S G N S

(b)) An ellipse has parametric egua_tions x= \5 cos@and y =3siné. 3
Find the Cartesian equation, the eccentricity and_the foci of the

ellipse.
(¢)  The area between_the curve y = In(x+1)wand the x-axis, between 4

x=0and x =1, is rotated about the y-axis.
Find the volume of the solid of revolution formed using the method

of cylindrical shells.

M | Numbering
1 ", | Formatted: Bullets and
+{ Numbering
\ | Formatted
d : _
-3
Draw large (half page), separate sketches of each of the following:
. 2 - [ Formatted ]
) y=|f(x~1] w-
- y= 1 2 ‘ﬂ_,—'{Farmatted
7o)
- y=mj 2 ___,-'fFormatted
() y= ln(f(x)) 2. {Farmatted »
e { Formatted
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| Onestion 4 (15 marks) Marks
___________ 3- _1\_ - -{ Formatted
e - ( Formatted
'\ | Formatted: Bultets and
K Y \ Numbering
b (Formatted: Bullets and
Y i Numbering
', | Formatted: Buliets and
(i)  Hence or otherwise, find I = 2 * [ Numbering
6. —x* )5 ﬁdmatted
®
Y
4
B /— 5
»
/ @ >x
-
-R
A truncated right circular cone with a base radius R has a cylinder
of radius r drilled through its centre.
The resulting solid is S.
The x-axis runs through the centre of the cylinder.
2
(D) Find the volume of S. 2
NS d )
Question 4 continues on the next page.
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| Question 4 (cont’d) Marks
(-C-)—- 4 &~~~ '| Formatted: Bullets and 1‘
4 = | Numbering |

(S
— £1 ‘. | Formatted: Bullets and 1
y=F'® « | Numbering i
Formatted: Bullets and ]
i Numbering Ji
»X

y=-1 -1 NOT TO
SCALE

The discontinuous function y= f '(x) is_shown on the graph
above. It is the derivative function of the continuous function

y = f(x)_and it has a horizontal asymptote y = —1.

@ Find the turning points of the curve y = f(x) and state 2
what type of turning poinis they are.

(i)  Given that f(~1)=-1and f(~2)=—2, sketch the graph
of y=f(x). Label clearly on your graph any important
features.
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| Ouestion 5 (15 marks) Marks
(a)  Factorise the polynomial P(z)=z*—2z% +122z—8 fully over C 3
given that P(l + 1/-5) =0.
(b) The roots of x*+px®+ge+r=0_1form an arithmelic 3
progression. Prove that 2p° +27r —-9pg =0,

Question 5 continues on the next page.
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Question 5 (cont'd) Marks

;- - | Formatted: Bullets and
Numbering

© y

>

Formatted: Bullets and
Numbering

]
]

\
/ NOT TO
H SCALE

The points P(cp,—c-) and Q(cq,f-),c >0, lie on different
p q
branches of the hyperbola H with equation xy = ¢?, The tangent

{o H at P and the tangent to H at () have the same gradient.

® Show that the equation of the tangent at P is 2
2c x
y=—=-—
P p
(). _ Show that p=—¢ 1
.. 1
(i) _Show that PO passes through the origin. -
3
(iv)  Show that the perpendicular distance from P to the tangent
through ( is given by
_ e
4 +1
) Find the coordinates of the points P and O when the 2
perpendicular distance from P to the tangent through O is
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C mg

A particle P, of mass m kg, is attached o a string of Jength I m
from a point A which is vertically above the vertex of a cone at

point C. The particle is in contact with the surface of the cone as
the particle rotates as a conical pendulum with angular velocity @
radians per second. The sides of the cone, indicated by BC, make
an atigle of 90° with the string,

The string makes dxi dngle of a with the vertical.

The forces acting on P are 7, the tension force in the string, N, the

normal force of the cone on P and mg which is ihe gravitationat

force.

(i) .Showthat N+T =-"5_,

cosax

(i) Find an expression for @ in terms of g, land .

When the angular velocity of the particle is sufficiently large. the
article is at the point of losing contact with the cone.

At thispoint N =0.

Giy __If the particle is rofating at ,—— revolutions per

g
272 cosax
second, explain whether or not the particle is still in contact
with the surface of the cone.

(iv) __Explain why the angles at which the sides of the cone are
itched do iot prevent the particle from lifiing off its
surface.
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[ Formatted: Bullets and
Numbering

'¢1;| Formatted: Bullets and

i
¥ Numbering

Formatted: Bullets and
Numbering

#:1 Formatted: Bullets and
\l' !} Numbering

4{ Formatted

Formatted

it Formatted

“‘ Formatted

[ Formatted
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| Ouestion 6 (cont’d)

10

Marks

|

l ) Use the following identity to answer the following questions.

{and6 = 4tanf —

4tan® 8

1-6tan*@ +tan* 8"

@ Solve x* +43x* —6x* —43x+1=0, 3

(i) Hence show that

(1) tan—75—+tanl7£+4ﬁ= tan§£+tanll—£ 1
24 24 24 24 e
(2) tanltan—sj£ =cotzc0t& —4
2424 24 24
(i) Find the polynomial of least degree that has zeroes — 3.

77:)2 13z’ 19;;)2
cot——| ,| cot——| ,| cot~=——
24 24 24
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11 12
Question 7 (15 marks) : Marks I Question 8 (15 marks) Marks
(a) _ There are sixteen junners to be divided intq four teams of four. to .-~ { Formatted ] I
run a relay race. -{ Formatted ] (a) A particle of mass 1 kg moves in a straight line with velocity v A [ Formatted: Bulletsand |
$> | Numbering i
‘\ {Formatted ) against a resistance force equal to_vv1—v? , The displacement, x h‘\\\ Formatted: Ballos and }
. oo \ {Formatted } of the particle from a fixed origin ( is initially zero and its velocity B \‘\‘[Numbering ]
In how many different ways can they be divided into teams —=__ ¥ ", | Formattad: Sules and I atthattimeis®, T Formatted: Bt o
54 Has . Numbering | W | Numbering
(1)__there are no restrictions: ; \[ Formatted ) () ___Show that 4 Y {Formatted: Bullets and }
;%},k“{ Formatted } —_— 3 ‘\\ it Numbering
(2)__no two of four particular runners may be in the same #5% { Formatted: Bullets and = sin-! (R N T Rz) ‘x‘ .\\\ \\['I\’lmn;atbed. Bullets and ]
team? E Numbering umbering
s Formatted: Bullets and Formatted: Bullets and }
- . *i| Numbering } B \‘ Numbering
i o S Y: ' . . . .

@) If the {u_m_zers are tandomly. allocated to teams, what is the 2 o o () _The time that has passed since the particle began ifs 4 ‘ \] Formatted )i
p robz‘l)bmt_y that three particular runners are on the same _‘, Y| Numbering novement is siven by £, \\ ( Formattod )
team!? : Formatted: Bullets and Given that [Formatted }

} 81 Numbering =
i Formatted: Bullets and d ( 0 t0) ‘( fornatied !
! : cosech —co
{4 Numbering ] S = cosecd(cosecd — cot 8) (Formatted )
[6)] A Formatted: Bullets and a6
H Numbering
ormatted ] and using the substitution v =sing,
Formatted ) show that
D \v[s(Fonnatl:ed }
5 ;”[ Formatted )
‘,lq Formatted ]
‘Q Formatted ] v
:
} f| Formatted J
\il Formatted ]
: B )
B ¢ | Formatted ) i Show that — 2 -~ {Formaticd J

The triangle ABC s inscribed in a circle. From an external point D, | Formatted )

tangents are drawn 1o the circle, touching it at A and C. The chord Formatted ) r+l =1+2+_2_+1+.__+l P S,

ED is drawn parallel to BC. meeting AB at F and AC at G, r—1 rortor rt et =1)

The line CF is produced to meet the circle at H, 2 .- {Formatted ]

(ii) Show that
3] Prove that AFCD is a cyclic quadrilateral. 3 .. {rormated )
Z +1
Z(ln(r +1)-In(r -1)= ln—n—(nz—)
(i) __ Prove that HF = AF . 3 =2
(i) Hence prove by induction that —3 .. {Formatted )
2m +1 3m—2
{c) Prove that for any positive integer m < R " — z 2 2 2 2 +1
- m+4" \3m+1° 5 .- ) Sinf1+Z+ S = ”(" nln+1)
r " r (r 1)
Hence deduce that (—{J é) A 2" +1J 1 for any
28010\ 2n+4 \/3n+ -
. forn=234,.
positive integer #.
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STANDARD INTEGRALS
. 1 aa :
jx dx =——x"", n#-1; x#0, if n<0
n+l
1
f—dx =Inx, x>0
x
fe‘”‘dx =le"‘, a=0
a
1.
_[cosaxdx ==—sinax, a#0
a
. 1
fsmaxdx =—=cosax, a#0
a
L2 1
Isec axdx =—tanax, a#0
a
J.secaxtanaxdx =—1—secax, a#0
a
_[ 21 > dx =ltan‘li, a#0
a’+x a a
1 D
_f———dx =sin” =,a>0, ~a<x<a
a’ —x* a

j—l—dx =ln(x+\/x2—azl x>a>0
2 2

F—a  =nfedra)

NOTE: mx=log,x, x>0

From 2004 HSC Mathematics Extension 2 Exam taken from the Board of Studies
website. ©Board of Studies NSW for and on behalf of the Crown in the right of the
State of New South Wales 2004. The Board of Studies takes no responsibility for
mistakes made in the reproduction of these formulae sheets.
Reproduced with permission of the NSW Board of Studies.
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Surrey Hills North VIC 3127
A)];N 20 6:;7 374020 SOLUTIONS
Phone 1800 160 521
Fax 1800 100 szg 2005
Question 1 (15 marks)
dx
a Letu=1In
® j 2xvInx ¥
: du_1
2 dx
=~ ¥
2
1
=ul+c
=+lnx+c¢
2 marks Correct answer
1 mark Using the substitution # =Inx
®  [3x?cos™ xdx Let f(x)=3x2 s0 F(x)=x*
3 . -1
=x’costx+ f—x—dx glx)=cos™ x s0 g'(x)=
vi-x* X
3 du
= x? cos™ X [ du_ Lety=1-—x2 $0 — =-2
= x> cos x+.[ 1[—2x) u x P X
u? du
1 =
=x%cos 1x——fu 2(1—u)du -2

1
=xcostx—u2

3
+-u?+c
3 3

=x’cosTx—/1~%2 +%(1—x2)E +c

3 marks Correct answer
1,2
2 marks Obtaining x° cos™ x— 5 '[u 2(1—u) du
x3
1 mark Obtaining x° cos™ x + I i dx
1-x

©

@

x> cosxdx

X — L}

du

Let u=x> so —=2x
dx

dv .
Let—=cosx so v=sinx

Let u=2x so ﬂ=2
dx

Let ﬂ=sinx SO V=—COSX
dx

P % %
=—sin=~{[- 2xcosx] - I—2cosx dx
16 LI
= _ zcosz— 2[sin x]4
16V2 4 4 0
_ L2
1642 22 V2
4 marks Correct answer
3 marks Correct integration by parts twice with one mistake
2 marks Correct integration by parts once including substitution
1 mark Correct integration by parts once with one mistake
@ ¥ -x+12 _ A | Bx-3
(c-2fx* +2x+3) x—-2 x*+2x+3
3x% —x+12= (¥ + 2x+3)+ (Bx~3)x—2)
Subx=2 so, 22=114, A=2
x=1 so0,14=12-(B-3), B=1
2 marks Finding correct values of A and B
1 mark Obtaining

3x% —x+12= A(x® + 22 +3)+ (Bx—3)x—2)
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J' 3 -x+12
—2)x? +2x+3

- L+2x_3]dx
x-2 x“+2x+3

2 x+1 4
= 5 ) dx
x—=2 x*+2x+3 x*+2x+3

=2Inx -2 +%ln|x2 +2x+3~

(i)

4
ey

~21n|x 2|+ lnlx +2x+3l ZJ_tan'l[Ji;;J+c

2 marks Correct answer

1 mark Obtaining
21n|x - 2| + —;—ln|x2 +2x+ 3| -

4
Sera®

© [F(x)ax .
o Letu=a-x 502 = 1 and du = —dx
0 dx
=ff(a—u)(—du) Also x=a sou=0
0 andx=0s0o u=a
=—If(a~u)du
Nowletu=x so du=dx
fla-x)dx

sin® 3x

letl =
cos® 3x+sin’® 3x

I
i

z
j‘ cos’ 3x
5 sin® 3x +cos® 3x

I
z
Tsins 3x+cos® 3x
0

U=
sin” 3x +cos® 3x
s
=[x}
=r
6
1=z
12
3 marks Correct answer
5
2 marks Obtaining J- cos’ 3x
sin® 3x + cos® 3x
1 mark Showing that ‘[ f (x)dx = J‘ f (a - x)dx
0 [
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Question 2 (15 marks)

2

® O 1-\/§i=20is[—5)

[ 1 mark | Correct answer

@) (-3 = [2cis(— %ﬂs

= 28(cosﬁ+ i sin:—zl)
3 3

:28[_1_£i]

2 2
=-128-12843i

6] lz=2|=Relz), z=x+iy
" —4x+4+y? =x*
¥ =4(x-1)
Parabola with vertex (1,0) and focus (2,0)

y
zo
2 marks Obtaining correct Cartesian equation and graph
1 mark Obtaining correct Cartesian equation

2 marks Correct answer

1 mark Z
ar Obtaining 2° cis(—:?i)

i) [-+E) =27 cis[— %) (De Moivre)
=2" (cosE —isin ﬂj is real
3 3

So sin % =0 (imaginary part equals zero)

HT” =kx where n,keJ
so n=3k

2 marks Correct answer

1 mark

Obtaining sinﬁsi’- =0

let y = mx be the equation of tangent
y?=4x-1) -
y=mx -2
Sub (2) into (1)
m’x® =4x—4
m’x* —dx+4=0
A=16-16m> =0 (sinceitisa tangent)
m? =1
som=z%1
Since tanf =m
tané = +1

SO 9=i£
4

Hence ~Z < Argz < z
4 4

3 marks Finding correct values of z
2 marks Finding m = £1 where m is the gradient of the tangent
1 mark Obtaining m*x*> —4x+4=0
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© @G  AB=AO+OB
OB =-2+4i
5;1=~6+2i

AB=6-2i—2+4i
=442

[ 1 mark | Correct answer

(i) OC=0B+BA+AC
= 0—1)3— A}+ A—z,‘
A_Z' = 2A_}3 cis(— %)

B

OC = -2+ 4i —(4+2i)+ 2(4+2i —23—%1'

= (— 4+ 4\/§)+ i(2\/§ - 2)

2 marks Correct answer

1 mark

Finding AC correctly

©THE HEFFERNAN GROUP 2005 Mathematics Extension 2 Trial Exam solutions

(i) OD=0A+AD

AD=A_}36is£
3
- -> R V4
OR AD=AB cts(— 3-)
OD =—-6+2i+ (4+2i)cis-§

1J§J

=—6+2i+(4+2) =+
2 2

=—6+2+2—3+i+23
=(—4—J§)+i(3+2J§)
07)=-6+2i+(4+2i)cis(-§J

>

=—6+2i+(4+2i 1 33,
2 2

=—6+2i+2+~3+i-23i
=(4+4+3)+i3-243)

2 marks Finding both correct answers

1 mark Finding one correct answer
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. 1.
Question 3 (15 marks) (i) Thegraphof y= —RJ—J is shown below.

@ @O The graph of y = f{(x—1) is shown below. Y
y
A
1,1
1
'\ , .
) = q 5 > x
3 x=0
The graph of y =|f(x~1) is shown below.
K Correct graph of y = —f%_) including clear marking of the
x
3 .
2 marks two asymptotes at x = 0and x =—4 as well as the points
(-2-2)(0-1)and 1,1
2 3
, \ 1 mark Correct graph of y = ?%c—) with one or more of the above
details missing

A 4
®

4 32 T 2

-1

2 marks Correct graph of y = ]f (x “1]
lmark | Correct graph of y = f(x~1)
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(iii) The graphof y=—f (x) is shown below.

/-4 3 2 1
1

2

Only those values in the domain of y =—f (x) for which y 20 are
included in the graph of y = \/‘7’_‘5 That is, only values of x where
~4<x<0 are included.

For values of y = —f(x) that are less than 1, /— fixi > —f(x).

For values of y = —f(x) that are greater than 1, /— fix; < —f(x).
Note that /— ini =land - f(-4)=0.

The graphof y=—f (x) for —4 < x <0 together with the graph of
y= m are shown below.

y=~f(x), ~4<x<0

12

2 marks

Correct graph including endpoints, and the point (— 2,3 )

1 mark

Correct graph with important points not marked

(ivy Thegraphof y= ln( f (x)) only exists for f (x) >0, that is, for
x<—4andx>0.
The graph of y = ln( f (x)) is shown below.

y
A

I
!
i
!
| 1
l

N\ |

AT 1 > ¥
' 1
[
I
] -2
!
! 3
x=-4
2marks | Correct graph including the asymptote at x = -4 and the
point (1,0)
1 mark One correct branch of the graph shown OR

Correct graph shown with the asymptote and point (1,0)
not shown clearly
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Now,
x=+2cosf  y=23sind

x*=2cos’6d  y*>=9sin?0

2
=cos’ @ _Xg_ =sin?@
x* yr . . . . . .
So ey + Y =1 is the Cartesian equation of the ellipse. The major axis runs
along the y-axis.
a=3 and b=42
Now, b= az(l—ez)

2=9(1-¢?)
=l

9
e=g (e>0)

The foci are located at (0,+ ae) that is, at (O,iﬁ )

3 marks Correctly finding the Cartesian equation, the foci and e.

2 marks Finding the Cartesian equation and any of the other two above
including a correct value of e or correct foci from an incorrect
Cartesian equation.

1 mark Finding the correct Cartesian equation

©THE HEFFERNAN GROUP 2005 Mathematics Extension 2 Trial Exam solutions
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© Consider a small strip running parallel y=In(x+1)
to the y-axis which is to be
rotated around the y-axis. Its rotation
forms a cylindrical shell of radius x, E
height In(x+1) and thickness & . 1

V = 2mex In(x+1)x &

1
= g%§2mln(x+1)x Sx

1
=2 J-x In(x +1)dx
0

x B
=2 —1n(x+1) ~ | —x——dx
2 o 82 x+1

2 1
=ﬂln2—7r[x7—x+ln(x+1):|

0

=7r1n2—7z{l—1+1n2}
2
=7rln2—%+7r—7tln2

V.4 ..
= 5 cubic units

4 marks Correct answer
3 marks Correct method with one mistake
2 marks Correct integrand OR
Correct terminals and one mistake in integrand
1 mark Indicates an understanding of cylindrical shells
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Question 4 (15 marks)
s & i _
@ (1) I = J‘ . let x =sinu so dx =cosudu
(1—x2)"+5 Also, cosu =+/1-x?
(1_ xz)ﬂ% _ (cos2 u)"% cos’u =1-x*
= (cosu)™
cosu
I = |————d
" '[ (cosu)’™ g ! x
1
= [——a
I (cosu)™ *
2
= _[secz"udu 1-x
3 marks Showing I, = J.secz" udu
2 k L
s Showing {1—x2)"2 = (cosu )"
1 mark Showing 1-x* = cos’*u
.. dx
(ll) 13 = I d
(-2
= Isecs xdx
= Isecz x(l +tan? x)2 dx
= Isecz x(1+ 2tan® x + tan* x)dx
= j(secz x+2tan? xsec? x + tan* xsec? x)dx
= tanx+—2—tan3 x+1tan5 x+c
3 5
2 marks Correct answer
1 mark Showing I, = Isecz x{1+ tan® x} dx

©THE HEFFERNAN GROUP 2005 Mathematics Extension 2 Trial Exam solutions
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-R

A typical cross-section is an annulus.
The upper straight edge of S passes through (O,R) and (a, r).
The gradient of the line segment through these two points is
r—R
a
The equation of the line passing through these two points is

y-r=T"R ()
a

r_Rx+R

y =
The outer radius of the annulus, which is the cross-section, is therefore

r_Rx+R.

The inner radius is 7.

2
The area of the annulus is therefore A=7t[(r_Rx+R] —rz] as
a

required.

2 marks Correct derivation

1 mark Finds correctly the equation of the line segment

OR

Gives correct formula for area of an annulus without
correct expression for the outer radius

©THE HEFFERNAN GROUP 2005 Mathematics Extension 2 Trial Exam solutions




©

(iD)

17

Volime of S

2 r—R 2
=lim ﬂ[( x+R] —rzj Sx
&—)OJFO a
a 2
=7zj((r_Rx+R) -rz]dx
h a
a _ 2 2 _
:”I((r Rz) X +2R(r R)x+R2 —rz)dx
; a a

a

=”[(r—R)ZX3 + 2R(r—R)x2 +R2x—r2x:|

2
3a 2a )

3 P
=7r[a (r—zR) +2 R(r_R)-!-Rza—rza)
3a a

=%((r-—R)2 +3R(r - R)+3R? -3r*)
=%(r2 ~2rR+R® +3rR-3R* +3R -3r?)

= %(R2 +rR— 2r2) cubic units

2 marks Correct answer

1 mark Correct integrand and terminals

Now, f'(-2)=0and f'(2)=0.

At x = -2, we have a minimum turning point.

\__/
\ 7/
\ .\

At x =2, we have a stationary point of inflection.

VA

2 marks Correct answer

1 mark Identifying but not classifying both stationary points OR
identifying and classifying just one stationary point
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»
»

NOTTO
SCALE

y=f()

The oblique asymptote y =—x+b should be indicated.
There should be a minimum turning point at (— 2,-2).
There should be a cusp at x =~1.

There should be a point of inflection at x =0.

There should be a stationary point of inflection at x =2.

4 marks Correct graph showing all points mentioned

3 marks A graph that leaves out one of the above points
mentioned

2 marks A graph that leaves out two of the above points
mentioned

1 mark A graph that leaves out three of the above points
mentioned
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Question 5 (15 marks)
@  Pl)=z'-22+122~8
Let @ =1++/3i so @ =1—+/3i isalsoa root since all coefficients of P(z)are real
Since z —1—+/3i and z — 1+ +/3i are factors of P(z)
then z* -2z +4 isalsoa factor of P(z).

P(z)=z%-22"+12z -8
= (22 -2z+ 4Xz2 +2z— 2) (by inspection)
= (-1-+3i)fz -1+ Bi)(z +17 -3)
= (z—1—\/§in—1+w/§in+1—\/§Xz+1+\/§) overC

3 marks Correct answer
2 marks Finding 2 correct quadratic factors
1 mark Finding z> —2z+4 as a factor

®) Lrpiige+r=0
Leto, fand y be the roots.
Now f —a = y — f since we have an arithmetic progression.
Soa+y=2 -0
Alsoa+f+y=~p
from (1) we have38 =-p

p
=— -2
B=-3 @
Alsoafi+ay + fy=q
Bla+y)+ay=q -G
Also affy =—r
r
ay ==— -4
B
Sub (1) and (4) into (3)
2 =q+—
B
2
from (2), %:q-—?’—r
2p* =9pq-27r
So0,2p* +27r—9pg =0
3 marks Correctly reasoned proof
2 marks . r
Showing ary =——
1 mark Showing 8 = 1511
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© O AtP, x=cp andy=£
p
E_. H_-c
dp dp p*
sod . b d
dx dp dx
-1
P
Equation of tangent at P is
y-—=—5(x—cp)
-x ¢ ¢
y=—t—t+—
p- p P

2¢c x .
y =———5 asrequired
p

2 marks Correct derivation

1 mark Correct derivation of gradient

(ii)  The gradient of the tangent at P is — ;12— from part (i).

So, the gradient of the tangent at Q is — iz .
q

Since the gradients are equal, we have — —17 = —iz.
q
qZ = pZ
(a-pa+p)=0

q=p o g=-p
Since P and Q are distinct points, g # p so p=—q as required.

1 mark Correct derivation including reason for dismissing p =g
as an answer
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22
@ Method c (iv)  The gradient of the tangent at P is — iz from part (i).

—-0 p

gradient of PO = p The gradient of the normal at P is therefore p2 .
cp-0 The equation of the normal at P is
¢ c
) y——=p*(x—cp)

gradient of QO = g 5 p
cq- 2 3,6

. . = - e —(A
Since p =—q from part (ii), y=px-cp P )
c

The equation of the tangent at Q is y = 2_ iz (using part (i)).
gradient of QO = £ 9 4

—cp Since p=-gq,
c 2c x
e y=——-= -(B)
=L p p
cp Let the normal at P intersect the tangent at Q at point L.
= gradient of PO y
Since PO and QO have the same gradient and have a common point, 4
PQ is a straight line. H
Method 2
£ _c
gradient of PQ =4 P P
cq—cp
L _c > x
since p = —g, we have = =P P
—cp—cp
2c -1
= e———
P 2p NOT TO
-1 SCALE
N3
Equation of PQ y —i = —E-(x - cp)
Let x=0andy=0 . .
c RS = =P Now, equating (A) and (B) gives
LS =0—— 2
r p
c ==¢
= _; 7
=LS

So (0,0) lies on PQ and hence PQ passes through the origin.

| 1 mark | Correct working for either method
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In(B)givesy=——2;c-ﬁ‘;4—+%
_—2dp* +1)-{p* -3)
I 3R
_=2cp*—2c—cp* +3c
- p(p4 +1)
_=3¢p*+c

p‘p4+1i
_cll-3p*
P A |

4 _ _ 4
So L is the point P c(f 3), c(l 43p )
p +1 p(p + 1)
The perpendicular distance from P to L is given by

24

T
oplp* +1)-cp(p* ~3)J2 +(c(p4 +1)-cl1-3 p4)]2

p4 +1 4

p(p +1)

5 5 2 4 4\?
cp’ +cp—cp” +3cp e +c—c+3cp
pt+1 p(p4+1)

_\/[ 4cp J2+( 4cp* JZ
B p*+1 p(p4 +1)
- ll6czp2 + 16¢*pt
Vip*+1f oot +1)
_ [16c*p* +16c%pt
R

4

_ [6c?ptli+p

PZ(P4 +1)2

as required

3 marks Correct derivation

2 marks Correctly finding point L

1 mark Correctly finding equation of normal at P and tangent at
Q
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™) Let D equal the perpendicular distance from P to the tangent through

0.
D= dp from part (iv)
AJp*+1
1 3
Q = 4c(p4 +1)_E -i—4cpx—-1—(p4 +1)—2 x4p®
dp 2
_ 4e 8cp*
- a3
(p*+1) (p*+1p
4c! p* +1§—80p4
= 3
(p* +1p
_dc—~4cp*
P
(p* +1
D _,
dp
dc—4cp* =0
pt=1
p=%1 PER
Test for max/min.
When p=0, D =4c
dp
>0 since ¢ >0
dD _ 4c-64c
p= 2 T = 3
VE
_—60c
)
172
<0 sincec >0

[\
70X

‘We have a maximum when p =1.

26

When p=0 d—D=4c
dp
>0
When p=-2 %:46_546
OV
—60c
T2
172

<0 since ¢ >0
‘We have a minimum when p =-1

-2\ -1 / 0
So the perpendicular distance from P to the tangent through Q is a

maximum when p=1.
This occurs when P is (c, c) and Q is (-c,—c).

2 marks Correctly finding P as well as P and Q including testing
for a maximum

1 mark Correctly finding P and Q but not testing for a maximum
OR
Finding p=+1
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Question 6 (15 marks)
(@ (@)  Resolving vertically
Tcosa+Ncosar=mg
N+T=T%
cosa

[ 1mark [ Correct derivation

(i)  Resolving radially (which allows us to introduce @)
N cos(90—a)+T cos(90— ) = mrar?
Nsine +Tsina = misina o?
since r =Isina

N+T =mlw?

From (i), N+T =28
Cosox

So, ln*=—8
cosax

2 marks | Correct answer

Imark | Finding N +7T = miw?

(i) Now, n=‘/+ andw =27n
27“lcosa
=2 _Z—g—
2zl cosa
_ | 28
lcosa

When the particle is at the point of losing contact, N =0.
From (i) N +T = mio?
T

When N =0, o =, [—
Uml

mg
milcose

Since from (i), N +T = —8_and N =0
cosa

g
coso

So, @ =

()

28

the angular velocity is

Sincewhenn=\/ 2g , 0= I 28 s
27*lcosa Vicoser

greater than when the particle is at the point of losing contact with the
surface. Therefore, the particle is no longer in contact with the surface.

3marks | Correct explanation

2marks | Finding ® when N =0 and when n = 1/+ but
2z°lcosa

not giving a correct conclusion

1 mark Finding @ = 28 OR
lcosa

= 8
Finding ¢ Vicosa

At any point of contact that the particle has with the cone, the side of
the cone BC acts as a tangent to a circle with length /. As @ increases
and the particle lifts off the surface, the vertical height of P below A
decreases. Since BC is a tangent it does not again come in contact with
P which is moving in a circle with centre A and radius L

W72 N1

NOT TO !
SCALE

[1mark | Correct explanation
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® O Let x = tan® and
4tanf —4tan’ @ _1
1-6tan’f+tan’0 3
4x—4x® _i

SO-———
1-6x% +x* \/5
2t + 430 - 6x2 —4\Bx+1=0

1
tan4f ==
V3
40 =nmw+—
0= n=y
4 24
n=0, 9:1 S0 x=tan~”—
24 24
n=1, 6=24+Z 50 x=tan7—”
4 24
n=—1,9=——7£+—7[— SO x——tans—”ortanlg—”
4 24 24 24
n=2, 0=2,Z SO x=tan13—”0r—tan1£
2 24 24

3 marks Finding all correct solutions
2 marks Finding two correct solutions

1 k
X Finding 0=+ % pey
4 24
" T 5m 11z
ii 1) From part (i) tan— + tan—— ~ tan — — tan —— = —4+/3 (sum of roots
() @Frompart () tan 7+ tan7 ~tan 27~ tan — = ~4/3 (sum of roots)
7 T 11r
tan 2+ tan 2% + 43 = tan > + tan %
Ty BT,
[ 1 mark | Correct answer ]
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(2) Also, tan l] tan7—” - tans—”J(— tan 1—1”—) =1 (product of roots)
24 24 24 24
tan—tans—ﬂ = —1—~
2 T 17
24 24
5z Tz 11z
So, tan«—tan—- =cot—cot—-
24
[ 1 mark | Correct answer |
b4
c let ¢ =tan—
© (iii) let ¢ =tan 24
Fo(eg)
— =| cot-—
a 24
1 1
Let —=x s0, & =—=
ot Jx
1) 1Y (1
— +4\/§[——} 6(—) 4[( ]+1=0
(\/; ] Jx Jx Jx
L +£ _6 4B
wWrx o x Jx
x? -4J§x&—6x+4J_J¥+1=o
4Bx\x - 43Vx = x> —6x+1
4r§/§\/;c-(x—1) =x"—6x+1
48x(x -1 = (x> —6x +1
48x{x? — 2x +1)=x* - 2x*(6x ~ 1)+ (6x — 1)
48x* —96x + 48x = x* —12x> + 2x% 4+ 36x% ~12x +1
x* —60x° +134x ~60x+1=0
3 marks Finding correct polynomial
2 marks Obtaining 4+/3vx(x—1)=x* - 6x +1
1 mark Obtaining

(]-o) A3y
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Question 7 (15 marks) ® 4
H
LL
) 4 \4 \4)\4
@ @) o T E— 2627625 D
E
| 1 mark | Correct answer
4Y12) (3Y9) (2Y6) (1Y3
103 ) WsS s s c
@ ' = 369600 B
4 () ZCAD =/ZABC (alternate segment theorem)
[T mark [ Correct answer ZABC = LAFD (corresponding angles are equal since ED is parallel to BC)
AD =CD (tangents from an external point are equal in length)
(i)  Pr(3particular runners on the same team) So, £LCAD = ZACD (since AACD is isosceles)
3Y13) (12) (8) (4
sht la el a Hence ZAFD = ZACD . Therefore AFCD is a cyclic quadrilateral
3 since angles standing on the same arc AD are equal.
(16J(12)(8][4) 3 marks Cotrect proof
4 \4 \4)\4 2 marks Showing ZCAD = ZACD with correct reasons
4 1 mark Showing LCAD = ZABC with correct reason
_ 75075
= 2627625 (i)  Since AFCD is a cyclic quad,
1 £DAC = ZDFC (angles subtended at circumference by arc CD are
_1 equal)
35 £FCB = ZDFC (alternate angles are equal since ED is parallel to BC)
: So ABCF is isosceles (LCAD = ZABC from part (i) ).
% marﬁs Correct answer Now ZAFH = £BFC (vertically opposite)
mar Obtaining 3 (E « 12 x 8 x 4 without 3! in and ZAHF = ZABC (angles subtended at circumference by arc AC
1 4 4) \4 are equal)
the denominator s0 AHFA issimilar to ABFC (equiangular)

therefore AHFA is isosceles.
So HF = AF (Sides of isosceles triangles opposite equal

corresponding sides.)
3 marks Correct proof
2 marks Showing AHFA = ABFC
1 mark £LFCB = ZDFC

©THE HEFFERNAN GROUP 2005 Mathematics Extension 2 Trial Exam solutions ©THE HEFFERNAN GROUP 2005 Mathematics Extension 2 Trial Exam solutions




33

()  Consider (Zm +1)2 _3m=2
2m+4) 3m+1
_ 2m+1)’Bm+1)-(Bm—2)2m+ 4}
B (2m+4)(3m+1)
_ (4m? + 4m+1)3m+1)-Gm - 2)am* +16m +16)
N (2m+ 4)2 (3m +1)
_12m® +16m* + Tm+1-(12m® + 40m? +16m—32)
- (2m+4) (3m+1)
_ —24m® -9m+33
 (2m+4PGBm+1)
_ 3(8m+11fm-1)
" Cm+4)PBm+1)
<0since8m+11>0andm-1=>0
Wethenhave(zm+1) 3m—2
2m+4 3m+1
2m+1 < 3m-2

2m+4 " \3m+1
Substituting m =1,2...,n successively into the above inequality, we

So

obtain
\f’ \/— 10 \/ 10
2n+ 1
2n+ 4 3n + 1
Multiplying together

(%J(%J( J(i’::i) ( e

S marks | Correct proof

4 marks .
Showing 2n+1 < 3n-2
2n+4 3n+1
3 marks _
Showing 2m+1 < 3m-2

2m+4 \3m+1

2 marks

2
2m+1) _3m-2_

Showin, <
& (Zm +4 3m+1

1mark | Showing

dm+4) 3m+l (2m + 4) (3m +1)

(2m+1j 3m-2 _12m° +16m” +Tm+1- (12m® +40m* +16m —32)
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Question 8 (15 marks)

@ ® R=ma wil-v?  direction of motion

i N
—>1i
So  a=-w1-1? ~
)
vﬂ=—vw/1—v2
dx
P
dx
& -1
dv 1-y?
x=-sinv+c
When x=0, v=R so
O0=-sin"R+c

=—y1-y?

x=-sinTv+sin? R
Leta=sin"'v and B =sin*R
So, v=sina R=sinf
So x=pf-a

sinx = sin(f - )

=sin fcose —cos Bsina

Since
sing=v sinf =R

L 4

cosa =v1-v? cos B =+/1-R?
So, sinx=Rv1-v? —1/1-R?
x=sin'1(R\/1—v2 —V\/].—RZ)

as required.

4 marks Correct explanation

3 marks Establishing that sinx = sin fcosa — cos Ssina or
equivalent

2 marks Finding x = —sin v+sin™ R

1 mark Finding # = —v1-v?
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From(i), #=-w/1-v*
_ —w1-v?

dat
d_ -1
v pfi-v?
1
t=-1|——=dv
vl-v?
Let v=sind
% =cosf 1 v
and cos@ =+1-v? A [
2
So, t=—j—_—1—-ﬂ-d0 1=v -
sin@cosfd db
=— _[————- -cosfdo
sin&cos
=— jcosece de
_ Icosec@(cosec@ —cotd) 10
cosect —cot@ -
Now since
d(&;&;—cgﬁi) = cosecé(cosecd — cot §)
¢ = —Inlcosect —cotf |+ ¢
Now from (*)

2
cosech = 1 and cotd = Vi-v"
v v

So,
1 W1-3?

-+ ¢c

14 v

t=~In

1-v1-v?
v

=-In

t=In

v
————+c
1-+1-v?

When =0, v=R so
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1-+1-R?
v || R |
~In
1-V1-v2|  [1-VI-R?|
vi—-1-R?
Rlil-v1-v?

as required.

t =1In|

4 marks | Correctly derived answer

+c

Obtaining ¢ = —Inf~—
v

3 marks 1 Jiov?
v

2marks | Obtaining ¢ = —In|cosecd —cot 6| +¢

1 mark Obtaining ¢ = — Icosecﬂd&

(b) (@)  Usinglong division

2 2 2
1+—+—2+ +'—n
r r r

r—lm
r—1
2
2.2
r
2
>
2 2
e
2
2
2
rn—l
2 2
Pl
2
r'l
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So r—+1=1+2+%+...+—2—+i+(r—1)
1 r "o

r— r
2 2
=1+"+—2+... _n+‘n—
r r r* r (r - 1)
2 marks Correct derivation including last term
1 mark Attempt at long division

To show: i (n(r +1)-1n(r-1))=In ”(”2+ 1)

r=2

L5 =¥ (tn(r +1)~ In(r ~1))

r=2
=In3-Inl+n4~-In2+Mm5-In3+In6-1n4+...

+In(n —1)—ln(n -3)+ In(n)—ln(n - 2)+ ln(n +1)—1n(n —-1)
= —ln1—1n2+ln(n)+1n(n+1)

In n(n + 1)
2
=RS
Have shown.
Now Zln(1+ 2 +£+...+ 2, z from part (i)
= r? r" (r D o

So we wish to prove the statement
21 r+ 1 n(n +1)
2

r=2

by induction forn=2,34...

When n=2,

So the statement is true for n=2.

Let us assume that the statement is true for n =k .
That is, let us assume that

21 r +1 nXE+D e

r=2 2

Now, when n=k+1, we have

%1 r+1 —In (k+1)(k +2)

r=2 2
Zlnr+1 +In +2=ln(k+1)(k+2)
po} k 2

38
lIlk(k2+1) anzz =1n(k+1)§k+2) from ...(*)
I (k+1)2(k+2) =1n(k+1)§k+2)

If the statement is true for # =k then it is true for n =k +1. Since the
statement is true when 7 = 2, then by mathematical induction it is also
true for » =3 and so on.

3marks Correctly reasoned proof -

2 marks Showing the statement is true for n =2 and making
the assumption given by ...(*¥)

1 mark Showing the statement is true for n=2
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