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General Instructions Total marks - 84
» Reading time — 5 minutes * Attempt Questions 1-7
* Working time — 2 hours + All questions are of equal value

» Write using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

STANDARD INTEGRALS

Jx"dx =Lx"+l, nz-1; x#0,ifn<0
n+l
1
—dx =lnx, x>0
X
ax ]' ax
e™ dx =—e®, az0
a
1,
cosaxdx =—sinax, az0
. 1
sinaxdx =—Ecosax, a#0
2 1
sec“ax dx =—5tanax, az0

1
Jsecaxtanaxdx = secax, a#0

1 1 4x
J = > dx =—tan1—, a#0
a“+x a a

-1

1 x
—x =sin""—, a>0, —a<x<a
[2_ 2 a
a“—x

j—ﬁ:;dx =1n(x+\/x2—a2), x>a>0
x“—a

i _ [2 2)
J———_mx2+a2dx —In(x+ x“+a

NOTE : Inx=log,x, x>0
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Total marks — 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use a SEPARATE writing booklet.

(a) PFactorise 8x°+27.
(® Let f(x)=In(x-3). What is the domain of f(x)?

sin2x
(¢) Find lim ——.

x—=0 X

(d) Solve the inequality x2—+3 >1.
X

(&) Differentiate x cos’x.

: 2
. . . . 3
(f)  Using the substitution u =x>+ 1, or otherwise, evaluate j x2 et gx.

0

Question 2 (12 marks) Use a SEPARATE writing booklet.

(a) The polynomial p(x)= % —ax+b has a remainder of 2 when divided by
(x — 1) and a remainder of 5 when divided by (x +2).

Find the values of @ and b.

) () Express 3 sinx -+ 4 cosx in the form A sin(x + o) where 0< & £ %

(i) Hence, or otherwise, solve 3sinx+4cosx =25 for 0<x <27x. Give
your answer, or answers, correct to two decimal places.

(¢) The diagram shows points P(2r, 1) and Q(41, 4£) which move along the
parabola x?=4y. The tangents to the parabola at P and ( meet at R.

NOT TO
SCALE

(i) Show that the equation of the tangent at P is y = fx — 12,

(ii) Write down the equation of the tangent at O, and find the coordinates of
the point R in terms of ¢.

(ili) Find the Cartesian equation of the locus of R.




Question 3 (12 marks) Use a SEPARATE writing booklet.

34 &%

(& Let f (x): .

G

—

)

(i)

® ®

(i)

(iif)

(© ®

(i)

4

Tind the range of £(x).

Find the inverse function £ (x).

x+1
On the same set of axes, sketch the graphs of y =cos2x and y= 5

for -w<x <.

Use your graph to determine how many solutions there are fo the
equation 2 cos2x=x+1 for ~-r<x <.

One solution of the equation 2 cos2x =x+ 1 is close to x=0.4. Use
one application of Newton’s method to find another approximation to
this solution. Give your answer correct to three decimal places.

1—cos26
1+ cos28

Prove that tan®@ = provided that cos26 #=1.

T
Hence find the exact value of tang.

Question 4 (12 marks) Use a SEPARATE writing booklet.

(a) A test consists of five multiple-choice questions. Each question has four

alternative answers. For each question only one of the alternative answers is
correct.

Huong randomly selects an answer to each of the five questions.

(i) What is the probability that Huong selects three correct and two incorrect
answers?

(ii) What is the probability that Huong selects three or more correct
answers?

(iii) What is the probability that Huong selects at least one incorrect answer?

4 2
(b) Consider the function f(x)= X +3x7

43 .
(i) Show that f (x) is an even function.

(i) What is the equation of the horizontal asymptote to the graph
y=rf(x)?

(iif) Find the x-coordinates of all stationary points for the graph y = f (x) .

(iv) Sketch the graph y= #(x). You are not required to find any points
of inflexion.




Question 5 (12 marks) Use a SEPARATE writing booklet.
(a) The equation of motion for a particle moving in simple harmonic motion is
given by

d*x
=

dr?
where n is a positive constant, x is the displacement of the particle and ¢ is time.

(i) Show tHat the square of the velocity of the particle is given by
vi=n2(a® - x7)
where v= % and a is the amplitude of the motion.
(if) Find the maximum speed of the particle.
(iii) Find the maximum acceleration of the particle.
(iv) The particle is initially at the origin. Write down a formula for x as a

function of ¢, and hence find the first time that the particle’s speed is half
its maximum speed.

Question 5 continues on page 7

Question 5 (continued)

(b)  The cross-section of a 10 metre long tank is an isosceles triangle, as shown in
the diagram. The top of the tank is horizontal.

NOT
TO
SCALE

When the tank is full, the depth of water is 3 m. The depth of water at time
t days is i metres.

(i) TFind the volume, V, of water in the tank when the depth of water is
h metres.

(i) Show that the area, 4, of the top surface of the water is given by

A =203

(ii)) The rate of evaporation of the water is given by

av
dr

where k is a positive constant.

—kA,

Find the rate at which the depth of water is changing at time .

(iv) It takes 100 days for the depth to fall from 3 m to 2 m. Find the time
taken for the depth to fall from 2 mto 1 m.

End of Question 5




Question 6 (12 marks) Use a SEPARATE writing booklet.

(a) Two points, A and B, are on cliff tops on either side of a deep valley. Let h and R
be the vertical and horizontal distances between A and B as shown in the

diagram. The angle of elevation of B from A is 8, so that 8 = tan™! (%j

alf

Y — R

4

Attime t=0, projectiles are fired simultaneously from A and B. The projectile
from A is aimed at B, and has initial speed U at an angle 8 above the horizontal.
The projectile from B is aimed at A and has initial speed V at an angle 6 below

the horizontal.
The equations for the motion of the projectile from A are

x =Utcos® and y = Utsinf — %gtz,

and the equations for the motion of the projectile from B are
Xy=R-Vtcos® and y, =h—Vtsind — %th.

(Do NOT prove these equations.)

() Let 7 be the time at which x, = x,.

R

Show that T = ——F——.
. {U+V)cosO

(ii) Show that the projectiles collide.

(iii) If the projectiles collide on the line x = AR, where 0 < A < 1, show that
1
V=|—--1U.
(l j

Question 6 continues on page 9

~ 8

1

Question 6 (continued)

(b) (i) Sum the geometric series
(+x)+(0+x)y e+ (1 +x)

and hence show that
(r] [r+1j (nj (n+1j
+ FEPPREE = .
r r r r+1

(ii) Consider a square grid with n rows and n columns of equally spaced
points.

The diagram illustrates such a grid. Several intervals of gradient 1,
whose endpoints are a pair of points in the grid, are shown.

(1) Explain why the number of such intervals on the line y=x is

1o | "
equalto |, |.

(2) Explain why the total number, S,, of such intervals in the grid is
given by

B (R

(iii) Using the result in part (i), show that

s —nln=1)2n-1)
n 6

End of Question 6

9.




Question 7 (12 marks) Use a SEPARATE writing booklet.

(a)

(b)

(i) Use differentiation from first principles to show that di(x) =1.
X

(ii) Use mathematical induction and the product rule for differentiation

d _ S
to prove that ?(x”) =nx""1 for all positive integers n.
X

A billboard of height ¢ metres is mounted on the side of a building, with
its bottom edge k metres above street level. The billboard subtends an angle 6
at the point P, x metres from the building,.

tanA —tan B

i identity tan{A-—-B)= ————— how that
(1) Use the identity an( ) T+ tan Atan B to show tha

0=tan | — |
x2 +h(a+h)

(i) The maximum value of @ occurs when i—e =0 and x is positive.
by

Find the value of x for which 8 is a maximum.

Question 7 continues on page 11

~10-

Question 7 (continued)

(©)

Consider the billboard in part (b). There is a unique circle that passes through
the top and bottom of the billboard (points Q and R respectively) and is tangent
to the street at 7.

Let ¢ be the angle subtended by the billboard at S, the point where PQ intersects
the circle.

Copy the diagram into your writing booklet.

(i) Show that 8 < ¢ when P and T are different points, and hence show that
6 is a maximum when P and T are the same point.

(i1) Using circle properties, find the distance of 7" from the building.

End of paper

—11-
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Solutions

Mathematics Extension 1

Question 1
(@) 8 +27=(2x+3)(4x" —6x+9).

(b) Domain: x—-3>0
x>3.

sin2x

© lHm—
2(sin2

= lim —(sm x)
x—0 2x

=2 since im sm2x:
x50 2x

L.

(d) METHOD 1 Algebraic:
x+3

—>1
2x

42 (x+3)
2x

2x(x+3)> 4x?

> 4x2

2x% +6x > 4x°
C0>2x%—6x
0 >2x(x—3).

~0<x<3.
0 3 .

METHOD 2 Critical point: -
x#0, ic—+—§=1
2x
x+3=2x
3=x
x v x
——o—
0 3
x_—l—3>1 Test x=-1: —2—<l x
2x -2
x=1 i>1 v
2
x=4 z<1 x
8
S0<x <3, |

® flx)= xcos? x
Uéing the product rule,
f(x)=x.2cosx(—sinx)+1.cos” x

=—2xsinxcos x+cos’ x.

) B
(i) J x26x3+l dx
0

Let u=x+1, . &t =g
du=3x"dy, - oxldx= %Li
At x=0, u=1

x=2, u=2"+1=9

%Jg e'du = é—[e” ]?

4 Page 45
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Question 2

(@) p(x)=x’-ax+b

p(1)=2 p(-2)=5
~2=1—-a+b S 5=—8+4+2a+b
-a+b=1 @ 2a+b=13 ©®

@-®:3a=12, ..a=4
Substitute a =4 into @.
—4+b=1, . .b=5.

() (i) Asin(x+a)=Asinxcosa+Acosxsina

Compare 3sin x+4cos x.

s Acosa=3 Asina =4
Asing 4
"3 A4
Acosa 3 4
.4
stano =—
3 ) 3
.‘.a=tan"1(§} A2 =42 432
A=5
3 &7 s -1 4
s.3sinx+4cosx = Ssin| x + tan § .
(i) 3sinx-+4cosx=5

- 5sin |:x +tan! (g ):‘ =5
sin [x +tan™! (—g )] =1

=
I
SIE]
1
&
=]
L
N
(PSRN
N’

=2 _0907n..
2

=0.64 (to 2 decimal places).

© O @ »=4

~<

2009 ¢

AtP(2t, 1), & 2,
dx 2
.~ Tangent at P is

y=1*=t(x-2t)
y—tt =p—2¢

y=tx—t

)
" 4¢
@) AtQ(4r,4), % = =2
. Tangent at Q is
y—4t* =2t(x—4t)
y—4rt =2p—8¢%
y=2mx—4t> @
Solve tangents simultaneously. .
@-O 0=1x-3
1 =3t
x=3t
Substitute x = 3¢ into O.
y=32-7
=27
~R(3t,28%).

(iii) At R(3t, 2z2),

y=21‘2

. Locus of R is

=)

2t
5
Question 3
. 3+ 3 &
a i = ==+
@ O fx)=S—=te T
er

Range of e >0
a3
. Range of f{x)> T

Page 46




+e*

(i) Let y= 3

Interchanging x and y,
_3+ P
4
4x=3+e”
¥ =4x-3

2y =In(4x-3)

y =%1n(4x-—3)

f_l(x) =%h}(4x—3).

® O y
x+1 1. .1
4 2
1
1) y=c082x
1 2
v T -\v| T T T Lammat oy
r 3% _E_X z m 3w X
/Xij/4 4 2 4
-1 U

(i) There are 3 solutions to the equation
2cosx=x+1 for - <x <7 (since
the two graphs intersect 3 times in
the given domain).

(i) 2co82x=x+1
2co82x—x—1=0
Let f{x)=2cos2x—x—1
5 f(x)=—4sin2x-1

Newton's method:

X=X~ f,(XO)

f%0)
_04_2005(2><0.4)—0.4—1
T —4sin(2x0.4)-1
_ o4 00065,

-3.8694...

=0.398 (to 3 decimal places)
. 0.398 is another approximation
to this solution.

2009

*

Mathematics Extension 1

© @ 0820 =1—2gin> 0
and cos26 =2cos? 6 —1
_1-cos20
" 14cos20
l—(l—ZSin2 9)
~1+(2c0s29—1)
_ 2sin” 0
" 2c0s20
=tan%6
=LHS.

T

i) Letg==
(i) Le :

Rationalising,

J2-1_+2-1

n
tan? = = X

8 2+1 J2-1
:(\/5—1)2

tan%zﬁ—l

tan > 0 since 2 fiesin
8 8

1st quadrant].
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Question 4

@ 0 P(correct):%

=10><L><~9~

64 16
8
512°

(ii) P(3 or more cotrect)
= P(3 correct) + P(4 correct)
+ P(5 correct)

4 . 5
=£+5C4 1Y(3 +3¢; 1
512 4114 4

45 15 1
=ttt
512 1024 1024
5
512°

(iii) P(atleast 1 incorrect)
=1-P(5 correct)

(=)' 43(=x)’
fiex)= (—x)4 +3

_ xt 432

N 43

= f(x)

= f(x)is even.

. =1
-~ Horizontal asymptote is y = 1.

2009

@) f(x)
(x* +3)(40" +6x)-(x* +327)(4°)
(x4 +3)2
_ 4x" +6x° +12x° +18x—4x" —12x°
) (x*+3)
_ 63" +12x +18x
(x4 +3)2
Stationary points when f”(x)=0.
562 +12x° +18x=0
—6x(x4 -2 —3) =0
—6x(x2 - 3)(x" +1)=0
sx=0 or x=ix/§.
@ | x| 3] 0 | 3
1.5

y | 15 0

Question 5
. d*x
@ O ? =-n’x
i lv2 =—n’x
dx\ 2
%vz = j~n xdx
n?x?
== +¢
2
v =—n’x? +c,

When x=a, v=0

n0=—rna’ve,

4 Page 48




(i) Maximum speed occurs when
d*x .
—= 0, i.e. whenx=0.
dt
s =n24? (from (i)
~.v=na is maximum
(since speed has no direction).

(iti) Maximum acceleration occurs when
v=0, ie.when x=a.

2
Cd°x 2 . .
o =—n"g is maximum.
dr

(iv) Since particle is initially at origin,
x=asinnt

X
S ——=(qncosnt
dt
At half maximum speed,

%na = ancosnt (from (ii))

1
cosnt=—
2
i =F (1st quadrant only

=T for first time)
T

=
3n

. The first time the particle’s speed
is half its maximum speed is at

x = htan60°

x=h\/§m

Volume, V, is a triangular prism.

.'.V:(%thx/gxh) %10
=103 4% m®

2009

Mathematics Extension 1

R S R A )

(ii) Area, 4, is a rectangle.
o A=2mJ3x10
=20/3hm?.

(iif) We require %h—
dh _dh 4V
dat av’ dt
From (i), V =10/3%
av
= 2043k
dn__ 1
av’ 2033k
Substituting,
dh_ 1
dt 2043k
From (ii), 4 =203k
Cdn 1
“dr 2043k

=—k.

x—k . 203k

. dh
@iv) —;{—t—z—k
h=[—kadt
~h=—kt+c
Whent=0, h=3
ne=3
sh=—kt+3
When ¢ =100, 7=2
L 2=-100k+3
100k =1

100

¢t =200 days
. Tt takes a further 100 days to fall
from 2 mto 1 m.
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Question 6

() () When x =x,,
UT cos@ =R—-VT cos
T(U+V)cos =R
R
=(U+V)cos9'

(ii) Projectiles collide when y, = y,.

Utsin@——;—gtz =h—Vtsin0—%gtz

Utsin@ +Visin0 =h
(U+V)tsinf=h

But #=Rtand
~(U+V)tsin =Rtan0
Rtan@
T (U+7)sin0
R
- (U+7V)cos0

=T
When ¢ = T, the projectiles have the
same coordinates, so they collide.

(iif) Let x =AR, 0<A<1
s UTcosO=AR
From (i), Tz—i—
({U+¥)coso
. URcos® _
'(U+V)cos(9_
v =2
U+v
U=A(U+V)
=AU+ AV
_U-AU
)
_u(-2)
)

2009

*

®) @) (+x) +(1rx) ()
na=(1+x)
r=(1+x)

(n—r+1) terms

(=

) (e 1]

14+x-1

1+ )™M (14 x)
x
The coefficient of x” on LHS

(r] (r+l] (n)
=" T

¥ r r
The coefficient of x” on RHS

1
=" ) from (1+x)”+1
r+1

since—l— nl x| = nl %"
x{lr+l r+l

and (1+x)" does not contain x

(ii) (1) The line y = x passes through
n points along the diagonal.
~. An interval is formed by
choosing two points.

. Number of intervals is (Z]

(2) The lines parallel to line y = x
that lie above it, go through,
(n=1),(#n—2),..., (2) points,
so we can form

n—-1\{n-2 2\,
k e intervals.
2 2 2

This also occurs for lines parallel
to and below line y =x.
». Total number of intervals is

QYA
(00
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R R e A S DR TR,

(iif) Let»=2 inpart (i)

2x 3!(n—3)!+ 2!(n;‘2)!
_n(n-1)(n-2) N n(n-1)

3 2
_ 2n(n-1)(n-2)+3n(n-1)
6
_ n(n-1)[2(n-2)+3]
6
_n(n-1)(2n-1)
E—— .
Question 7
@ @ Letf=x

@)

Now f'(x) = },13(1) M

h
. x+h-x
= lim >ATX
h—0 h
= lim
h—0
=1,

: . d ny_ . .n-1
Required to prove: = (x ) =nx

for all positive integers 7. °
Forn=1,

LHS = —d—(x) =1 (from (1))

dx

RHS=1
s True forn=1.
Let the result be true for some n=£k,
cody e
ie. Ex—(x )—kx

Required to prove:
%(xk“ ) =(k+1)x*

forn=Fk+1.

2009

Mathematics Extension 1

_i k1Y _ d k
LHS_dx(x )—E(x .x)
Using the product rule,

_x d dy
LHS =x .a(x)+x.$(x )

=xF+x. bt

=x*+k.xt

=x*(k+1) as required
s Trueforn=k+1.
Hence if the result is true for n =k, it
is true for n =k + 1. It is true for
n =1, so by the principle of
mathematical induction it is true for
all positive integers n > 1.

s tan6 =tan (o — )
_ tana—tan f§
—l+tanatanﬁ

at+h h

__x x
]
X X

x> +h(at+h)

~0=tan"} __Eax— .
x*+h{a+h)

4 Page 51
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ax
iy Let =
@ 7 x> +h{a+h)
Now,@:tan"ly
dao _ 1
dy 1+y2

_ 1

- 2
ax
T LI
_ (xz +h(a+h))

y [x2 +h(a+h)]2 +ax?

[x2 +h(a+h)]2
_ [xz +h(a+h)]2
) [x2 +h(a+h)]2 +a*x?
Now, using the quotient rule,
dy _[x2 +h(a+h)].a—ax.2x
o [x2+h‘(a+ h)]2
_a +ah(a+h)—2ax"
) [xz +h(a+h)}2 :
B ah(a+h)—ax’

B [xz +h(a+h)}2

.40 _do . dy
“dx dy  dx
[xz +h(a+h)]2
[xz +h(a+h)]2 +a*x?

9 ah(a+h)—ax2
[x2 +h(a+h)]2
ah(a+h)—ax2

] [xz +h(a+h):\2 +atxt

When —@ =0,
dx

ah(a+h)—ax2 =0
ax* =ah(a+h)
x*=h(a+h)
cx=tJh(at+h) m

Since x is positive, maximum is
x=.Jh(a+h)m.

© O

p= 6+ ZSRP (exterior angle of
ASRP is sum of interior opposite
angles)

s B< ¢ since LSPR>0.

As P approaches T, § also
approaches T.

Now, ZQTR = ¢ (angles in same
segment on same arc OR)

But ZOPR=0

~.When P and T (and S) are
coincident, 6= ¢.

. @is a maximum when P and T
are the same point since there is
no triangle for ¢ to be the exterior
angle.

(i) Let dbe the distance of T from the
building. '
s d?2=h.(a+ k) since the square
the tangent equals the product of t
intercepts

nd=Jn(a+h).

End of Mathematics Extension 1 solutions
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