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Question 1

(a) .

Differentiate tan™ (sin x).

(b) Evaluate logge, correct to two decimal places.
(c) Find the point dividing the interval from (-3, 4) to (5, =2) in the ratio 1: 3.
? 1
(d) Evaluate j ———— (/x, correct to three decimal places.
. 016 —x2
(e) How many different arrangements can be made using the seven letters of the
word ARRANGE?
z
6 2 2
) Evaluate J‘ (cos x —sin ) dx.
0
Question 2
@ Let f(x) = 3
X241

(i) By division, or otherwise, express f(x) in the form

R
x2+1_

P(x)+

>

where P(x) is a polynomial and R is a constant.

1
(ii) Evaluate J. fx) dx.
0 A
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(b) P
[

A 7]

O is the centre of a semicircle, diameter AB.
0P and OQ are perpendicular; AP and BQ intersect at R.

(i) Explain why £PBQ = 45°.
(i) Prove that PB = PR.

(¢) Use the substitution # = +/x to evaluate

25 ]_
dx.
L x+/x

Question 3
(a) (i) Using standard expressions for sin26 and cos28, prove that
$in36 = 3sin@ —4sin’ 6.
(ii)

Find @ to the nearest minute.

4
( @ Expand (Vx-1).
(i) The curve y= («,/; -1 )2 meets the x axis at A, the y axis at B, and
O is the origin.

The region enclosed by OA, OB and the arc AB makes a revolution
about the x axis. Find the volume of the solid generated.

(idi) Express («/5 - 1)4 in the form a— b2, where ¢ and b are rational.

(iv) How does part (iii) provide the approximation

.-..gl)
“/—2—*12'
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Question 4

(a) The acceleration of a particle, moving in a straight line, is, when x m from an

origin, —4x m s

(i) Show that the position function x = Acos(2¢ + ¢x), where ¢ is the time
in seconds and A and ¢ constants, will provide such acceleration.
(i) T its velocity isym s 1, prove that
Vv = 4(A2—x2).
(iii) Initially, the particle was at x = 3 with velocity 8 m's .
‘Find the values of A (given that it is positive), cos& and sindx.

(iv) Find the exact position of the particle when ¢ = %

(b) A sequence of numbers is defined by u; = é— and, if n is any positive integer,

_ 1+3u,
Ml T 3y
n

(i) Find u,.
2"-1
241

(i) Prove, by induction, that u, =

Question 5
(2) Let f(p) = 5p°—~5p*+02, where 0 p< L.

Sketch a graph of y = f(p), showing any stationary points and the values of
the function at the extremities of its domain.

(b) Anevent has probability of success in a single trial of p. It is required that the
probability of exactly four successes in a sequence of five trials should be 0-2.

(i) Prove that '5p5 —5p4+ 02 =0.
(if) Use your graph in part (a) to show that there are two possible values

of p, and by taking suitable tirst approximations to them, use
Newton’s method to find approximations to two decimal places.




O is the centre of a fixed circle, radius r m. OM is perpendicular to PQ.

OM = xm and ZPOM = 6 radians.
The area of the minor segment formed by PQis A m?.

(c)
®
(i)
(1i1)
Question 6

Express A in terms of r and 8 and prove that
dA _ 5, 2.2
10 - 2r°sin” 8.

The length of OM is increasing at a constant rate of R m s,
Prove that -
dg _ R

dt ~ rsiné’

Find the rate at which A is changing when 6 = —765

(@) Let f(x) =3++x—1.

(1)
(ii)
(iii)

@iv)

(v}

State the domain of f(x).

Prove that f(x) is an increasing function and hence state its range.

Since f(x) is monotonic, an inverse function exists. State the domain

and range of £ '(x).

Find #7'(x) and sketch, on one number plane, graphs of y = F(x)
and y = f( x)_

Find where the graphs in (iv) intersect.
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3
The diagram shows the graphs of y=mx and y = X where m >0,
. i m
intersecting at P.
‘J.

The tangent to y = ch—l at P meets the x axis at Q and ZOPQ = 6.

(i) Find the coordinates of P.

2m
143m*

-(ii) Prove that tang =

(i) Prove that, as m varies, tan@ (and, hence, &) has a maximum value

and that, when.this maximum OCCurs, 0Q = QP.

Question 7

(@) A projectile is fired from a point on horizontal ground with initial speed

vV m s~} at an angle of elevation of 6.

Its horizontal and vertical displacements from its firing point are x m and y m

and its equations of motion are ¥ = 0 and j=-8.
(i) What are the initial values of % and y?
(i) By writing its vertical acceleration as %(% )'fz), prove that
¥t = Visin?6 —2gy.
(iii)  If, when y m above the ground, its speed isSms, prove that

5% = V2-2gy.
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(b) The mass, M, of a radioactive element decreases at a rate proportional to the
mass,

e, dM = kM, where kis a constant.

dr

(i) Show-that the function M = Mye™, where M, is the initial mass,
0 0 _
provides such a rate.

(ii) The ‘half-life’ period of an element is the time taken for any given
mass to be reduced by half. If the half-life period is 7, prove that -
In2
k=—/].
T
(iii) A substance contains two radioactive elements A and B, with half-
life periods 7, and Ty, where Ty > Tp. Initially the mass of B
present was twice that of A.
Prove that the substance will contain the same mass of both
elements after a time of
TyTp
T, —Tg
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Questlon 1

(a) (x) = COs X
) [+sin? x
lne

ng
1

(B} logge =

Y]
= 0-48
5.

(©) x=

-9+
4

@ 0 \/16 x2 [?m—l x]z

Question 2

&
@ @ f(x)= wﬁ

241

2
- (x +1)(x X +1)+ ;)2
241 x°+1
-x?r1+ ,,2
I*+1

Il

X X T
et x42tan T x

5.3
-1
3++21an 11

(i) f; F(x) dx

i
| — |

0

[

+Z&

|
U‘IU-J
l\.‘:

(b) (i) The angle at the centre is twice the angie .

at the circumference.
(ii) ZAPB = 90° (£ in semicircle)
ZPBR = 45°  (proved)
& ZPRB =45 (ZsumofA)
PB = PR (opp. equal angles)

2Vx
dx = 2u du
25 5
[ e 2
L x4y Lt
5
=j-—2— du
g+l
= 2 In(u+1) ]5
1
= 2(In6—In2)

= 2In3

Question 3
(8 () sin(26+8)
= 3in28 cos @+ cos 28 sin B
= 2sinf c0529+(1—23in26)sin9
= 231n9(1~si1129)+sin9—2sin39
= 34inf — 4sin> @
o 11 4
@ sin3¢  sind
4(3sine—4sin39) = 11sin®
12-16sin?8 = 11 (sin6 = 0)
2g L
sin“8 = 16
sinﬂz% (sind > 0)
. 6 = 14°29’
® @ (Vx-1)
- () =) -l
= xt—4xfx +6x—44x +1
’ 1
Gy V= nf (JE—I)“dx
1]
t 2 1
= j. (;2—-4x2+6x—4x2+1) dx
0

3 5 3 1
X _8.5,32 8 7
—7:|: 5x2+3x 3x +x}

3 4)
= qfl_8.7_ 38 '
_x(3 343 3+1)
=-i7—g-unit53

(iii) («5—1)4=4—8J§+12-4J§+1
y =17-1242
Gv) Since0<+2-1<1, (vZ-1)'2 0
17-1242 £ 0
: . 17
2% 4
Question 4
(@ @@ x=Acos(2t+0)

Y o= —
dt

= =2Asin(2t + ¢x)
dv
dt
= —4[A cos(2 +x)]
= ~4x
() v? = 4A%sin?(2t+ @)
= 4A2[1 —cos? (2t + a)]

2
— 2 X~
- 447(1- ?)

= 4(A?-x?)

@ =

(i) Whent=0,x=3andv=28§.
64 = 4(A2-9)
A% =725
A=5 (A>0)
3=5cosex and § = —10sin¢x

| 4
COba’—s singy = 5



(w) x= 5003(%4- a)

= 5(cos coso— am%—sm a)

21-1 1
2ty ¥ ‘
and the result is true for the integer 1.

Let k be an integer for which the result is true.

ie. Iy = ———

= —
3+
LES |

_ 2¥41+3.2-3
32543+ 2F-1
_4.2F2
T 4.0k
2(2.2%-1)
" 2(2.2%+1)
2k+1_1
- 2k+1+1’
and the result is also true for the integer (k +1).

Since it is true for the integer 1, it is therefore
true for 2 and therefore tme for 3, etc.

Question 5

@  f(p)=5p°-5p*+0-2
f0y=02  fU=02
f'(p) = 25p*-20p°

= 5p*(5p-4)
Stationary whenp=0and p = 0-8
» [f(0-8) = -0-2]

0.2-

,_.
Ty

02+

® @) 3G pti-p) =02
5p*-5p°=0-2
5p°—5p*+0-2= 0

(ii) Takep, = 05:
5(0- 5) 5(0 5) +0:2
25(0-5)*~20(0-5)°
. 5(1)-5(1)+0-2
1 -2 e —— =096
| Takes 25(1)— 20(1)
2
© @® A= iz—(ze—sinza)
2
a r—(2—2(:0328)
de 2
= r2{l—cos26)
= 2rsin? @
(i) % = R
x = rcosté
% = —rsinf
do _ df dx
Now o a
___R
rsing
o A A dO
W o T de
2 2 R
2r“sin 9(— - )
rsin 6
= —2rRsin8
1
= -ZTR(:-Z_)
= —rRm?s!
Question 6
@ @ x=t1
@ f= (x s
v > forallx > 1.
2Jx—
Since f(1) = 3,
f(x)z3
(i) Domain: x 23  Range: FHx) 21
{iv) x=3+4y—
\(—_1 x-3
-1={(x- 3)2 x23 .
y = {x- +1, x23 4
y.h Vi
y = f(x) A
5-
b
4
- 3_
2_
by = £7(x)
1_‘
T 3 4 5 ¢

x2—7x+10 =0

x-5}x-2})=0 '

( x::s (I>3)
y=3



Im—m
1+3m?

2
N 1+;:r:n2 (n>0)

=

2m
1+3m?
(1+3m?)2 - 2m{6m) -

f (m) “ (1+3m2)2
© 213w
(1+3m?)’
When f(m) =0,

1-3m? =0
m = % (m > 0)

F(0)> 0 and f'(1) <0

@i) Let f(m) =

LS

8= —’g- and ZP0OQ = 6

. 00= QP

Question 7
(a) (i) Tnmittal x = Vecos 8-
Initial ¥ = Vsin®
. -7
@  5(3r)=-e
1= py+c
Wheny=0, y = Vsin®
%—VI sin?8 = ¢
3 = Visin?6-2gy
i) S = #%2+5° )
= V2 cos29+ V2 sin? 6 -2gy
= 2 (0052 6 +sin 0} —2gy
= V?-2gy

. M
(b) (I) -—[}r— = — ,(M} e—kr)
o M
(11) Tn' = MO e'kT.
—kr_ 1
€ =3
=2
kT = In2
g = 02

T

(iii) MA = MD E_kﬁ“; MB = ZMO e_kB‘
Mye ' = 20, 75!
ekat = 27t
gkat—kat — 9
t(kp—k4) = In2
i In2
" mz_mZ
L I
- LT
T L-T




