Question 1

(a) Differentiate .
cosec x

3

1
by Evaluate dx.
( ) J;B 9+ x 2

(¢)  On a number plane, the point P divides the interval from (7, 2) to (1, #) in
theratio 2 : 1. If Plies on y = x, find the value of ¢

(d) Given that Iogb(g) =3 and logb(%) =16, find 10gb(§)‘
s
dx.

—X

(e) Using the substitution u = €%, or otherwise, find J 1+1
0 4

Question 2

(a) PTisthe common tangent to the two circles which touch internally at P.
ZLTPA = x°.

(i) Explain why ZPDA = x°.

(ii) Prove that LZAPB = ZCPD.
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(b) A particle is moving in simple harmonic motion. Its displacement, x cm, at
time  seconds is given by x = Acosnt, where A and n are positive constants.

(1) Find functions for its velocity and acceleration in terms of .
(ii) When ¢t = %—, x = =36 and the acceleration is 9 cm 72
Find the amplitude and period of the motion.

(iii) What is the particle’s greatest speed?

(¢) Theroots of x*—x2—5x+2 = 0 are &, fand 7.

(i} Write down the valuesof 1. . affy
2. PBy+ya+of.
(i) Show that f+7 = 1-a..

(iii)  Using part (ii), and similar results, evaluate

B+vy N Y+ + o:+ﬁ_
o B 14

Question 3

(a) O 1s the centre of the circle, radius r.

AB = AC and ZOAB = ZOAC = 6.
(i) Explain why £BOC = 46.

(1) P is the perimeter of the region bounded by AB, AC and the minor arc BC.
Show that P = 4r(6 +cos8).

(i) It P = S5r, show that cos@+6—1.25 = (.

(iv) Take € = 0-3 as an approximation and use Newton’s method once to
improve this to three decimal places.
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(b) () Beginning with the expansion for cos(o + ﬁ),-prove
cos2a = 2cos’or—1.
(i) The figure shows a semicircle, ¢
diameter d metres.
AC = 6 metres and f
AD = 1 metre. 1 m
ZBAC = ZCAD = ¢, A dm B
Write expressions for cos& and cos2a and, using part (i), find the
value of 4.
Question 4
(a) NW NE
5 5 1 8 ’Ijhe integers .fr'orn one to
. sixteen are divided into
12 15 | 11 14 four quadrants as shown.
3 6 4 7 Three of these numbers
9 16| 10 13 are taken at random.
SW SE

: Find as decimals, correct to two places {(where necessary), the probability that
] (i)  all three are in the same quadrant
(ii)  all three are in the north

(iit)  either all three are in the north, or all three are in the east

(iv) exactly two are in the west.

(b) The diagram shows the curve y = x% and the line y = mx, where m > 0,
9 intersecting at the origin, O, and the point P.

(i) Find the coordinates of P.

(i)  Show that the area of the region enclosed By the interval OP and

3
the arc OP is %— square units.
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(iii) The angle, 8, formed by OP and the positive x axi's, is increasing at a rate
of 0-5 radians per second.

Find the rate at which the area in part (ii) is increasing when @ = %

Question 5

(a)  Jack and Jill compete for a prize. Jack will toss an ordinary six-faced dice six
times, in an endeavour to toss exactly two 6’s. Jill will toss a coin fourteen
times, endeavouring to toss exactly seven ‘heads’. '

Who has the greater chance of success?
(b) A particle is released from rest at an origin on an x axis. Its acceleration is
determined by its position so that, at position x, itis 2cosx.
(i) In which direction will it first move?
(i)  Show that its velocity is given by v* = 4sinx.
(1ii) Where will the paﬁicle next come to rest?
(iv) Describe the subsequent motion.
(v) What is the particle’s greatest speed?

(vi) If the particle takes time 7 to move from x = % to x = STﬂ’ show that

57
K3
2T =J ~Jcosecx dx.
T
3

(vii) Use Simpson’s rule with three function values to find a two-place decimal
approximation to 7.

Question 6
1

1+

Consider the function f(x) =
(a) Show that y = f(x) has no stationary points.

(b) Describe the behaviour of f(x) as x increases without limit in
(i) the positive direction,
(il the negative direction.

(¢) Sketch a graph-of y = f(x) using the same scale on both axes and showing its
intersection with the y axis.

(d) Explain why an inverse function, f - (x), exists, and sketch its graph on the
same axes as y = f{x).
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(©) Find f7Y(x) and verify that £ (%) =0 and (2} = 5.
(f)  With the aid of Question 1(e), evaluate

<
J‘ £ (x) dx.
1

Question 7

(a) A particle is projected from a point P on horizontal ground, with speed
Vm s at an angle of elevation to the horizontal of X.

)71\

Y

P
Its egunations of motion are ¥ = 0, j = —g.

(1) Write down expressions for its horizontal (x) and vertical (y)
displacements from P after ¢ seconds.

(i) Determine the time of flight of the particle.
(iii) The particle reaches a point O, as shown, where the direction of the
flight makes an angle B with the horizontal.
Show that the time taken to travel from P to Q is
Vsin(o ~ f3)

ds.
reos B seconds
(iv) Consider the case where 8 = %

If the time taken to travel from P to Q is then one-third of the total
time of flight, find the value of (X.

(b) () For positive integeré n and r, with r <n, show that
n nyY_(n+]
(r)-l' (r + IJ - (r+1)-

LH
(ii) Prove that z (”;*_"' ) _ (Zrtn + 1);

r=0

M@W?M@@&va
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. Question 1

(a) f(x) = xsinx

f/{x) = xcosx+sinx

3 %)
- = —II
® [ gy a= 3]
_l[z_(_ﬁ)]
=31F\d
_Z
T 6
-2 2+2
(C) I=t—3", )"_—' 3
2+2t _ -2
3 ~ 73
= —4

= 4-6
{e) u=e* =0 nu=1
%m&x, x=In5 u=5
s e 5 du
o l+e™* 11+l ou
HL:H—I du
={1n(u+1)]
= In6-In2
= 1n3
Question 2

(@) () Angle between tangent to a circle and a chord
drawn to the paint of contact is equal to the
angle in the alternate segment,

{ii) Let £PTB=y°,
Then £PCB = y° (att. seg.)
ZAPB = (y—x)°, by subtraction

£CPD = (y—x)° (ext. 2, ACPD}
ZAPB = ZCPD. _
) (b) (@) x=Acosat

V= —nAsinnt
a= -nAcosnt
(i) —-36= Acosw
A=36
= —n?(36)cosx
2_ &
n —_- y
- X
-2
de

Amphtu = 36; period = 4x.

(iii) Greatest speed = (7)(36) = 1§ cm 7

© @ ) apy=-2
@ Pr+raraf=-5
(i) o+f+y=1
Bty=1-0

i) =418

1,1.1
+ ==+ g4=—
@ p v "o By
_ Pr+yex+of
o,
L
-2
Question 3
(@ (i) Angle at the centre is twice the angle at the
circumference,
@ A = coss
AN = rcos@
P = 4AN+71(46)
= 4r {8+ cos8)
(iif) 4r(6 +cos8) = 5r
O+cos8 = 1-25

cos@+6-1-25=0

iv) f/(6) = —sin@+1
Approximation = 0-3—
= 0-292

c0s0-3—-0-95
1—5in0-3

(M @& cos{o+f) = coscrcosf~sinasin B
cos(a+0) = cos* a~sin®e;
c0s 26 = cos® o — (1— cos? tx)
= 2costa—-1

(i) Join BC and BD. cosa—g cos 20 =
1 _5(36
d (d?) !
d=72-d°
d*+d-72=0
(d-8)d+9)=0
d=8 (d#-9)
Question 4
(a) Number of outcomes = 16(!3 =560
4X4C3
iy Prob. = = 0-03
[6)) ob 60
]
y _ G 56 _
; ;(n) Prob. = 560 550
e 8 4
- C3+ C3—‘ Q
= = = (}-19
(iii) Prob 560
] 3
. Cy % °Cy
Prob. = ————= = (-4
(iv) 0 &0
®) @ 2= mx
- x{x-m) =

x=m (x=0)

L
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(iii) = 0-5

SinCG_E&HG =m A= _T.%G_

2 2
_ 3tan<8sec 9><0-5

_ tan?Gsec? @
_ 3x4
= 3 units? /s
Question 5 .
2704 -
@ P(rack) = °C(}) (2] = 0-2009 ..

PO = 4cy{% ) (3 )?= 0-209...
Hence Jill has the greater chance.

(b) () The positive direction.
(ii) %(%vz) = 2cosx
%vg =2sinx+¢
At x=0, v=0, hencec=0
v? = 4sinx
(iii) The first positiverootof sinx=01is x=7.
(iv) At x=, acceleration <0, hence the particle
will return to x = 0 and subsequently oscillaie
between x = 0 and x=7.

(v) Maximum speed where acceleration i 1s 7ero.

That is, x= 12r_
vi=4

. max.speed = 2,

(vi) Since the particle is moving in the positive
direction, v>0.

% = J+fsinx
ar _ 1
= 2 COsEC X

2T.=J' Jcosecx dx
x
6

(i)  2T= %{Ji+4x1+«/§)
v Ts 119

Question 6

@ Fx) = -(1+e) " (~e)
= (Te__“"_)_z which is positive for all x.
+e™*

by @ f(x) -1

i) f(x) -0 ’
© and (d) y / § ;
"""""" ‘__"_'1%___'“ ;'_'__-——_ :
0-5 / | 5
y = £z, s
! I
2 4 0 05 1 W5 X
| !
| |
y=fx)
) f(fc) is monotonic, from part (a).
_ 1
© T Irev |
1+er= 1 ‘
X~
e—y= .];_‘:E.
X

£ = m(1%5)

P =m ) -ne)
=0 =In5
(f) Required integral is given by the area of the region
shaded above, whlch is .
Sms -J'e #(x) dx = 2In5-In3
from question 1(g).

Question 7 .
(@) (i) x=Vrcose, y=Visin ():—%gt2
i} When y=0, ¢ =%"i (++0)
_ dy/dt
(iii) tanf= —*dx/dz ‘
sinff _ Vsina—gt 5
cos Veosa

Q dx
. dr
‘Vsin Bcosor = Vsinorcos f—gfcos B
* gtcosB = V(sinorcos - coscusin B)
= Vsin{a — B)
Vsin{a- B)
- geosf
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n!

= An- @+
Al(r+)+(n- 3]
(r+D{n-r)
nl(n+1)

n-— r-1
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