412

e

BOARD OF STUDIES

NEW SOUTH WALES

2009

HIGHER SCHOOL CERTIFICATE
EXAMINATION
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General Instructions

* Reading time — 5 minutes

* Working time — 3 hours

* Write using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks ~ 120
» Attempt Questions 1-8

* All questions are of equal value
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STANDARD INTEGRALS
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n .
x" dx = ¥ n#~-1; x#0,ifn<0
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.
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ax 1 ax
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a
Y
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cosaxdx =—ginax, a#0
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J
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sinax dx =—cosax, a#0
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sec“ax dx :Etanax, a#0
1
secax tanaxdx = —secax, az0

1 1 X
J 2 de ==tan'=, 420
a”+x a a
(1
L1 X
= dx =sm1—, a>0, —a<x<a
a2 42 a

1
——dx :ln(x-k\m), x>a>0

1 -
dx :ln(x+ x2+a2)

NOTE : Inx=log,x, x>0
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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

(a) Find J}%ﬁ dx.

(b) Find Jxe“dx.

x2
© FindJ dx.
14 4x>

5 _ .

@ Bvaluate | —220 gy
5 2 +3x—4

(e) Evaluate j ——dx.
1 xzle + x2

Question 2 (15 marks) Use a SEPARATE writing booklet.

(2) Write ° in the form a + ib where a and b are real.

~2+3i

(b) Write in the form a + ib where @ and b are real.

+i

() The points P and O on the Argand diagram represent the complex numbers
z and w respectively.

*P(z)

*Q(w)

l
Copy the diagram into your writing booklet, and mark on it the following points:
(i) the point R representing iz
(i) the point S representing w

(iif) the point T representing z + w.

(d) Sketch the region in the complex plane where the inequalities lz - 1| <2 and

_% <arg(z—1) < % hold simultaneously.

(e) (i) Find all the 5th roots of ~1 in modulus-argument form.

(i) Sketch the 5th roots of —1 on an Argand diagram.

® (i) Find the square roots of 3 +4i.

(i) Hence, or otherwise, solve the equation

24iz—1-i=0.




Question 3 (15 marks) Use a SEPARATE writing booklet.

(a)  The diagram shows the graph y = f{x).

Y

T

Draw separate one-third page sketches of the graphs of the following:

@ y=

@ y=[r=7F

(i) y= f(xz).

(b) TFind the coordinates of the points where the tangent to the curve
x%+2xy +3y% =18 is horizontal.

(©) Let P(x)=x>+ax®+bx+5, where a and b are real numbers.

Find the values of a and b given that (x— 1)? is a factor of P(x).

Question 3 continues on page 5

Question 3 (continued)

() The diagram shows the region enclosed by the curves y=x-+1 and
y=(x -1

The region is rotatéd about the y-axis.

Use the method of cylindrical shells to find the volume of the solid formed.

End of Question 3 -




Question 4 (15 marks) Use a SEPARATE writing booklet,

2 2

(a) The ellipse x—2 + ZE =1 has foci S(ae,0) and $’(~ae, 0) where e is the
a b

eccentricity, with corresponding directrices x = % and x = ~%. The point

P(xo, yo) is on the ellipse. The points where the horizontal line through P

meets the directrices are M and M’, as shown in the diagram.

(1) Show that the equation of the normal to the ellipse at the point P is

2
20 x).

Y=Y =
b2x0

(ii) * The normal at P meets the x-axis at N. Show that N has coordinates
(ezxo, 0).

(iif) Using the focus-directrix definition of an ellipse, or otherwise, show that

PS _ NS
PS’ T NS’

(v) Let ax=/S'PN and B=/NPS.

By applying the sine rule to AS’PN and to ANPS, show that o= f.

Question 4 continues on page 7

6

Question 4 (continued)

)

A light string is attached to the vertex of a smooth vertical cone. A particle P of
mass m is attached to the string as shown in the diagram. The particle remains
in contact with the cone and rotates with constant angular velocity @ on a circle

of radius r. The string and the surface of the cone make an angle of ¢ with the
vertical, as shown.

The forces acting on the particle are the tension, T, in the string, the normal
reaction, N, to the cone and the gravitational force mg.

(i) Resolve the forces on P in the horizontal and vertical directions.

(i) Show that T = m(gcosoc + r? sinot) and find a similar expression
for N.

(iii) Show thatif T=N then
o? = 5(tana~1)-
r\tanc +1

(iv) For which values of & can the particle rotate so that T=N?

End of Question 4




Question 5 (15 marks) Use a SEPARATE writing booklet.

Question 5 (continued)
(a) Inthe diagram AB is the diameter of the circle. The chords AC and BD intersect

at X. The point Y lies on AB such that XY is perpendicular to AB. The point K

(b) For each integer n=>0, let
1
A is the intersection of AD produced and ¥X produced. S = J 22 2 g
0
K .
L1 (i) Show thatfor n2>1
e
“ In = *2~ — n'In—l'
D (i) Hence, or otherwise, calculate I,.
X \C
.
A % B

© Let £(x) = %

s
1

(i) Show that #”(x) > 0 forall x>0.
Copy or trace the diagram into your writing booklet.

(i) Hence, or otherwise, show that f ’(x) >0 forall x>0.
: _ X _ X
() Show that ZAKY =ZABD. 2 (iii) Hence, or otherwise, show that ¢ > x forall x>0.
(i) Show that CKDX is a cyclic quadrilateral. 2
(iit) Show that B, C and K are collinear. 2

End of Question 5
Question 5 continues on page 9




Question 6 (15 marks) Use a SEPARATE writing booklet.

(&) The base of a solid is the region enclosed by the parabola x =4 —y? and the
y-axis. The top of the solid is formed by a plane inclined at 45° to the xy-plane,
Each vertical cross-section of the solid parallel to the y-axis is a rectangle.

" A typical cross-section is shown shaded in the diagram.

Find the volume of the solid.

(b) TLet P(x)=x3+ gx®+ gx + 1, where g is real. One zero of P(x) is ~1.
(i) Show that if o is a zero of P(x) then % is a zero of P(x).

(i) Suppose that ¢ is a zero of P(x) and o is not real.
(1) Show that |o|=1.

) Show that Re(a)=1;2i

Question 6 continues on page 11

~10-

Question 6 (continued)

©

The diagram shows a circle of radius r, centred at the origin, O. The line PQ

is tangent to the circle at Q, the line PR is horizontal, and R lies on the
line x=c. :

®

(ii)

(iif)

(iv)

Find the length of PQ in terms of x, y and r.

The point P moves such that PQ = PR,
Show that the equation of the locus of P is

y2 =72+ % 2cx.
Find the focus, S, of the parabola in part (ii).

Show that the difference between the length PS and the length PQ is
independent of x.

End of Question 6

—11 -




Question 7 (15 marks) Use a SEPARATE writing booklet.

(@)

A bungee jumper of height 2 m falls from a bridge which is 125 m above the
surface of the water, as shown in the diagram. The jumper’s feet are tied to an
elastic cord of length L m. The displacement of the jumper’s feet, measured

. “downwards from the bridge, is x m.

The jumper’s fall can be examined in two stages. In the first stage of the fall,
where 0<x <L, the jurmper falls a distance of Lm subject to air resistance,
and the cord does not provide resistance to the motion. In the second stage of

the fall, where x >F, the cord stretches and provides additional resistance to
the downward motion.

(i) The equation of motion for the jumper in the first stage of the fall is
X=g—rv
where g is the acceleration due to gravity, r is a positive constant, and v is
the velocity of the jumper.

(1) Giventhat x=0 and v=0 initially, show that

x = —%ln( g J—Z.
r g—rv r

(2) Given that g=9.8 ms? and r=02 s}, find the length, L, of
the cord such that the jumper’s velocity is 30 m s when x=L.
Give your answer to two significant figures.

(ii) In the second stage of the fall, where x> L, the displacement x is
given by
t
x=¢10 (29sint - 10cost) +92

where ¢ is the time in seconds after the jumper’s feet pass x=L.

Determine whether or not the jumper’s head stays out of the water. ~

Question 7 continues on page 13

~12 -

Question 7 (continued)

(b) Let z=cosO+isinb.
(i) Show that 7" +z =2 cosnd, where nisa positive integer.

(ii) Letm be a positive integer. Show that

2 2
(2c0s6)™™ = 2 0052m9+[ ?jcos(2m~2)9+[ ;n)cos(?.m—4)9

(iif) Hence, or otherwise, prove that

V4

2 2m
cos? 9 g = —~
0 22m+1 m

where m is a positive integer.

End of Question 7

_13—




"Question 8 (15 marks) Use a SEPARATE writing booklet.

@ O

(i)

(iif)

(iv)

. _ 0 .
Using the substitution ¢ = tan—2~, or otherwise, show that

1. 6 1 @6
cotf + —tan— = —cot—.
2 2 2 2

Use mathematical induction to prove that, for integers n>1,

or ; 2n—1

Show that

Hence find the exact value of

T 1 T 1 T
tan— + —tan— + —tan— + ---.
4 2 8 4 16

Question § continues on page 15

—14—

Lol x 1 X

E tan— = cot— — 2cotx.
1 —1 r n

r=

Question 8 (continued)

(b

©

(0] n-1 n x

Let n be a positive integer greater than 1.

. 1 .
The area of the region under the curve Y=< from x=n-11to x=nis

between the areas of two rectangles, as shown in the diagram.

n_ 1YV
e nl < (1~—) <el.
n

A game is being played by n people, 4, A,, ..., A . Sitting around a table. Each
person has a card with their own name on it and all the cards are placed in a box
in the middle of the table. Each person in turn, starting with A, draws a card at
random from the box. If the person draws their own card, they win the game and
the game ends. Otherwise, the card is returned to the box and the next person
draws a card at random. The game continues until someone wins.

Show that

Let W be the probability that A, wins the game.

Let pz;ll— and q:1—%.

(1) Show that W=p+¢"W. 1

(i) Let m be a fixed positive integer and let W, be the probability that 3
A, wins in no more than m attempts.

W
Use part (b) to show that, if n is large, —# is approximately equal

tol—e™

End of paper
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2008 Higher School Certificate
Solutions

I\/Iathematics Extension 2

Question 1
(a) Letu=Inx, .'.duzldx
X
Jﬁdx='{udu
X
o
=—+c
2
Inx)?
- (x)® +e.
() Letu=x, sdu=
2x
Letdv=e>*dx, v =2
Ju(d )dx uy— jv(ﬂ) dx‘
dx
2x
Jxezxdx— ¢ dx
2
_ e
2 4

2 2

x* 1 4x
¢ dx =— dx
© J1+4x2 4J1+4x2

=1J -\
4 1+4x

=l x—ltan“12x +c
A2

2009

1{(1+4x> 1
Y|, P
4 )\ 1+4x" 1+4x

@ 2x-6 — x—6
¥ +3x-4 (x+4)(x-1)
Let x—6 4 B

-_ =
(x+4)(x-1) x+4 x-1
x-6=A(x-1)+B(x+4)
METHOD 1 Substitution:
Let x=1: ~5=5B, ~B=-1
Let x=—4: -10=-54, LA=2
METHOD 2 Coefficients:
x—6=Ax— A+ Bx+4B
=(A+B)x+4B-4

~4+B=1. @
4B-A=-6 @
O+©@
5B——5
=— ©)
Subst1tute @ into @.

A-1=1
A4 =2

5
.'.J ~7£——6—dx
2 X +3x—-4
5
Ax+4 x-1
=[2In(x+4)~In(x-1)]

=(2In9-In4)~(2In6~In1)
=2(In9-In2~In6)

(3]
:2111(%].

4 Page 59
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(e) Let x=tan®, .. dx=sec 0 4;76 (© (@, (if) and (i)

When x=+/3, o=2

When x=1, 0=

N L»’l

. f d
N 1 2\}l+x2

J sec? 6 do
7 tan® H/1+tan 0

4
% @
RE de
z cos> 0 in” 0 sec’ 0
4 cos
x
=J3 00529 40
= gin“ 0
4
r
_ 3_1__0?59619
= sin@ sinf
4
r
=J'Scosececot9 dao e @) Tetz=cosf+isind
n
4 25 =cos50 +isin 50 =1
% ~.c08560 =-1
{—Cose"e L 50 =m, 3, 5m, Tn, 97
E oot 3 TE 0
N 57577 575
V3 -~ Roots are:
: zl=ciS£
Question 2 5
. 3
9 _ Ay A, z2=c1s—ﬂ
@ =i Xi'XI 5
(or 0+1i) 7y =cism =~1
cis77r
7, =Cis —
() 23243 270 N 5
241 2+i 2-i 3
’ C 44206043 5
2% +1?
il ——1~+§.
5 55
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Mathematics Extension 2

(i) . Im

cisT

® @ Let \3+4i =a+ib
(where g, b are real)
o 3+4i=(a+ib)
=a* —b” +2abi
nat—b’=3, 2ab=4

A =4,-1
sa=12 (aisreal)
~b=%1
c3H 4D =£(2+1).

Il
I+

() P +iz—1-i=0
—ika[i® —4(~1-i)
SZE—

2
TN s vvews
2
—it3+4i
2
From (i),
—i+(2+i) —i~-(2+1)
7=

3

2 2
=1, —1-i.

2009

Question 3

(a) See nextpage.

®) 2 +2xp+3y2 =18 @
dy dy

c2x+2) yrxrt | +6y—==0
(y a )

dy

+y+(x+3y)==0
x+y+(x y)dx

& _—(x+)
dx  x+3y

Tangent is horizontal when % =0,

ie. ——(x * y)
x+3y

ny=—x @
Substitute @ into @.
x° +2x(—x)+3(—x)2 =18
2x* =18

Sox=13
From @,

x=3, y=-3

x=-3 y=3

.. Tangent is horizontal at
(3,-3) and (-3,3).

© P(x)=x"+ax® +bx+5
S P(x)=3x +2ax +b
If (x—l)2 is a factor of P(x),
then (x—1) is a factor of P{x).
S P1)=0, ie. 1+a+b+5=0

atb=-6 @
and
P(1)=0, ie.3+2a+b=0
2a+b=-3 @

@-@ ra=3 O
Substitute @ into @.
34+b=-6, "b=-9
soa=3, b=-9.

4 Page 61
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(i

(iif)
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(D

x+1-x-1)7?

T~

Ax—"

27x

AV =2z 1= (x-1)" |Ax
=27rx<3x——x2)Ax
Points of intersection:
Let x+1=(x-1)"
x+1=x=2x+1
x*=3x=0
x(x-3)=0

sx=0o0rx=3

s Volume = 22—” units®.

2008

Mathematics Extension 2

Question 4
2 2
@ 6  Sti=l
a b
2E.F22u52::0
a* b" dx
b __2x 2y
dx a2'b2
__xb
ya*

: 2
At P(xg, vp), gradient of normal is % .

~Equation of normal is xob
2
Yod
Y=Yy = xX=X).
0 %o 12 ( 0)

(ll) FOI‘N,y: 0

2
a
e =y = 2% (x—x,) (from (i)
xob
b2
~H =y
2
x=x -2

2
b

ezzl———z—
a
.'.xzxoe2

SN s (ezxo,O).

4 Page 63
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... PS Ps
() ——=6e —.=¢€
PM PM
_PS _PM
"ps’ PM’

. . a
Directrices are x == —.
e

nPM=8 o, PM =S4z,
e e

From (if), N is (esz,O).
~ NS =ae—e*x,, NS =aet+e’x

a

PM T
P
e
_a—ex
L atex
_ae—ezx0
ae+e’x,
_ns
NS’
PSS
" PS NS”
(iv)mANPS,—,—ES——=—,]\E @
sin(PNS) sinf
sin(PNS")  sina
NS'si N,
From ©, PS= Ssull(P S)
sin B
NS’sin (PNS’
From @, PS'=-—£1(————)
sinot

_pS _ NSsin(PNS) sina

“Ps" " smf  NS'sin(PNS)

L sin(PNS).sina
""" sin B .sin(PNS")

since —}—)ﬁ, = —]!LSL,, from (iif)
PSS’ NS
_sin(PNS) _sin (PNS")
" osinp sina

Now, £PNS and ZPNS’
are supplementary.

2009

<. sin(PNS) =sin (PNS")

o1 1
“sinf  sinc
sino =sin B

na=p (both are acute).

Tcosa +Nsino = mg @

Tsing —Ncosa = mra* @

(ii) Multiply @ by cosa, @ bysina.
~.Tcos? o+ Nsinacosa = mg cosa
Tsin? o~ Nsinacosa = mro? sino
Adding the two new equations,
T (cos2 o +sin’ a)
=mgcosa + mro’ sina
~T= m(gcosa +ro’ sina)
Multiply @ bysine, @ bycosa.
~ Tcosasine +Nsin® o = mgsina
Tcosasina —Ncos’a = mre® cosa
Subtracting the two new equations,
N =mgsina —mro’ cosa

=m(gsino¢—rco2 cosa\).

Page 64




Mathematics Extension 2
P T S

(ii) If T=N,
m(gcosoz+ra)2 s'moc)
=m(gsina—-ra)2 cosa)

S geosa+ro’sina
=gsina —ro? cosa

o’ (sina +cosa)=g(sina —cosa)
Dividing by cos c, ‘
ro” (tana +1) = g (tana —1)

o o g(tana 1)

r(tano +1).

(iv) For w* >0,

g(tano—1)>0 (from (jif))

stana >1
g 4
Se=<a <=,
4 2
Question 5
@)

(1) InAA4KY and A4BD,
ZADB =90° (angle in a semi-circle)
ZKYA =90° (given)
~LADB = ZKY4 .
ZKAY = £DAB (common angle)
~LAKY = ZABD (angle sum of As).

(ii) From (i), LAKY = £ABD
LABD = /DCA (angles in the same

segment on chord AD)
" 4DKX=/DCX

. ZDKX and ZDCX are on chord DX
. CKDX is a cyclic quadrilateral.

2008

(iif) £KDX = 90° (angles on a straight line are
supplementary)
S ZKDX + ZKCX = 180°

(opposite angles of cyclic quadrilateral
CKDX are supplementary)
S LKCX =90°
"Now, ZACB = 90° (angle in a
semi-circle)
. ZKCB = straight angle
.~.B, C, K are collinear.

1
® (1) In =J xZn-Hex2 dx
0
1
=1J‘ 22" 2xe® dx
2J6
Letu=x2", codu=2nx*"" dx

2 2
Letdv=2xe* dx, ..v=e€"

1 1
oAy, =1 [xz"exz] —-J e am®
2 o 0
2

=—;——n1n_1.
(i) 172_=—§-—211
e
]1 :5_10

_e 1

2 2
=5 (=)

e 1 1
[=%—Z(e~1)=—
1=5-5(e-1)=7
L=t-21-24

2 272

L 2
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ex_e—x
© O )=
X —X
Fa)=E
” e —e”
=2
Forx>0, ¢ >land 0<e ™ <1
eX__e—X
- f(x)= >0.
s () 5
(i1) METHOD 1
X —X
f,(x):e +e -1
e -2
T2
_ez""—Zex+1 (ex>0)
- 26): N
2
(-1)
T2
>0 forx>0.
METHOD 2
0,0
e +e
7, - -1
7)==
=0

From (i), /(x)>0
2. f(x)is increasing.
s fl(x)>0 forx>0.

(i) 7(0) =£§ei-°
=0
From (ii), f(x)>0 forx>0
= f{x) is increasing.
f(x) >0 forx>0,

e —e”

ie. -x>0

x —x :
e___e__>x for x> 0.

Question 6

View from x-axis:

EB
L=2

View from y-axis:

| _
x Sx 4-x
Now, 8V=LB 6x
=2y(4 —x) &x

Since x:4—y2,

y=Vd-x (y>0)
58V = 24— x (4—x)5x

=2(4-x) 6x
3

4 3
V=i 2(4~x)*8
=V 51)130;:6 (4-2)° 8

:2[4(4—x)% dhx

0
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Mathematics Extension 2

. Volume = % units®.

M) P)=x3+gx2+gx+1

(1) Letthe rootsbe -1, a, .

Product =—£
a
-l.a.f=-1
1
L B==
a

= o is azero of P(x), so is 3—
a

(i) (1) Ifgq isreal and o complex,
then & is also a root.

. 1 -
ie. —=a
o

l=aa
.'.|alz=1 ]

alal=1."

(2) Sum ofroots = —2
a

so=lta+a=—gq
oa+a=1-gq

2009

*

©

@ oP* =x* +3* by Pythagoras
and PQ? = OP? —~0Q? by Pythagoras

S T

LPO =X+ =1t (PQ>0).

(ii) R is (c, y).
PR=c—x
If PO=PR,
then PQ? = PR?

2
=c? = 2cx+x*

Yy
y2 =1’ 4+c? =2cx
which is the locus of P.
(iii) Write yr=rt 4’ —2ex
in the form

(y-k)* =—4a(x—h)

2
2 c r
sy ==2clx—| =t+—
Y \: [2 20]]
(e ¥
~ Vertexis | =+—,0
2 2c

Now, 4da=-2¢
c

a=——

2

2
. Focus, S, is —r—,O A
2¢

Page 67
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(iv) Y P
X,
#\ (x, ) R M
O
S [V c x
. 2
Directrix isx=c+—
2¢
PS=PM
(definition of parabola)
2
=cH+——X
2c
Now,PQ=PR (from (if))
Tze—x

2
.'.PS—-PQ=c+-':——x—(c—x)
2¢c

r?.

T2

which is independent of x.

Question 7
(@ OO ¥=g-rv
v-CQ:g—rv
dx
dx v
dv g—rv

J g—rv
R N S F-Satad B Y
rylg—rv Lg-w

r
=l ~—g—~— dv
rj\g—rv

2008

g
c==In
¥ &
g v. 8
x=—=2In(g~r)——+=5n
Sin(g=rm)-T+osing

(2) Giveng=98, r=02
Letv=30, x=L
From (1),

[ 98 9.8 30
(02 \98-02x30) 02

=82 m (to2s.f).

t
(i) x=e 10(29sinz~10cost)+92 @
t
x'=e 10(29cos?+10sin?)

'
+(29sint—-10005t)(—%e 10]

t
=e 10(30cost+7.1sin¢)

Maximum x will occur the

first time x" =0,
t
ie.e 10 (30005t+7.1si11t) =0
. 30cost+7.1sint =0

300
tant=-—-——
1

f=tan™ _3%0
71

=1.8 seconds

Substitute into @.
_18
x=e 10 (29sin1.8—100051.8)+92

=1175m

. Distance from bridge to top of head
is 119.5 m.

. The jumper’s head will stay out of
the water. '
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Mathematics Extenslon 2

(b) z=cosf+isinb
(i) z"=cosnb+isinnd
(by DeMoivre's Theorem) @
27" =cos(—nl) +isin(-nb)
(by DeMoivre's Theorem)

=cosnf —isinnd ©@
® + @

z"+z7"=2cosnf, n>0.
(ii) (2cos 9)2'"

_1\2m
(oY)

= 2m 22+ 2m P
0 1
4 2m L2 2m 2
2m—1 2m
Z(ZZm +Z—2m)+(2m ](ZZM—Z +Z2—2m)
1

+...+(r:rj1](z+z")+(2;)

)
=2[0052m0 +[ In cos(2m—2)0

2m
+( 5 )cos(Zm—4)6+...

2 1 (2
+( " ]COSZQ +( m}
m—1 ] m

(iii) From (ii),

cos?" g = % {2 l:cos 2mb
2 m

2m
+( . ]cos(Zm—2)9+...

(el (2]

2009

IE

NOW,J cos®™ 9 do
0

1 {2
b 2| cos2mb
2 0
2m
+[ ) )cos(Zm—2)9+...
2m 2m
+[ ]cos26]+£ )}d@
m—1 m
= %[Z[L sin 2m6
2 2m

1

+ 2m in{2m—2}6
5501 | Sm(em 16 +...
L2
+l 2m 8in 26 |+ 2m ] 2
2\ m-1 m o
1 2m\ m
=——|2{0+0+...+0)+ —
1 2m
_22"'[2(0+0+"f+0)+(mJ'O}
o 2m
"22m+1‘ m I

Questioﬂ 8

5 e’
(a) (i) [ft—tanz,

tan 6 = 2t2
i-¢
: 2
.'.cot9+—1—tan—9—=l_t +—t—
2 2 2t 2
1=+
2t
-1
2
=lcotg.
2 2
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(ii) Step 1: Prove true forn = 1.
x

LAS=-L tan X = tan
202 2

RHS = —cot >~ 2cot x
P

=cot£—2cotx
2

=2 cotx+ltani —2cotx
2 2

(from (1))
= 200tx+tan§—200tx
x
=tan—
2
=LHS

~Resultis true forn=1.
Step 2: Let k be a value up to which the
result is true, i.e.

. :

Z—%tanir =%cotik—200tx
~2 2 2 2
Step 3: Prove true forn=Fk+ 1,
i.e. required to prove:

k4l

1 x 1 X

ZFtan? = ?COLW—ZCOH

r=1

LHSzz—i_l-cotfk——Zcotx

1 X
+ ? tan —-—2 ]

Let ikze, then
2
LHS=Tll—cot9—2cotx+—1k~tang
2% 2 2

=2—,}_1—(cot9+%tan%]—200tx

= % cot % —2cotx (from (i)

:Lcotg—ZCotx
272

1
:—kcoth~—2cotx
ok gk

=RHS

2008

~If the result is true for n =k, it is true
for n=k+ 1. If the result is true for

n = 1, then by the principle of
mathematical induction it is true for all
integers n > 1.

H
(i) 3 tan X = ——cot X~ 2cotx
prt 2r— 2r 2n— 2n

Let = = 8, then
271

1

-—cot—x—=—2ﬁcot9

2n—l 2n x )
2 6

x tanf

Asn—)w,j—ﬁo, ie. 6 -0
2"

Since lim o =1,
6-0| tan 6

1 x 2
——Cot— > — asn —> e
2n—1 2n x

(iv) If x=

T 1 o 1 T
sotan —+—tan —+ —tan—+...
4 2 3 4 16

ERESN
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Mathematics Extension 2

L ]

(b)  Area of inner rectangle = @ Wp=p+q"prq pr.+q"p
n
. (l_qnm)
Area of outer rectangle = —— = n
n-1 l-¢
., .
RIS (. P Wy P=0") 1o
n ) x nel "W i
1
—-<[]nx]:'_1 <_1:T =1—-g™
l<ln n <1 Whereq=1-—l
n n-1) n-1 n m
' i Ty (121
en << enl 4 n
n-1

and from part (b), as # — oo

7l n
e<(L) <enl [ 1]" 1
n—1 1I-—| e
n

e‘m(ﬂ:_l) o ()
- s
_L 71 . —Im
e 1 <[1——l-j <el. =l-e .
n

(© (@ P(4, wins st round) =p
For A to win a second time, there

must be # unsuccessful draws.

<. P{ 4 wins 2nd round) = g" p .
P(A, wins 3rd round) = 7" p, (;,tc.

S P(4 wins)=p+q"p+g*p+...

_p
1-4"
W-wq"=p
SW=p+qg"W.

End Mathematics Extension 2 solutions
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