Question 1

(a) Differentiate xsin”! 2x.
(b) Given that log;, pq = 1544 and log, gr = 1113, find the value of logb(—f—).

(c) If tan@ = m and tan¢ = 3, find the value of mit 6 —¢ = %

n

(d) Evaluate J3 tan® x dx.
0

@ Plx) =x"—3x"=3x+10
(i) Show that x = 2 is one root of P(x) =0.

(i) What is the product of the other two roots?

2 o

x* =1} +sin(x -1}

(f) -~ Determine 1im'( ‘ ) ( )
x—1 x—1

Question 2
(a) QOx) = ax’+bx+c

When Q(x) is divided by either (x —m) or (x—n), the remainder is the same.
Prove that, if m # 1, then (m+n) is equal to the sum of the roots of Q(x) = 0.

(b) The population of Oldtown, currently 7440, is decreasing at an annual rate of
59 In Newtown, current population 1500, the population is increasing at an
annual rate of 5%.

If these trends continue, in how many year’s time will the populations be the
same, and what will that population be?
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(©)

Triangle ABC has sides of length a, b, ¢ as shown. BM is perpendicular to
AC and CN is perpendicular to AB.

(i) Show that AM = ccosA and AN = bcosA.

(i) Hence, using the cosine rule, prove that MN = acosA.

Question 3

(a) Prove that 15"+ 237 _ 9 is a multiple of seven for all positive integers .
P P

(b) (i) Express ~/3cos2t — sin?2¢ in the form Acos(2t + ), with A> 0

d r
and O < @ < >

(if)  Find, in exact form, the general solution to
Af3cos2t —sin2t = L.

(c) Two particles, A and B, start simultaneously from points on an x axis.
At time ¢, their positions are given by

x(A) = +f3cos2t and x(B) = 1+sin2t.

(i) State the amplitudes and periods of the motions.

(i)  Sketch, on one diagram, graphs of both position functions for
0<st<sm.

(iii)  Find the times in the interval 0 < ¢ S 7 at which the particles
occupy the same position and find their velocities at these times.

M@WanWf
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Question 4

(a)
y.l

The diagram shows a bowl whose curved sides have been made by rotating part
of the curve x* — y2 = 36 about the y axis, the scales on both axes being cm.

The bowl contains water to a depth of A cm.

(i) Prove that the volume, Vem?, of water is given by

X
V= ﬂ[36h + ?J

(i) The water is entering the bowl at a rate of 1 L/minute.
_ Find the rate of increase in the depth when
1.  the depthis 2 cm

2. the surface area of the water is 200 cm?.

(b)

B ] C
BM is perpendicular to AC and CN is perpendicular to AB.
(i) State why BNMC is a cyclic quadrilateral.
(i) Prove that AABC and AAMN are similar.
(ifi) Hence prove thatif BC=a, MN = acosA.
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Question 5

(@ f(n) = i(21-+2r_1) Find f(n).
r=1

(b) The bowl in Question 4(a) has a height of 6 cm.
(i) Find its exact capacity.
(ii) When the bowl is half full of water, the depth is 4 cm. Prove that
 R3+1081-432 = 0. -

(iit) Show that A lies between 3 and 4, and, taking h = 3 as a first
approximation, use Newton’s method to find a better one.

(¢} A wholesale fruiterer buys mangos from two farms. He markets them in
boxes of sixteen, putting eight from each farm in each box.

(i) If three mangos are taken at random from a box, show that the
- probability of all three coming from the same farm is 0-2.

(ii) If three mangos are taken at random from each of seven boxes,
find, correct to three decimal places, the probability that all three
come from the same farm
1. on ouly one occasion
2. on at least two occasions.

Question 6

X"+ 8x
(a) Consider the function f(x) = g

(i) Show that f(x) is an increasing function.

(ii) Find the equation of the tangent to y = f(x) at the origin.

(iii) Using equal scales on the axes, skeich a graph of y = f(x) over
the domain —2 < x < 2 and draw its tanigent at the origin.

(iv) Explain why an inverse function exists and draw a graph of

y = £ }(x) on your diagram.

(v) Solve fl(x) =8.

s
(vi) Evaluate J‘ F7Hx) dx.
0
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(b) The acceleration, 4 m 572, of a particle P, morving in a straight line is given by

a = 10x—2x°,

where x is its displacement from an origin in metres.

The particle is released from rest at A, where x = 1.

@)
(D

(iit)

(iv)
v)

Question 7

In which direction will it first move, and why?
Show that its velocity, vm st is given by
v? = —9+10x%—x*.

Find the position of B, the next point at which P comes to rest, and
the subsequent direction of the motion.

Find P’s maximum velocity in moving from A to B.

Tulia decided to investigate P’s speed when at C, where x = —2.
She wrote:

‘When x = -2
v = —9440-16
= 15.

Hence P’s speed will be +/15 m s’

Do you agree with Julia? (Justify your answer.)

(a) Find the exact values of the following integrals, using the given substitutions
if required.

T

. (T : |
(i) J 8sin x ¢Os X dx, u = 4sin’ x

% 1+4sin® x

(ii) jS _8cosx_ dx, vy = 2sinx

m 1+4sin’ x

36 /(5(5 @ D7 leztlcrmcztion Crctersiom T
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(b) Arocket is fired from a point P on horizontal ground with initial speed
V'm s~! at an angle of elevation of 8. You may assume that, after ¢ seconds
its horizontal (x m) and vertical (y m) displacements from P are given by

x = Vtcosh, y = Vtsin8 —%gtz.

(1) Show that the range, R m, is given by

2V%5in 8 cosh _
4

R=

(i) The angle of projection is fixed, but the speed of projection may be
varied. Also, there is a restriction on the flight, this being that it
must not rise more than A m above the ground.

Prove that

1. in order to maximise the range, V2= %
sin“ g
2. the maximum range is 4H cot 8.
. . . : . 1328
{c) (1) Show that, in the binomial expansion of (x - ;) , the term

independent of x is (-1)" *"C,.

(i)~ Show that (1+x)™"{1- %)2" = (x- %)2".

(i)  Deduce that
( 2::C0)2___ ( 2nC1)2+ ( 2HC2)2 ceedh (chzn)z = (—1 )n 2ncn.

ASC 7 el ccrncetios Contemaiorn 7 37
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Question 1

@ F(x)=sin"’ 2x+x[—ﬁ——-2-—4—-2—)
—4x
2x

J1-4x2

® g 2] - logb(i;%)

= log,, pg—10g, 41
= 0-431

tan{8-¢) =1
tan & ~ tan ¢ =1
1+tanbtang
m-=3 —1
1+3m
m—-3=1+3m
m= -2

= gin"12x+

(©}

X

(d) Jf(seclx—l) dx = [Lanx—x]u?

(55
= 3_15.
(&) () P(2)=8-12-6+10
=0
) 208 =-10
of = -5
2 1 ein(r—
e
x—11 x—1 x—1
= lim [x+1+§ﬂilll)
x—1 - x—1
= 2+1
=13
Question 2
(a) am?+bm+c = an?

am*—an®+bm—bn = 0
a(m—n)(m+n)+blm—n) = 0
alm+n)+b =10

men= -2
a

= o+

(b)

7440 _ (1:05 "
1500 (0-95
1500 0-95

-

© () ImAAMB, cosA= AM

¢
' AM = ccosA
In AANC, Ccos A = %
AN = bcosA

(i) MN?= AN?+AM?—2AN.AM .cosA
b2cos? A+ ctcos* A-2bccos’ A
cos? A(b2 +¢2-2bccos A) ’

= cos? A(az)
MN = acos A
Question 3
(a) 151423-2 = 21
= 7(3)

and the result is true for the integer 1.
Let k be an integer for which the result is true.
ie. 15%+2%-2 =17r (raninteger)

| Then 15¥+14+2%+3-2
= 15.15%+8.2%-2 :
= 15(7r-2%+2)+8.2%-2
= 7(15r)-7.2%*+ 28
= 7(15r-2%*+4) |
and the tesult is also true for the integer (X +1).
Since it is true for the integer 1, it is therefore true

for 2 and therefore true for 3, etc, (.e. itis true
for all positive integers).

() (i) /3 cos 2t —sin 2t = 2[—?-

-

1.
cos2t ——sin2¢
2 )

:)

cos2t cos% —sin2tsin—

6
= 2cos(2t+£)-
: 6
{ii) Zcos(2t+%) =1
+bntc 2:+£) -1
COS( 6) 2 f
2n+Z = 2anz X 7
(m-n = 0) 6 3
2t;2n:r+-’—é— or 2t=2m;._3§ |
t=nr+l o t=m-Z
12 - 4
B ;

After n years, 7440(0-95)" = 1500(1-05)"

7440)
1500

n=
In 1:05
0-95

=16

Population = 7440(0-95)'° = 3275



(c) () ForA: Amp.=+3 Period =7

Ir

© ForB. Amp.=1 Perigd = @
() x4
2_.
NEY
lu
x(B)
0 X!
-2
(iif) A3 cos2t = 1+sin2t
J3cos2r—sin2r = 1
From (b)), ¢=0+2% or t=n-%
12 4
=L o =2
12 4

Vg = —2«@3in2t; vp = 2Co82f.

T 1 _ o3
Whent = 1—2, Yy = —Z‘Jg(‘z‘) Vg = 2[ 7l J

When t = %" v = —285(=1) vp=2(0)
= 2¢\/§ =0

Question 4
@ O V==| x*dy

It
a
L2
[
-
+
w (<,
| SR
b=

h3
= x| 36h+—
”[ 3)
N dav
2Y - 1000
(ii) ”
dh _ dh dV
at dv ar
_ 1000
{36+ h?)
L dh 1000
odt w(36+4)
= 25 cm/m
- ,
2. Surface area = mx?
= z(36+1?)
dh _ 1000
dt 200

=Scm/m

(b) (i) BC subtends equal angles at M and M.
(i) ZLAMN = ZABC ({ext. £ cyclic quad)
ZANM = ZACB (» = =)
ZA is common
~. As ABC and AMN are equiangular,
@y MY AM
BC AB
MN _ cosA
a

MN = acos A

(similar As)

Question 5
@ f(r) = (2444 +20)+ (1424 - +277)

1(2"—1)
n

=142

5 2F2n)+ =
= n(n+1)+2"-1

by @ V= 1:[216+ %) =288x

. i
(i) - ﬂ[36h+-3—J = 144z
108h+ k> = 432
B+1088-432 = 0
(i) 3°+108(3)-432 = 81 < 0
431 108(4)-432 =64 >0

Hence a root lies between 3 and 4.
F(h) = 3n*+108

F'(3) = 135 .
Approximation = 3— ==
135
=36
8 8
© ® Ps= __%Ci =0-2
@) 1. P=T7C,(0-2)(0-8)°
= 0-367

2. P(no occasions) = (0-8)’
P(at least two) = 1~ (0-367+ 0-87)

= (-423
Question 6
@ @ Ff(x)= 3x 8+8 > (forallx
(i) . £/(0) = % =
Tangent. y=




(iit)

3 =2 - 1 2 3
y= fﬂl(x)"a -14
2
|3
—3-
y = f(x)

(v) fF(x) is monotonic
v x=Ff8=72
(vi) The integral measures the area of the shaded

2.3
region = G—J‘ X+8x dx
a 8

1] x4 :
= 6—=| =+ dx?

8[4 * ]n
= 6= 5 (4+16)
=35

(b) (i) Positive, since itis atrest atx = 1, where
acc:?l.eration {and hence force) is in the
positive direction. ‘

(i) i(% ?2) — 10x-25

dx
-é-vz =J.(10x—2x3)‘dx
%vz = §x? %x"‘-!-c
v=0 at x=1, )
1 2: 5_2"2‘*1"04 9
TV = Sxf—m Xt

V= —0+10x%—x*
x*-10x*+9 =0
(x2-1)(x2-9) = 0
(x-Dx+Dx-3)(x+3) =0

Fr_om ), B igatx =3, where acc. < Qand P
will move in the negative direction.

(iv) Acc.=0: 2x(5—:1:2) =0
x =45 {sincel <x<3)

Gi) v=10:

y2 = -9450-25
=16
. v = 4 (since P is moving
the positive direction}

(v) No. P will return to A, where the original
situation occurs and P will oscillaie between
A and B. It will not reach C.

Question 7

@ @ u=dsn®x
du = 8sinxcosx dx

r 3
J'3 gsinxcost 4. —{ 1 gy

= 1+4sin®x 1 1+u
; 3
=[1n(1+u)]

) )
=Ind-In2
=In2

(i) v = 2sinx

dv = 2cosx dx )

k4 V3

Ja Sco?,,g dx =4J- __1_2_ dv

£ 1+4sin” x 1 v

YA

—4[tan v]l
=4 -’5—-’5)

3 4
=z

3

(b) () Wheny=0, Vtsina—%—gﬂ:O
vsing—1gr =0 (1#0)

;= 2Vsinéd
8
7 R= Vcosﬂ(g%i-n—q)
_ 2V24in 6 cosd
g
G 1. Do Vsin0— gt
a Vsin8
When oo t= LALLM
at g
Vigin2 @ Visin’d
and =
A g 28
_¥ sin® @
22
2_ 28y
sin? 8

Since 8 is fixed, R willbe maximum
when V2 is maximum, and V> will be
maximum when y = H.’
2gH
V2= o
sin’ @

_ AgHsin8cos8
gsin’ @
= 4Hcotf

2. R




© ®  Lyy=ca(-dy

X
= (_1 )’ Z”C, xn=2r
2n-2r=90
r=n

and T4y = (-1)"?*¢,

() (l+x 2"(1_%)2"5 (1__}1_+x_1)2n

-3

2n

. 2n 1
(i) (1+x) (1 - ?)

- (chn + 2"C1 X+ 2"02 et ZMQHI'M) ’

2 ne 1 2ne 1 2 1
X( " — HCI;"]' ”Cz?—-i—---+ ”CZHFJ
Equating terms independent of x in parts (i)
and (iii), .
2
( ZHCQJ _(2?1(:'1)2_}_ S ( 2nC2" )2
= (—1 )” 2”CM‘




