STANDARD INTEGRALS
n 1 n+l :
x"dx =—x"" n#E-1 x#0,ifn<0
. n+1
1dx 1
z =lnx, x>0
ax l ax
J.e dx =—e”, a#0
1.,
cosaxdx =—sinax, a#0
. 1
sinax dx = ~—cosax, a#0
2 1
sec”ax dx =Etanax, a#0
jsecaxtanaxdx =?‘1;secax, az0
f 21 > dx =ltan"1, az0
a“+x a a
f—-“—l—a"x =sin“1£, a>0, ~a<x<a
% — 32 a

j—l—dx =1n(x+w/x2—a2), x>a>0

1 - (3.3
f ,_._x2+azdx ——ln(x+ x“+a )

NOTE : Inx=log,x, x>0
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Student name/nuInber TrTersarerareseveciesteresiecens Studentname/number .................................

. ] Marks Marks
Question 1 Begin a new page Question 2 Begin a new page
(2)(i) Find the coordinates and the nature of the Stationary points on the curve 2 e 2
y=x"+6x’+9x+k where kis real. (@) (Find j(secx +tan )" dx. 2
(ii) Hence find the set of values of k for which the equation x° + 6x* +9x + k=0 2
has three real and different roots. (ii) Find j 1-x dx. 2
1-+/x
. . : . _ -1 x 2x
(b)(i) Find the doma%n and r@ge of the function f ('x) =tan " e”. Sketch t1.1e curve 3 (b) Use the substitution % =e* +1 to find e - dx. 2
y = f(x) showing any Intercepts on the coordinate axes and the equations of any e*+ 1)
asymptotes.
(ii) Show that f*(x)=Lsin2y. 2 5 1
(c) Use the substitution 7 = tan$ to evaluate f — i, 4
o COSx+2sinx+3
giving the answer correct to three significant figures.
© i
(d)(i) Find the exact value of j T dx. 2
0 1—X
3o 1
G)If I, =j 7 dx for n=0,12,.., showthat [_, —I = ——— 3
o 1—x (n-1)2
3ot
for n=2,3,4,.... Hence find the exact value of J = dx.
01— X
Question 3 Begin a new page
. . 1 . .
The diagram shows the graph of the function f(x)=x- P (a)(i) Express the roots of the equation z2 +4z+8 =0 in the form a +ib for real a, b. 1
.q . 2 -0
On separate diagrams sketch the following curves, showing for each any intercepts () Express the roots of the equation z” +4z+8 =0 in modulus argument form.
on the coordinate axes and the equations of any asymptotes:
O y= ] I gx)l 2 ()  Find all the complex numbers z=qa + ib, where a, b are real, such that 4
(ii)y=ﬁx—) 2 lzf* +iz=11+31.
(i) y* = f(x) 2
(©)(1) On an Argand diagram mark the points P, 0 representing the complex numbers 2
z,=4+1i, z,=1+4i respectively. Show how to construct the point R representing
2, +2, and explain what type of quadrilateral OPRQ is, where O is the origin,
(if) Find the area of the quadrilateral OPRQ. 2
(d)(i) On and Argand diagram shade the region containing all the points representin 2
p P g
complex numbers z such that both |z|<1 and |z~ 1|<+/2.
(ii) Find the exact area of the shaded region. 2




Student name / number

Question 4 Begin a new page

2 2
(a) Theellipse % + %7 =1, where a>b > 0, has eccentricity e = % The point
P(2,3) lies on the ellipse.
(i) Find the values of ¢ and 5.

(ii) Sketch the graph of the ellipse showing clearly the intercepts on the axes, the
coordinates of the foci and the equations of the directrices.

(b)  P(x} is a polynomial of degree at least 2 such that P "(@)=0. Show that when
P(x) is divided by (x—a)® the remainder is P(a).

(c)(i) The equation x* + px* +gx+r=0 (where P, g, r are non zero) has roots ¢, §, ¥

111
such that pop 23- ; are consecutive terms in an arithmetic sequence. Show that
-3r
B==L.
q

(ii) The equation x° —26x* +216x~ 576 =0 has roots @, 8, 7 such that

<[

11
P
are consecutive terms in an arithmetic sequence. Find the values of ¢, B, y.

Student name / number

Question 5 Begin a new page

(a) Use integration by parts and the table of standard integrals to show that

J‘1[y2+8 dy=%yJy*+8 + 4ln(y+1lyz+8)+ c.

(b)
y4 2
T R

<
s///'y 5%

U 0

2
S, § "are foci of the hyperbola x* — _yg_ =1. Focal chords RSQ and TS U are

perpendicular to the x axis.

(i) Find the coordinates of the foci S, S .
(if) Find the coordinates of O, R, T and U.
(iii) Use the result in (a) above to find the area of the shaded region.

(c) The base of a particular solid is the shaded region in part (b) above. Every
cross section of the solid perpendicular to the y axis is an equilateral triangle
with one side in the base of the solid. Find the exact volume of the solid.

Question 6 Begin a new page

(a)(i) Use DeMoivre's theorem to show that cos46 =cos*8 — 6cossin?0 +sin* 6.

(ii) Hence find the exact value of cos* (%) +sin 4(1%).

(b) A particle of mass m kg is set in motion with speed xms ™ and moves in a
straight line before coming to rest. After time ¢ seconds the particle has
displacement x metres from its starting point O, velocity vms™ and
acceleration ams ™. The resultant force acting on the particle directly opposes
its motion and has magnitude m(1+v) Newtons.

(i) Show that a=~(1+v).
(ii) Find expressions for x in terms of v, v in terms of 7 and x in terms of 1.
(iii) Show that x+v+t=uy.

(iv) Find the distance travelled and the time taken by the particle in coming to rest.

i

D O\




Student name / number .................uueeueen...

Question 7 Begin a new page

(a)

Two circles pass through the origin 0(0,0). The first circle has centre {a,0) and
the second has centre (0,5) where a >0 and & > 0. The line y = mx through O
cuts the first circle again at Q) and the second again at . M is the midpoint of PQ.
(i) Show that M has coordinates ﬁﬂf— R zz_(_zﬁ-__b_zm_) .
1+m 1+m

(i) Find the equation of the locus of M as m varies and describe this locus geometrically.

()
A
/\/j F
B £ G c

ABC is an acute angled triangle. D, E, F are the midpoints of AB, BC, CA respectively.

AG is an altitude of triangle ABC. AG and DF intersect at J.
(i) Copy the diagram.
(i) Show that AAJF = AGJF.
(ili) Show that LFGC = £LFCG.
(iv) Show that DEGF is a cyclic quadrilateral.

w

w N W

Student name / number .........................

Question 8 Begin a new page

(@ T, T, T, .. is an arithmetic sequence. All the terms of the sequence are positive
and the common difference is d.

T, ~JT,
! = \[—" =L for n=2,3,4,..

VLT d
) 1 I L _n-l
(ii) Hence show that N + N F o TN N s

(i) Show that

for n=2,3,4,...

(b)(i) For positive real numbers @, b show that a>+b% > 24b.
(ii) Hence show for positive real numbers a, b, ¢, d
3(a®+b* +c?+d%)22(ab+ac+ad +be+bd +cd).
(iti)Hence show that if 4, b, ¢, d are positive real numbers such that g+ b+c-+d =1
then ab+ac+ad+bc+bd+cd'_<.%.

(©)  x,xy,...x, are p different even integers and y,, y,, ... Y, are g different odd integers.

Show that the sum S of all the products taken three at a time from
G A o I o VR G N

. . 2

is given by S=4(p-q){(p-q)" ~3(p+g)+2}.




Independent Trial HSC 2003 Mathematics Extension 2 Answers and Marking Guidelines.

1(a) Outcomes Assessed: (i) H6 (ii) PE3
Marking Guidelines

Criteria Marks

(1) « finding minimum turning point 1
* finding maximum turning point

1
(i) * noting that k and k—4 have opposite signs with explanation 1
» finding the set of values of k 1
Answer
Dy=x"+6x+9x+k
2 2
%=3x2+12x+9 %ZX=6x+12 x=-1:>%x—f=6>o and y=k-4.
=3(x+3)(x+1) =6(x+2) (vl,k—4) is a minimum turning point.
d 2y
Z O:ix__l -3 x=—3=$2x—2="6<0 and y:k
S (-3, 1s 2 maximum turning point.
3 i . ing poi
(i)
(~3.8) Y If the equation has 3 real and different roots, the curve
A y=x>+6x>+9x+k must cut the x axis in three distinct
7 -»> points. Hence k, k—4 must have opposite signs.
\ X ~nO0<k<4.
(~Lk-4)
y=x>+6x2 +9x+k
1(b) Outcomes Assessed: (i) P5 (ii))HE4
Marking Guidelines
Criteria Marks
(i) » domain and range 1
* intercept and asymptote 1
* shape and position 1
(ii) * derivative in terms of e* (or implicit differentiation) 1
* use of appropriate trig. identities to obtain required result 1
Answer
(D) f(x)=tan"'e* Domain: All real x (ii)

Range:{y:0<y<%} y=tan"e* = tany=¢*
dy e fany

dx 1+(e’)2 T l+tan’y

1(c) Outcomes Assessed: (i) E6 (i) E6 - (iii) E6
Marking Guidelines

Criteria

Marks

(i) « intercepts and asymptotes
* shape and position

(ii) « intercept and asymptotes
* shape and position

(iii)* intercepts and asymptote
* shape and position

Answer (i) (i) (iif)
N 4 . (2

=

T el.T=5

2(a) Outcomes Assessed: (i) HS (i) H8
Marking Guidelines

Criteria

Marks

(1) * simplification of integrand
* primitive function

(ii) » simplification of integrand
* primitive function

—

Answer

® J secx +tanx)’ dx = j(2seczx—1+ZSecxtanx)dx=Ztanx—x+2secx+c=2(secx+tanx)—x+c

1-x

@ [ L o J ‘*ﬂ = [(14R) dem x4 2 o= (34 24) e

2(b) Outcomes Assessed: HE6

Marking Guidelines
Criteria Marks
* integral in terms of u 1
* primitive function in terms of x 1
Answer
2x x 2x .
e e e 1
X ———dx: ———-—.e"dx -————dx=1nu+—-+c
u=etl J(«e"+1)2 J(e"+1)2 J(e"+1)2 u
du=e” dx w1 1
= du In(e* +1) +e
2 e’ +1




2(c) Outcomes Assessed: HE6

Marking Guidelines
Criteria Marks
* limits in terms of r and dx in terms of dt 1
* integral in terms of ¢ in simplified form 1
* primitive function 1
* evaluation correct to 3 significant figures 1

Answer
t=tan§ cosx+2sinx+3
dt = Jsect £ dx zl-z2+4t+23(1+tz)
dt=4(1+1%)dx L+

5 _2(t2+2t+2)
dx = ——dt T 1+f?

141t )
2{1+(t+1) }

x=0=¢=0 T
x=L=1=1

2(d) Outcomes Assessed: (i)E8 (ii) E8

1—]7 1
o COSX+2sinx+3

S A 2,
02{1+(z‘+1)2}'1+t2

_Jl 1

Ty 14 (r+1)°

= [tan e+ 1)]

dt

1
0

sI=tan"2-2=0-322

Marking Guidelines
Criteria Marks
(1) = expressing integrand in partial fraction form 1
* evaluation of integral 1
(ii) » simplification of I,_, — 1, 1
s evaluationof 1,_, — I, 1
* evaluation of I, using the recurrence relation 1

Answer

@ (i1)

J‘%_..l_.. dx:-%— %(._l__.,...l_) dx I, -

o 1-x? o \l-x 1+4x

= §[~in(1- %) +1n(1+ )]}

=1(In3-1n1)
=%m3
Hence
I,-1, =%
1 :10—14—55 J‘
I =1
2 =g .
0
- 13_1 13
14 -—Io—'2—4—51n3—74-

3(a) Outcomes Assessed: (i) E3 (i) E3

Marking Guidelines
Criteria Marks
(i) * both roots in required form 1
(ii)* modulus of roots 1
* arguments of roots 1
Answer
® ()
7' +4z+8=0 |z|=8=22
2 +4=—4 .

77 +4g 421 Z=2ﬁ(_%i%,)

(2+2)" =4 Hence roots are

(z+2)==22i Zﬁ(cos%’[ + ism%’”), 2&{005(»37”) + isin(—%{‘—)}
z=~212i
3(b) Outcomes Assessed: E3
Marking Guidelines
Criteria Marks

* equation in term of ¢ and b 1

* equating real and imaginary parts 1

* solution of simultaneous equations for a and b 1

* values of solutions for z 1

Answer
z=a+ib Equating real and imaginary parts :
|z|* +iz=11+3i a=3, 9+b*+b=11

A b +b-2=0
(b+2)(b-1)=0

a*+b*+i(a—ib)=11+3i

(@*+b>+b)+ia=11+3i

3(c) Outcomes Assessed: (i) E3 (i) E3

a=3 a=3
b=1{ 7 b=2

z=3+i or z=3-2]

Marking Guidelines
Criteria Marks
(i) = construction of point R 1
* classification of OPRQ with reasons 1
(ii)* lengths of both diagonals 1
» area of OPRQ 1
Answer
@ (i)

P(4,1), O(1,4) represent
z,=4+1, 7, =1+4] respectively.
Complete the parallelogram OPRQ
to show the point R representing
the sum z, +2z, =5+ 5i.

Since OP = 0Q =417,

OPRQ is a rhombus.

PO=342
R(5,5)= OR=542.

Hence OPRQ has area

1 x3v2 x5v2 =15 sq. units.




3(d) Outcomes Assessed: ())E3 (ii) E3

Marking Guidelines
Criteria Marks
(1) « sketch of both circles 1
* region shaded 1
(ii)» area of semi-circle or area of segment 1
* sum of area of semi-circle and segment 1

Answer

@ @i

(x=1)*+y2=2

4(a) Outcomes Assessed: (iyE4 (i) E3

Shaded region is composed of semicircle radius 1, and

segment of circle radius v/2 cut off by chord subtending
right angle at centre.

Areais 7 +42(4~sin%)=x~1 square units.

Marking Guidelines
Criteria Marks
(i) *relation between a’, b* using e= 1 1
* relation between a*, b* using coordinates of P 1
e values of @ and b 1
(i) * ellipse with intercepts on axes 1
» foci with coordinates 1
* directrices with equations 1
Answer
@) e=i=b'=a’(1-1)=34? (i) xmg Y =t
P(2,3) on ellipse =>~4—+ 2 o | 23 X
4 12 o v : § 1S L
Lyt =l -8 —4\(2,0)] (2,0) 8! x
a® a? X !
nal=16, b’ =12 ‘ 243 ot
!
na=4, b=23 16 12
4(b) Outcomes Assessed: E4
Marking Guidelines
Criteria Marks
* write expression for P(x) using division transformation with divisor (x—a)? 1

* obtain expression for P’(a)

« use P’(a) =0 to show division by (x —a)® leaves required remainder.

Answer

Divisor has degree 2, hence remainder has degree <2. Let the remainder be cx+d, c andd constants,

Using the division transformation, P(x)= (x—

a)’Q(x)+cx+d, where Q(x) is a polynomial.

Now P’(x)=2(x— a)Q(x)+(x )0 (x)+c = c=P (@)=0

Then P(x)=(x-a)’Q(x)+d = d= P(a).

Hence remainder is P(a).

4(c) Outcomes Assessed: (i) E4 (i) E4
Marking Guidelines

Criteria

Marks

(1) +deduction that L + % + 1 = 3 using property of A.P
o4 Y

B

.1 1 1. )
* expressing — + E + —7; in terms of coefficients of equation
o

* deducing required result
(ii)* finding the value of S

evalues of ¢ +y, ay

* values of ¢, A.

b b

Answer

Wi i lpaps Lo L1 L 2 110 L1 11

3

a By B o v B B a vy a By B

Bllt":'l" l+l=w=_1_ chce2=—£, ﬁ —37‘
¥ aBy Boor

(i) x* —26x* +216x-576 =0 such that —l—,—l—}— nAP = f=—"=
o By q 216

=3r 3><576_

Then a+y=26-8=18 and ay=576+8=72.
Hence ¢, ¥ zeros of x*—18x+72=(x—12)(x —6).
o, B,y are 6,812 or 12,8,6 respectively.

5(a) Outcomes Assessed: ES
Marking Guidelines

Criteria

Marks

* integration by parts

* rearrangement of integrand into appropriate form
* identifying appropriate entry in table of integrals
* primitive function

PN

Answer

J‘wly2+8 dy=y.y*+8 —jy.%(y2+8)_%.2y dy
=y yl+ ~'f(y2+8—8),(y2+8)4"dy
=yy>+8 —j{(y2+8)*—8(y2+8)"1’}dy
1
=}’W/;—2+_ —fm dy+8j——~—,—-—-—_y2+8 dy
22[y?+8 dy=yy7+8 +8jw/;21_+8 dy

=y4/y*+8 +81n(y+1ly2+8)+c,
YR8 ay=Ly s 3 +4ln(y+«/y2+8)+c




5(b) Outcomes Assessed: (i) E4 (i) E4 (iii) HS
Marking Guidelines

Criteria

Marks

(i) * value of eccentricity e
* coordinates of both foci

(ii) * coordinates of all 4 points

(iii)* expression for area in integral form
* writing primitive function and substituting limits
+ value of definite integral in simplified form

Pt e b et

Answer

2
(i) x2~18—=1 b*=a’(e’-1)=e’~1=8 .e=3. Fociare 5(3,0), §'(-3,0).

() x=3=y* =64 . (Q(3,~8), R(3,8), T(-3,8), U(-3,-8)
(iil) Using symmetry, area is Asq.units where

A=4Js /1+_>igi & A=aby y2+8]z+4«/2[ln(y+1/y2+8)]8
0
0

=J§J'08 S7+8 dy =«/5(4x6x/2—)+4ﬁ{ln(8+6ﬁ)—ln(zﬁ)}
=48+4421n(3+2+2)

5(c) Outcomes Assessed: (i) E7
Marking Guidelines

Criteria

Marks

+ area of cross section of typical equilateral triangle
* derivation of volume as a definite integral

* simplification of integrand

* primitive function and substitution of limits

* exact volume in simplest form

[

Answer
Cross section is equilateral triangle with

2
side length 2x, where x* — y? =1. 0755 8
8
Hence area of cross section is V= TJ; ()’ + 8) dy

1 (2x)*sin60° = ( 2 ) f \g(y +8) =E[ly3+8y]s

T
=B(512
Volume of slice is 8V = (y +8)8y. = T(T+64)
1763
3

Hence volume of solid is V where Volume is cu. units

6(a) Outcomes Assessed: (i)E3 (i) HS
Marking Guidelines

Criteria

Marks

() + De Moivre’s theorem to simplify (cos6 + isin 6)*

* using binomial expansxon equating real parts to obtain required result
(ii) * expressing cos 6 +sin* 6 in terms of cos48, sin20
* substitution 6 =

* exact value in simplest form

b bd et e

Answer

(i) Using De Moivre’s theorem, cos46 =Re(cos6 +isin6)".
Using the binomial theorem, Re(cosé+isin8)’ = cos* 6+°C, cos” 8(isin6)” + (isin 6)*
Hence cos48 =cos*6—6cos’Bsin’H+sin @

@D

cos* @ +sin*H=cos40+6cos?Osin’6 cos*Z+sin‘ L= cos%+3sin*Z
- 3¢in? =137
= cos46+5sin” 26 =1+3=1

6(b) Outcomes Assessed: (i) E5 (i) E5 (ili) E5 (iv) E5

Marking Guidelines
Criteria Marks
(i) <+ use Newton’s 2nd law to show result 1

(ii) = expression for E— in terms of v
y

1
* integration to find x in terms of v 1
. dr . 1
* expression for — in terms of v
dv 1
« integration to find ¢ in terms of v 1
* expression for v in terms of ¢ 1
* expression forx in terms of ¢ 1
(iii) » showing required resuit 1
(iv) * distance travelled 1
* time taken 1
Answer
(1) By Newton’s 2nd law, mi=-m(1+v). Hence a=~(1+v).
(i)
dv dv 1+v
—_=(l+ —=—(1+v x= +1n
Vg =) 2~ 4) L (1+u)
@ _ 1ty a__ 1 x=u~(1+u)e™ +1-1¢
dx v dv 1+v
dx__ v t=-In(1+v)A
dv 1ty r=0 (1+u)A=1
£=~1+_1_ }=> =] _1_"_‘1
dv 1+vy v=u r=-ln +u
x=-v+In(l+v)+c e"=1+v
1+
1=0 O=—u+In(l+u)+c y .
x=0lms (1+v) v=(l+u)e™ -1
x=u-v+In
v=u 1+u
1+v
(111)x=u—-v+ln(——-)=u—v-—t LoX+vHt=u
1+u

(V) v=0= x=u—-In(l+u). Hence particle travels fu~In(l+ u)} metres in coming to rest.
v=0=r=In(1+u). Hence particle takes In(1+u) seconds to come to rest.




7(a) Outcomes Assessed: () P4 (i) P4

Marking Guidelines .
Criteria Marks
(i) * equations of both circles 1
* coordinates of P 1
* coordinates of Q 1
* coordinates of M 1
(i) » m in terms of x, y coordinates of M 1
* equation of locus of M 1
* geometric description of locus of M. 1
Answer
(i) @ lies on circle centre (a,0), radius @, with equation (x—a)*+y*=a>
2a 2ma
AtQ, y=mx= (x—a)’ +m*’=a’ = (1+m*)x? = 2ax = 0. , )
@ y=mr= ( ) ( " )x = Q 1+m? 1+m?
P lies on circle centre (0,5), radius b, with equation x +(y~b)* =52
2
At P, y=mxzx2+(mx——b)2:b2=>(1+m2)x2—2mbx=0. R & 2mb2,&_n_bz_
I+m* 1+m
2 +b
Hence midpoint PQ has coordinates Zat 2mzb R 2ma+ 2"; b M at b’? s m—(a-—zm—)-
21+m?*)" 21+m?) l+m®’ 14+m
@) AtM, (1+m*)x=a+bm and m=2, m=o.
X
y? y This is the equation of a circle on diameter OC, where O is
1+ ZppEaet b > the origin and C has coordinates C(a,b).
I Alternatively, circle with centre (+a,4b) and radius
x"+y" =ax+by
7va’ +b*. The points (a,0), (0,5) are excluded.
x(x—a)+y(y-2)=0
7(b) Outcomes Assessed: (i) (i) H5 (i) H5 (iv) PE3
Marking Guidelines
Criteria Marks
(i) *copy diagram 0

(i) *show AJ=GJ
* show AJF =GJF
* congruence proof
(iii) » show GF = CF
* deduce required angles equal
(iv) » show DECF is parallelogram
s deduce FCG = EDF
* deduce quadrilateral is cyclic

bt b e et ek i e

Answer
@ (i)
A DF||BC  (line joining midpoints of two sides
of AABC is parallel to 3rd side)
D - . A.ZF =AGC (corresp. £ s with || lines are equal)
S AJF=90°  (Altitude AGLBC = AGC = 90°)
A—;A +GIF=90°  (Ad). supplementary £'s add 10 180°)

5 e c = AJF=GJF

9

Alsoin AAGC, JF|GC (DF||BC proven above) Now in AAJF, AGJF

and F is the midpoint of AC (given) JF is common
~Al=GJ  (line parallel to one side cuts other AJF =GJiF (proven)
sides in proportion) Al =GJ (proven)

< AAJF = AGJF (SAS)
(ii1)
GF = AF ( corresp. sides of congr. A's are equal)
AF=CF (F given midpoint of AC)
GF=CF
" F6C=FCG (equal £'s opp. equal sides in AGFC)
@)
DE||AC and DF| BC (line Joining midpoints of two sides of AABC is parallel to 3rd side)
- DFCE is a parallelogram (both pairs of opp. sides parallel)
+FCG=EDF (opp. £'s in parallelogram are equal)
+FGC=EDF (since FGC=FCG proven above)
Hence quadrilateral DEGF is cyclic (exterior £ equal to interior opposite £)

8(a) Outcomes Assessed: (i) H5 (ii) H5
Marking Guidelines

Criteria Marks

(i) * use defining property of AP 1
* rearrange to obtain required result
(ii) * use result to simplify sum
* rationalise numerator
* show required result

b e e et

Answer

(6]

4=1,~ T = (VT + VLT - T5)
T, +4T, d

(i)
szﬁl._,_+..._]'__+ +_._.1__.. 1
Vs VLG T =g

(\/Tn_'\/f) n-1

NS

since T, -1, =(n-1)d

8(b) Outcomes Assessed: (i) PE3 (i) PE3 (iii) PE3
Marking Guidelines
Criteria Marks
(i) « prove result 1
(i) * write pairwise inequalities
* combine to obtain required result
(iii) * write sum of squares in terms of sum of products taken two at a time
* obtain required result

bt et e

10




Answer
® (i1)

a+b’~2ab=(a~b) 20 a’+b*22ab b*+c? 2 2bc
a’ +b* 2 2ab a’+c? 2 2ac b* +d* 22bd
A +d*22ad A +d*22d

3(a® +b*+¢* +d°) 2 2(ab + ac +ad + be + bd + cd)

(i) a*+b*+c*+d* =(a+b+c+d) ~2ab+ac+ad +bc+bd +cd)
But a+b+c+d=1. Hence, using (ii),
3(a2+b2+c2+d2)=3-—6(ab+ac+ad+bc+bd+cd)

2(ab+ac+ad+bc+bd+cd)<3-6(ab+ac+ ad +be+bd + cd)
8(ab+ac+ad+bc+bd+cd)<3

(ab+ac+ad+bc+bd+cd)< }

8(c) Outcomes Assessed: E9

Marking Guidelines
Criteria Marks
* count the number of ways of getting a product of +1 1

* count the number of ways of getting a product of ~1

* expression for S

« simplification of expression for S

+ factoring and rearranging expression to obtain required form

[N

Answer
(-1)* =1, 1<k<p while (-1 =-1, 1<k<gq

There are *C; = p(p~1)(p~2) terms of the form (~1)" (-1)" (~1)* with a sum +2(p-1)(p-2)
There are *C, x g =% pg(p—1) terms of the form  (~1)" (~1)* (-1 with a sum —-+pq(p-1)
There are p X "C 3pg(g~1) terms of the form (—1)" (~1)* (-1 withasum  Lpg(g-1)
There are “C, = £4(g~1)(g~2) terms of the form (~1)” (-1)"* (1) with a sum ~%q(g-1)(g-2)

Hence S=¢p(p- 1)(P 2)*— g(p-1)+1pglg-1)-1q(g-1)(g-2)
=47 - )+2(p At -1pa(p-q)
=4(p- Q){(p +pq+qz) +q)+2-3pg)
=4(p-o)(r* -2pa+4")- 3(p+q)+2}
=3(p-9){(p-a) -3(p+9)+2]
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