H.S.C. Practice Questions - 3 Unit

Series and Sequences

1. The nth term of a series is given by u, = e
i) Write down expressions for uy, and up .1

i) Assume that the formula for the sum of k terms of this series is given by Sy = " E T

Hence prove that Sy ¢ = 1—};—}%

i) Explain carefully why the sum of the first n terms of the series is given by S, = - :_1 T

i) Give a neat sketch of the values of S forn=1,2,3,4,5, 6

V) Explain why S, =1

vi) The limiting sum of the geometric series %«r i—+ %+ ... is also 1. Compare and discuss
the behaviour of both series as n increases.

1. How many terms of the arithmetic series 96 + 93 + 90 + ... must be taken to give a sum of zero?

3 .Show whether 2197 is a member of the arithmetic progression -47, -43, -39, ....

4.1 For what values of x will the geometric progression 1 + -l-l-xf + ;2 +.... havea
. 1-x)

limiting sum.
i) Ifx = 3, find this limiting sum. -

S. The sum of the first n terms of a certain series is given by S, = g-(n +1)n+2)

i) Show that the nth term is given by u,, = n(n + 1)
i) Find the sum of the second 50 terms.

6.1 deposited $1000 in a bank and left it there for 10 years. Interest is compounded at 12% per
annum. How much will be in the account if interest is calculated
i) annually
i) twice a year
i) quarterly
iv) monthly

1.1 need to have $10 000 in 8 years time. How much must I deposit in a bank account which pays
interest at 1% per month in order to reach this goal?

@. A girl deposits $200 at the start of each month in a bank which pays 9% per annum. If the
interest is calculated monthly, how much will be in the account at the end of 5 years? Answer to

the nearest dollar.

9.A man wishes to have $20 000 capital in 15 years' time. He proposes to make a finance
company 15 equal payments commencing now (the last payment being made 1 year before the
$20 000 is to be paid to him). Assuming interest is paid by the company at 12% per annum,
find what should be the amount of each payment to nearest dollar.

10.A function fis defined as f{P) = PR - M. Write down, in terms of P, R and M an expression for

i) REP))
i) RERPY)

it. I borrow $200 000 at 18% per annum reducible interest. It is to be repaid over 25 years by equal
monthly instalments and the interest is also calculated monthly on the balance outstanding.
1) Find the value of each instalment. .
i) Find how much will still be owed after 5 years.
iif) Find the total amount of interest which will be paid over the life of the loan.
) Express this interest as a flat rate correct to 3 significant figures.
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A loan of $50 000 is to be repaid over 20 years by equal monthly instalments. Interest is

calculated monthly on the balance owing at a rate of 12% per annum.

i) Find M the size of each instalment

i) Describe what would happen if the borrower paid less than this amount each month.

iif) The borrower decides to pay twice this amount each month i.e. $2M each month. How
long would it then take to pay off the loan?

The first two terms of an arithmetic progression are -96 and -89.

i) Find an expression for the n'th term

i) Find the sum of the first n terms.

id) Find the least number of terms which must be added to give a positive sum.

The first 3 terms of an arithmetic sequence are 98, 91, 84.
i) Write down a formula for the nth term.
i) The last term of this sequence is - 28. How many terms are there in this sequence?

ifi) Find the sum of the series.

Two geometric progressions are given:

A 1+(W3-1D+(VB-12+ ..
B: 1+(‘V’§+1)+(\/§+1)2+..;

A new series is formed by taking the product of corresponding terms
e  1x1+(W3-DAVB+D+(V3-12W3+1)2+ ...

D Explain whether this new series is arithmetic, geometric or neither.
i) Find the nth term of this series
iii) Which will be the first term of this series which is greater than 106 ?

The nth term of a series is given by up = 2n + (%)n . Find the sum of the first 10 terms of

this series.

Express 0.515151.... as a geometric progression and hence express it as a rational number.
What number must be added to each of 11—0 s % , :2% in order to form a geometric progression?

The sum of the first two terms of an infinite geometric series is 5 and each term is 3 times the
sum of all terms that follow it. Find the series.

D Find the limiting sum of the geometric progression Tlé' + 6L4 + ..

ii) When a beam of light hits a certain pane of glass, half of it is reflected, 25% of it is
absorbed by the glass and the remainder passes through the glass. Two panes of this

glass are placed close together. Show that a total of -l%of the original amount of light
passes completely through the two panes of glass.
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il 4

X
Let the side of the cube be x metres.

We know that —-—— 0.1

We want %St_ whenx =4

We know thatV=x3 smdS:Gx2

Henco, 9S_4S dV
eRCe qt Tdv dt
But we don't have a quick method of
. ds
finding v
dsS
So, we expand av:

= 12(4). 5 - 0.1, whenx =4
3(4)
=0.1 mzs-l

Series and Sequences

B 1
1 U = kk+ 1)
1
Y41 T &+ Dk+2)
ii)  We are told that

Sk=u1+u2+...+u
k

“k+1
We need to prove that

Sip1= @ + 0+ P U+,
_k+1
“k+2
i.e. we need to prove that
k 1 k+1

k+1t (k+D&+2)'k+2

K

Now, LHS =77 + (k+1)(k+2)
_ kk+2)+1
=&+ ks 2

_ (k+1)2
“(k+1)}k+2)
_k+1
“k+2

= RHS

iii)

iv)

v)

vi)

From u we know

ot
n n(n +1)°
that u, = '2-
And obviously Sl =y

Now, from Sn — l , we know that
1 1

1°1+1°2
So, the formula Sn =

forn=1.
Also, we know that if the statement
Sk is true, then the statement Sk+1 is

true.

So, since the statement is true for

n = 1, it must be true for n = 2, and so

on for all positive integral values of n.
n

n+ 1

Note: This is a mathematical

induction question.

S

n .

Hence, S_ =
n

w0
=}

-

T
-

L [STRE | (SR P

1 23 456 n
As n -> ®, n and n+1 become relatively

closer together. Hence, T~ 1

Or we could argue:
__n

n n+l
__unn
“1+1n

dividing top and
bottom by n

1
1+ 1w

Asn->°°,%->0

-> 1

Sn 1+0 °
ie. Swz

1 1 1 .
'l‘izesene32+4+8+ is a geometric

progression. The first series is not.
Hence, for the second series,
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implies that for any value of n > 1, the sum
of the terms of the first series will be less
than the sum of the terms of the second.
As n -> <o, therefore, even though the sums
of both series tend to 1, the first series will
tend to 1 at a slower rate than the second.
a=96, d=-3,Sn=0,n=?

n
sn =2
0 =3[192 + (n-1).(-3)]

0 =n(195-3n)

. n=0,865

Hence, 65 terms must be taken to give a sum
of zero.

- 47, -43, - 39

a=-47, d=4, Th=2197,n="?

Tn =a+(n-14d

2197T= -47+(n-14

[2a + (n-1)d]

2244 = 4n-4
4n = 2248
n = 562

Since n is a positive integer, 2197 is a
member of the series. It is the 562nd term.
; 2 __1
1 r = uy T1l-x
Series will have a limiting sum
if iry<1
ie. lfll-x <1
We need that part of the curve below
the line y = 1. Solving
simultaneously: I1-xl =1
Lx=0,2
. Series will have a limiting sum
ifx<Oorx>2

y : v= 1 l
v=1 1-x

AN

0 1

X

b
* %{1 - (-21-)n] ii) If x = 3, series becomes 1 - l+ %
& Also, S = 1
< n 1 -8 = - 2
& 1- 2 EaC -1, 738
§ 1-(3)
i : ln 2
ie. 8 =1- 7 n
Thus we have: 5 Sy = yr+1Xn+2)
n 1]2[3 |4 [5]6 _n-1
Firet R F N N N N Sp1="3 @E+D
series |"n"n{m+1)|2 |6 |12 |20 |30]32 Using T =8 -S_,
Secomd [ 1 |L[L]|L |L|L|L n n-1
series un = 2!1 2 4 8 16 | 32| 64 = ‘é‘ 0+ 1Xn+2)- 3 (n)(n +1)
First S .= 1213 |2 156 - n(n+1)(n+2) - (n-1)}n}(n+1)
series |®n=m+1 |2 |3 |4 |5 |6 |7 (el as 3 ired
Second f o _ & (L3 ]7 |15|3L]es 50 ’ !
series n_ -2 2 14 18 {16 {32]64 S50 =-3—(50 + 1X50 + 2)
The first term of both series is -;- However, = %0200
for n > 1, the terms of the first series are S100 =3 (100 +1X100 +2)
smaller than the terms of the second. This = 343 400

The sum of the second fifty terms
is SlOO - 850 =299 200
i) P= 1000 r =12% p.a.
12
R =1+ 100
1.12
10 years

PR™

1000 x (1.12)10

$3105.85

1000

6% per half year
6

1+

1.06
20 half years

PR®

1000 x (1.06)20
$3207.14
1000

3% per quarter

b
]

i) P

nnono

=)
"

100

iii)

nmHuunn

o 7Y B

1+ 100
1.03
40 quarters

PR®

1000 x (1.03)40
$3262.04

1000

1% per month

1+

1.01

120 months
PR®

1000 x (1.01)*2

$3300.39

iv)

WY o»eoB

L
100

> B
]

0
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Let the amount of the deposit be $P
n = 8 years
= 96 months
r = 1% per month
1

R=1+ m‘: 1.01
A = PR"
10000 = Px1.019

p 10000
= 1.01%
$3847.23
The first $200 will be in the account
for 5 x 12 = 60months. It will earn interest

at -122- % per month.

r
Hence, R =1 +300

It will grow to 200(1.0075)60 during this
time. The second deposit will earn interest
for 59 months, and so on. Diagrammatically:

60 months

6
$200 —§» 200(1.0075) 0

10

s200 2 mnths o 200(1.0075)°°
$200 —1—> 200(1.0075)" -
Total
Total = 200(1.0075) + 200(1.0075)° + . +
200(1.0075)%°
= 200(1.0075 + 1.00'752 + ...+
1.0075%%)

- 200 1.0075(1.0075°0 - 1)

- ’ 1.0075-1

= $15 198, to the nearest dollar.
We need to find the value of P where $P is
the amount of each deposit. We are told
that the total is $20 000

12
r= 12%, R=1+W=l.12, n=15

$P 15 - P(L12)
$p —14 g pigl
sp —L g P11}

Total
Total =P(1.12)" + P(1.12)% + ... + PL.12)%5

20 000 =P(1.12 + ]..122 + ..+ 1.1215)

1.12(1.1215 - 1)

1.12-1
_ _20000(0.12)

112(1.12%% - 1
=$479
i) fP) = PR-M
RAAP)) RfiP)-M
RPR-M)-M

PR2 -M(1+R)

20 000 = P.
- P

i

12

13

i)  fRAP)) = RARP)-M
R(PRZ- M(1 + R) - M

= PR’ -M(1+R+R)
Note: If we continue this, we will get the
formula for the amount remaining to be
repaid after making n repayments of a
standard loan.
i) _PRN®R-1
- RrN.3
200 000
1.5% p.m.
1.015
300 m
200 000 x 1.015300 (1.015 - 1)
1.015%00 _ 3
$3034.86
. M(RE-1)
= Pro. 2 - 1)
ii) An = PR R-1
Agp = 200 000 x (1.015)60 -

3034.86 (1.01550 . 1)

2

2 2wt

1.015-1
= $196 645.96
iii) Total repayments = 300 x 3034.86
= $910 458

Principal = $200 000
.~ Total interest = $710 458

. _ Por
iv) I = 100
200000x25x r
710 458 = S EL
r = 142% p.a
NR .
5 M o ERVR-D
RN.1
_ 50000(1.01)240 (0.01)
B 1.01240 .3
= $550.54

ii) The amount owing would increase and
the loan would never be paid off.

_ PRN(R -1)

R -1
MRN.M = PRRN.prN
ie. RNM-PR+P) = M

N M

RY = ¥ PR+
We want M =2zx 550.54

P = 50 000
R=1.01

i) M

. 101N
_ 2 x 550.54
" 2x550.54 - 50 000 x 1.01 + 50 000
1.832
N = 60.8 months
a=-96, d=7
Tn = -96+(n-1)7
= Tn-103

W 8 = -’2’-[- 192 + (n - 1)T]

H

i)

n
= '2-[711 - 199]
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Solutions - Series and Sequences

i)  0<Z[7n-199] 17
oo 199
- o>
3
> 287
. n=29
14 i) a =98,d=-7
Tn =98 + (n - 1X-7)
=105-Tn
i)  -28=105-7Tn 18
T =133
n =19
) S, = S2[196 + (19 - DT
m 19 =2 T -
= 6656
15 0 1x1+@3-D&W3+1)+
WB-1204E+1)2+ ...
1+(8-1)+(3-12+ ...
ie. 142+224
Therefore new series is geometric with
a=landr=2
i) Ty = on-1
i) o8-l 5 306 19

, By calculator, using trial and

:‘ error, n = 21.

: Using logarithms: logw2n'l >6
(n-l)log102 >8
n>y——i1

10g102
> 20.9
< n = 21, since n must be an integer.
Hence, the first term greater than 106
will be T21 =1048 576
1
16 uy = 24+ )
u2 = 4 +4l
1
_ ) 20
ug = 6+ 8

P e .

| “10 = 20+ 7o

J ) 1 1

] '.Slo- (2+4+6+""+20)+(§+Z+

5 1 1 ii)

gt ——)1024
L. 410
10 z2(1-G7)
= -2_[4 +9x 2] + 1
1-5
1023
= 110 + 1094
1023
= 110 1024

5L sl
S, = 100+m+.‘..
-2
L l-r’
51
100
- 1
1-766
_ 5L
T 99
Let the number be x

Irl <1

Then (11—0«1- X), (%+ x), (29—o+ X) isin

geometric progression.

(4l+ x)2 = (-1%4- x)(§96~+ Xx)
1 x 9 X gx
i§+§+x2=§66“ﬁ+%+x2
; l.x _ 9  1ix
Y& 1§tz =30t %
X -
20 ~ 400
- L
x =20
a+ar = 5 (i)
arn<1=3(ar +arn+1+ )
ie rn1=3(rn+ n+l+...), since a # 0
n
n-1 r
- T = ‘1l-r
. n-1 n n
ie. r -r =3r
rx:\-1=4rn
ie.1=4r
R §
le.r=7

Therefore, from (i), a + 43 =5

sLa=4
the seriesis4+1+4l+...
D ack pol
! a=16'T=1
L
16
Sw=—1-
1-3
L
T12

Let us call the original ray A and let it be 1
unit in size.

First Second

Pane Pane

A1
T

2

Q .&-I)—A
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When the ray A hits the first plane, half of
it is reflected - ray B - and i-of it passes
through - ray C.

This means that ray B =

original ray and ray C =
original ray.

First Second
Pane Pane

’I‘hismeansthatrayH:%.% = % of the
originalrayandrayE:%.% = 314- of the

original ray. The only rays to pass through
the second pane so far are E and dJ, giving a

1 1
total of %+ e
Continuing this Process, we get a geometric
s L,Ll. 1 .
series 16+64+256 + ... giving a total o

L___Motion and Simple Harmonic Motion ]

1 i) We know that the period of the cosine
When the ray C hits the second pane, half of fux;ctmn ml:t"
S X =cos
it is reflected - ray D - and % of it passes = cos(nt + 2n)
through - ray E = cosn(t + %
Thx'smeansthatrayD:l.l= L of the 2%
?l ‘i 81 Hence, at time t and at time t + I Ve
original ray and rayE = 317 = 1g of the will have the particle in the same
original ray. p?siticfn and moving in the same
. direction.
First Second . . . 2%
Pane Pane - In general, the period of cosnt is .
]i .. Period = i_n = .‘i_z = 2 seconds
) ii) Equilibrium position cccurs
F when x" = 0
G X = 4cosnt
11 x' = -4nsinnt
32 16 x" = -4n2 cosn t
When ray D hits the first pane, half of it will =0
' 1 . . costt =0
bereﬂected-rayF-and4 of it passes x 3z 5x
through - ray G. Tt =355
. L 1_ 1 1 3 5
ThxsmeansthatrayF—2.8 = 1g of the t =335
. . 11 1 1 3
ongmalrayandrayE=4—.§= 35 of the L X = 4c033t(§'),4cosn(§),
original ray. 5
. deosm( ), ...
First Second - 000 2
Pane Pane ie. centre ,of ’mét‘i‘c;n = equilibrium
F position
A1 = X =0
16 i) Whemt- £33
H{J 222
1 1 X = -d4m 4x -4m, ...
— = Therefore speed = 47 ms-1
» 32 64 iv) Extreme positions occur when x' = 0
When ray F hits the second pane, half of it is ie. 0 = -4nsintt
reflected - ray H - and Zl-of it passes through Le. ;;m: t : %’ o ..
- ray Jd. t =012, ..
" = o412 4n2 .42
i.e. the acceleration is + 472 mg-2 at
the ends of the motion
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