AR

TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION 2008

MATHEMATICS

Time Allowed — 3 Hours
(Plus 5 minutes Reading Time)

o Al questions may be attempted

o Al questions are of équal value

o Department of Education approved calculators are permitted
» In every question, show all necessary working

o Marks may not be awarded for careless or badly arranged work

» No grid paper is to be used unless provided with the examination paper

The answers to all questions are to be returned in separate stapled bundles clearly
Iabeled Question 1, Question 2, etc. Each question must show your Candidate

Number.
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Question 1
(a) Solvefort: 7-4r>12.
x 2x+5

Simplify: ————.
(b) imph 2 G
(c) Solve 2sinf=-1 for 0<0<2x.
(d) Differentiate with respect to x:

-8
o TR

(e

@i y=x’Inx,

Evaluate J. ]5 (3 +§—) dx.

Question 2 (START A NEW PAGE)

(i)
@)
(iv)
)
(vi)

y
4 4
D
P
B .
-3 0 C x

In the diagram 4B = BC and CD is perpendicular to AB. CD intersects the y-axis at P,
Find the length of 4B.

Hence show that the co-ordinates of point C are (2,0).

Show that the equation of CD is 3x+4y=6.

Show that the co-ordinates of P are (0,11 ).

Show that the length of CP is 24.

Prove that AADP is congruent to ACOP

(vii) Hence calculate the area of the quadrilateral DPOB .
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Question 3 (START A NEW PAGE)

()
(®)

(©

Find the equation of the tangent to the curve y = x* ~4x~1 atthe point T (2,—1)‘

c

b4

3
A 12em B

ABC is a sector with £ZBAC =-73£ and AC=AB =12 cm.

(i)  Calculate the area of sector ABC.

(ii) Calculate the area of the shaded region.

(i)  The equation of a parabola is given as y = { x? — x . Rewrite the equation in the form
(x-x,) =b(y+y,) where x,, y, and b are constants.

(i) Hence write down the focal length of the parabola and the co-ordinates of its vertex
and focus.

Question 4  (START A NEW PAGE)

(2)

®)

(©)

)

The price of gold, $P, was studied over a period of  years.

(i) Throughout the period of study ﬁg—:— > 0. What does this say about the price of gold?

(i) Tt was also observed that the rate of change of the price of gold decreased over the
period of study.

2
What does this statement imply about %’t};?
A pool is being drained at a rate of 240z -9600 litres/minute.
(i) How long does it take before the draining of the pool stops?

(i) Ifthe pool initially held 1920000 litres of water, find the volume of water in the pool
after 15 minutes.

In a hat are 5 red and 3 green jellybeans. Jason reaches into the hat and randomly selects two
jellybeans. Find the probability that:

(i) both selected jellybeans are red.

(i) the chosen jellybeans are different colours.

The tangent to the curve y = 4Jx ata point P has a slope of 2. Find the co-ordinates of
point P.

-
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Question5 (START ANEW PAGE)

(@)

®

AN

VANFA SENA A
) P S D
V% A%

Pattern #1 Pattern #2 Pattern #3

The above patterns are made using small sticks. Pattern #1 requires 6 sticks, pattern #2
requires 11 sticks and pattern #3 requires 16 sticks.

®
(i)
(i)
®
(i)

(i)

Write a formula for the number of sticks, U,, needed to construct paitern number n.

What is the largest pattern that can be constructed from 200 sticks?

How many sticks would be needed to construct all the patterns from pattern #1 to
pattern #207

Show that the curves y=1+ Jx and y =7-x meet at the point (4,3 )

Sketch, on the same set of axes, the curves y = 1++/x and y=7-x and shade the
region bounded by these curves and the y-axis.

Find the volume of the solid formed when the area bounded by the y =1+ Jx,
y=7-x and the y-axis is rotated one revolution about the y-axis,

Question 6  (START A NEW PAGE)

(a

(®

@
@)

(iif)

®
(i)
(iii)

Show that the curves y =sin2x and y = cosx meet at the point with abscissa x =%.

Sketch, on the same set of axes, the curves y = sin 2x and y=cosx in the domain
0<x <Z and shade the region bounded only by these curves.

Find the area of the shaded region described in (ii).

4 12 cm B
9cm
M
D C

(Diagram not drawn to scale)

ABCD is a rectangle with AB=12cm, BC=9cm and AM perpendicular to BD.
Copy the diagram onto your answer sheet and find the length of BD.

Prove that AABM is similar to ABDC .

Hence find the length of BM. (Give reasons)
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{mestion7 (START A NEW PAGE)

(2) In an experiment, the amount of crystals, ¥ grams, that dissolved in a solution after £ minutes
was given by: ‘

x=200(1 - e™)

(i)  After 3 minutes it was found that 50 grams of crystals had dissolved, hence find the
value of £.

(ii) At what rate were the crystals dissolving dfter 5 minutes? Give your answer to the
nearest gram/minute.

(b) Two particles 4 and B start from the origin at the same time and move along 2 straight line
so that their velocities in m/s at any time ¢ seconds are given by:

v, =t*+2 and v, =8--21
(i)  Show that the two particles never move with the same acceleration.
(i) Write a formula for the position of particle 4 at time ¢ seconds.

(iii) After leaving the origin, find when the two particles are again at the same position.

Question 83 (START A NEW PAGE)
a) Given that f(x)=x*+10—-x, show that f x)= _5_x_(_8__-—_x_)_ )
2310-x
(i)  State the domain of the function y = ¥A10-x%.
(iif} Find all the stationary points on the curve y = x2410-x and determine their nature.

(iv)  Sketch the curve y =x*/10~x indicating its intercepts with the co-ordinate axes and the
position of all stationary points.
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(2) Prime land along a foreshore is to be reclaimed and developed as part of a housing estate. A
plan of the land to be reclaimed is shown below: 3
g
é ~
=
150 m 730m  130m 130 "
(Dicegrami 10t drerim 1o scale)
Use Simpson’s rule with five function values to find the approximate area, expressed in
hectares, of the land to be reclaimed.
b
(b) y
P(xy)
N(0,3)
M(3,0) X
The point P(x,y) moves so that its distance from the point M (3,0) is always twice its
distance from the point N(0,3).
(i)  Show that the equation of the locus of the point P(x,y) is x* +2x+y* ~8y+9=0.
(iiy Give a geometric description of the locus.
—4x for x<0
o~ Graph y=f(x) if f(x)= ,
© O phy= /() if S(x) {x2+3 for x>0
(i) EBvaluate £(-2)+f(2).
(iii) Solve for a>0: f(a)= f(-a).
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Question 10 (START A NEW PAGE)

@

®

Abigale decides to save for a car. She creates a savings account into which she deposits
$100 at the beginning of each week. The account pays interest at a rate of 0.16% per week
caloulated on the value of the account at the end of each week.

(i)  Show that Abigale’s account is worth 62600(1.0016" —1) dollars at the end of n
weeks.

(i) Find the value of Abigale’s account at the end of 52 weeks. Give your answer correct
to the nearest dollar.

(iii) Find the number of weeks needed for Abigale’s account to accumulate $20000.
(Give your answer to nearest week)

When a ship is travelling at a speed of v km/hr, its rate of consumption of fisel in tonnes per
hour is given by 125+0.004v*,

(i)  Show that on a voyage of 5000km at a speed of v km/hr the formula for the total fuel
used, T tonnes, is given by:
625000

v

+20v%

(ii) Hence find the speed for the greatest fuel economy and the amount of fuel used at this
speed. (Justify your answer.)

Q)  This is the END of the examination paper &
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Qustion 1

(a) Solve fort: 7—4t>12.
—4t>5

1<~1%

. g x 2x+5
e) Sim dify: E-— P

2 6 6 6

(d TDifferertide vithrespecttox

6

y=—

) x

y=6x"
y’=—3x‘l%
———
xvx
iy y=x"lnx.

y' =2xlnx+ xz.l
x

=2xIlnx+x

©) Evaluate f (3+2)dr.
x

[ (34%) de =[x +2Inx]

=(15+21n5)-(3+2In1)
=12+2In5
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Question2 (START A NEW PAG B

y
4] A
D
P
B S
_3 o C X

Inthe dagam 4B=BC and CDis perpendicuar to AR CDintersects the y-axis &

(i) TFindthelengh of 4B

AB* =3+ 4 (nyhagoras'Theorem)
AB=5

(iiy Hence showths the co-ordinates of part Care (2,0).

BC=AB
~BC=5
OB+0C =35
3+0C=5
0C=2
~Cis(20)

(i) Showthat the equation of CDis 3x+4y=6.

m(4B)=1
m(CD)=-3
Eqn.CD:y-0 =—%(x-—2)
4y =-3x+6

3x+4y=6

(ivy Showthat the co-ordnates of Pare (0.1%).
3x+dy=6
atP x=0
~0+4y=6
y=1i
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) Showthat thelengh of CPis 2%.
CP* =(1%) +2* (Pythagoras’ Theorem)
= 6-4L
CP=2%
(vi) Prove that AADP is congruert to ACOP

In AADP and ACOP

ZADP = £POC (both 90°)

£DPA= LOPC (vertically opposite angles are equal)
AP = PC (poth = 2%)

<. AADP = ACOP(AAS)

(vii) Hence calcuaethe area of the quadrilaerd DPOB.

areaBDPO = area ABAO —area AADP
= area ABAO ~area AOPC  (AOPC = AADP)

= 36)a)-1018)

—4L1 4t
=4t u
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Marks
(a) Findthe equation of the tangent tothe curve y=x’—4x—1 dthe part 7(2,-1). 3
y'=3x" -4
when x=2,y' =32 —4
=8
eqn. of tangent
y+1=8(x—2)
y=8x-17
® c
D
3
4 12cem B
ABCis asedor With ABAC=§- and AC=A4B=12¢cm
(@) Calcdatethe area of secter ABC 1
area =1(12) (£) em®
=24r cm®
(i) Calcuatethe area of the shaded region 3
AD
—15- = COS(%) cm
AD =12 ><l em
2
=6 cm

area AADB =%x6x12xsin({-) em®

=36x—-3— cm’
2

=183 em®
shaded area = (247: 183 ) cm®
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(& (@) The equation o a parabolais gven asy=1x’~x . Rwitethe equatiotfinthe fom
' 2 Question4 (START A NEW PAG B

(x—x,¥ =b(y+yn) vhere x,, y, and bare constarts.
(2) The price of gold $E vas studied over a period of ¢ years.

y=1x'—x P
) . dP . . o
8y=x?~8x ® Throughott the period of study & > 0. What does this say about the mrice of gol d7
8y+16=x" —8x+16

(x-4} =8(y+2) Price of goldisincreasing

@) It vas also observedthat the rde of change of the price of gdd decreased over the

(ii) Hence wite dowa the focal lengh o the parabolaandthe co-ordnates df its vertex 3 peri od of study.
and focus. . , P
What does this stademert imply about ——7
focal length =2 d
vertex (4,-2) d’p 0
focus (4,0) dr* <

(o Apodis being drained & arate of 240t —9600 litres/mintte.
(i) Howlong does ittake beforethe draining of the pool stops?

240¢ — 9600 =0
| 9600

240
=40
time = 40minutes

(i) Ithe pool initially held 1920000 litres of weter, findthe vdume of vater inthe pool
after 15mimtes.

idK =240t - 9600

t

V =120" —9600¢ +¢

when =0,V =1920000

1920000 =0~0+c

¢ =1920000

¥ =120t —9600¢ +1920000

whent=15

¥ =120(t5) —9600(15)+1920000
=1803000

volume = 1803000 [

(&) Inaha are S5red and 3 greenjell ybeans. Jason reaches ittothe hat and randomly selects t wo
jellybeans. Findthe probabilitythat:
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(i) bothselectedjelybeans arered

P(Red, Red): % ><-'£7E
5

T4
@i) the chosenjell ybeans are dfferert cdl ours.

p(different)= P(R,G)+P(G, R)

(d Thetangert tothe curve y=4J; & aport Phas aslope of 2 Hndthe co-ardinates of
poirt P
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QustionS (START A NEW PAG B

G

(B

AN AN_ AN

N AN A
=1 == =]
Y /

Pattern #1 Pattern #2 Pattern #3

The above patterns are made using small sticks. Pattern #1 requires 6 sticks, patern #2
requires 11 sticks and pattern #3 requires 16 sticks.

@

(i)

(iif)

®

Write a famula for the num ber of sticks, U,, needed to copstruct patern num ber n

U, =6+5(n-1)
U, =5n+l

What isthe largest paternthat can be constructed fram 200 sticks?

Sn+1=200
n=39.8
. can build pattern number 39

Ho wmany sticks woul d be needed to construct al the patterns from pdtern #lto
pattern #207

20
Szo = _{{2(6)+ 5(19)}
=1070
. need 1070 sticks

Sho wthat the curves y=1+J; and y=7—x mest & the poirt (4,3).

when x=4, y=l+J;
=144
=3
when x=4, y=T-x
=7-4
=3
.. point (4,3)lies on both curves

JRAHS 2008 Trial HSC Mathematics (2 Unit)

Marks




(i) Sketch onthesame set of axes, the curves y=1+& and y=7-x and shadethe

reg on bounded by these curves and the y-axis.

N

fix) = 14yx

t et 1.-‘.‘.\,;"
4

Gil) Findthe volume of the sdidformed whenthe area bounded bythe y = 1++x,
y=T~x andthe y-axis isrdaed one revol wtion about the y-axis.

Volume = Vol. ofrevohtionnfy=1+~/; for 1< y<3 + Vol. of cone far 3<y <7
- 3 2 _1_ 2 3
Volume—-n’_‘; x dy+37t(4) (@) u
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Question6 (START ANEW PAG B
@ @ Showthat the carves y=sin2x and y =cosx med a the poirt vithabscissa x=Z. 1

when x=%,y= sin(’T”)
3

when x=Z,y= cos(lg-)
=3

.. point (%,izé)lies on both curves

(i) Sketch onthesame set o axes, the curves y=sin2x and y=cosx inthe domain 2
0<x<Z and shade the regi on bounded onl y by these curves.

y
) g() = cos(x)
f(x) = sin(2-%)

N e o i S fdadn bl

wla

(iii) Fndthe area of the shaded regi on desari bed in(ii). 3

A=f(sin2x-cosx)dx

o]
=|—-=cos2x-smx
2

T

1 . 1 T .7
=| —=COS/ —Sin— |[~| ~~—~COS——Sin~—
2 2 2 3 6
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U] 4 12 em B

9cm

.
D C

(Diagram not drawn to scale)

ABCDis arectangle wth AB=12c¢m, BC=9cm and A perpendicular to BD

(1) Copythe dagram orto your aps wer sheet and findthe length of BD

A 12cem B
9cm
M
O
D c

(Diagram not drawn to scale)
BD? =DC*+CB*  (Pythagoras' Theorem )
=12 +9*
=225
BD =15 cm

@) Prove that AABM is similarto ABDC.

AB|| DC (opposite sides of a rectangle are parallel)

In AABM and ABDC

LABM = £BDC (attemate angles are equal as AB || DC )
ZLAMB= £DCB  (both 90°)

AABM || 8BDC  (equiangular)

@iii) Hence findthe lengh of V. (Gve reasons)

BM 12, .. L . . .
—1—2—- = I—(ratlos of corresponding sides are equal in similar trxangles)
BM =9.6 cm
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Qustion7 (START A NEW PAGH

(2 Inanexperimett, the amourt of crystals, x grams, that dssolved in a sdution after t mimtes
was given by

(i)

x=200{1-™)

Ater 3mfnttes it vas found that 50 grams of crystals had dissd ved, hence findthe
value of &

when t=3,x=50
50=200(1-¢™)
0.25=1~e*

e =0.75

-3k =1n(0.75)

- _1‘i°3ﬂ§) (=0.09589)

A vhat rate verethe arystals dssolving after Sminutes? G ve your ans veer tothe
nearest gram/mimge.

x=200(1-¢™*)
&_ 200ke™ wherek=— In{0.75
dt 3
whent=5
n(0.75
i _ 200(_111@2 5
dt 3
=~30.9779566

rate = 31 grams/minute

() Two partides Aand Bstart fram the arign & the sametime and move along a strai gt line
so that their vel ocities inm/s & anytimet seconds are gven by

v,=t*+2 and v, =82

JRAHS 2008 Trial HSC Mathematics (2 Unit)
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i) Showthat thetvo particdes never move Wththe same acceleration

dv
a, =—ZIA
=2t
a,= dv
@
=2
ifa,=a,
2t=~2
t=-1
butt=0
. no solution

. particles never move with the same acceleration

(ii) Write afomua for the position of particde Aat timet seconds.

x, =1 +2+c
when =0, x, =0=>c=0
x, =4 +2

(iii) After leavingthe origin find vhenthet vo partides are again at the same position

x, =81—~1*+d

when t=0, x, =0=>d=0

x, =8t—1t

when x, =x,

L+ 2 =8r—1

£4+3:7-18t=0

t{r+6)fr~3)=

t=3 (t>0)

-, at same position after 3 seconds

JRAHS 2008 Trial HSC Mathematics (2 Unit)

13

Question8 (START A NEW PAG B

@ Gventhat f(x)=x*Vv10-x, showtha f’(x)=§f/(§——0_-%. 3
f(x)=x’(10—x)i"
= a)f10-xp (z)g(m-x)-%x_l}
=2x4/10-x— J—_
_4x{10-x)-2"
Tofio-x
_ 40x—5x"
2W10—-x
_ 5x(8-x)
24W10—x
(ii) Statethe domain of the function y=x"y10-x. i
Domain:10—x=0
x<10
(iii) Find dl the stationary poirts onthe curve y=x/10~x and determine their nature. 5
for stat .pts P,
dx
5x(8—x) =0
2W10-x
x=0or8
x=0,y=0and x=8, y=8"410-8
=642
stat. pts. are (0,0)and (8,64\/—2—)
Test. natur
X -1 0 1 X 7 8 9
& |8 £ & | 3 i
dx 21| 0 6 dx 243 0 2
<0 >0 >0 <0
\_/ local min £ \_local max
.. local min. tp. at (0,0)and local max. tp. at (8,644/—2-)
14
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(iv) Sketchthe curve y=x"y10-x indcatingitsitercepts viththe co-ordinate ages andthe Question 9 (START A NEW PAGEH
ition of df stai it
positi ionary poirts. Marks

(2) Primelandaong afareshore isto be reclaimed and devel oped as part of a howsing estate. A
3

‘ () = x2.4/10x
(8, 64J2)

E 0, 0 ; ' : 0,0

ke Smpson’s rue wthfive functi on val ues tofind the approximdae area, expressed in
hectares, o thelandto be reclaimed

area s 22—(1(700+ 4x 1200+1500)+§2—°(1500+ 4x1000+500) m*

~ 650000 m’

area ~ 65 ha

® y

P(xy)
N(,3)

M(3,0) x

The poittP(x,y) moves sotha its dstance fram the poittM(B,O) is d vays t wee its
distance fram the poirt N(0,3).

15 16

IRAHS 2008 Trial HSC Mathemmatics (2 Unit) JRAHS 2008 Trial HSC Mathematics (2 Unit)




« (i) Showthat the equation of thelocus of the poirt Plx,y) is x* +2x+y* ~8y+9=0.
PM =2PN

PM* =4PN*?

(e—=3F +* = 4l + (y-3F}

# —6x+9+y’ =4(xz +y? —6y+9)

P —6x+9+y =4x* +4y’ —24y+36

3x* +6x+3y* —24y+27=0

2+ 2+’ -8y +9=0

(i) G ve a geandric description of the locus.
x+2x+y' -8y+9=0
x* +2x+y" ~8y=-9
2t +2x+1+ Y -8y +16=~9+1+16
(x'c-l)z-t-(y—4)z =8
locus is a circle with centre at (~1,4)and radius = 22

—4x for x<0
. G' h = 'f =

@ O aph y f(x)l f(x) {x2+3 for x20

Y

fx)=-4x f)=x?+3
E,
1
-2 -1 0 1 2 x

@iy Evalude f=2)+ 1.
-2+ 7(2)= - a-2)+ o) +3}

=8+7
=15

Gy Solve for a>0: fla)= f-a).

a*+3=4a
a*—4a+3=0
(@=1fa=3)=0
a=1lor3
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(a) Abigale decides to save for acar. She crestes a savings accourt irto vhich she deposits
$100 4 the beginning of each week The accourt paysirterest & arae of @ 16% per week
calou ated onthe value of the accourt a the end of each veek

(i) Showthat Abigale’s accourt is vorth 62600(1.0016" —1) ddlars @ the end of n 3

weeks.

Let A, dollars be the value of Abigale's account at the end of » weeks
A, =100x1.0016
A, =(A, +100)x1.0016
=100x1.0016% +100x1.0016
=100(1.0016" +1.0016)
4, =(4, +100)x1.0016
=100(1.0016° +1.0016” +1.0016)
2 A, =100{1.0016° +1.0016™ +...+1.0016" +1.0016)

=100)(1.0016!1.0016 —1!

1.0016~1

_ 100.16!1.0016'l —l!

0.0016
A, =62600(1.0016" ~1)

(i) Findthe value of Avigale’s account at the end of 52 weeks. Gve your answer correct
tothe nearest dollar. 1

A, =62600(1.0016" ~1)
when n =352
A,, =62600(1.0016" ~1)
~5426.60
Value of account =$5427 (to the nearest dollar)
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@(it) Findthe number of veeks needed for Abigale’s accourt to accum u Ze $20000.

( G ve your ans veer to nearest veek)

(ii) Hence findthe speed far the greatest fuel economy andthe am ourt of fuel used & this

speed (Justify your ans ver.)

20000 = 62600(1.0016" ~1) 625000 o0
20000 v
1.0016" ~1=
62600 dT __625000 0
dv Vv
1.0016" —§1—3 dr
313 for stat. pt. — =0
nin(1.0016)= m(m) 625000 y
() 313 — T+ 40v=0
In{33
“n{i.0016) oy = 625(2)00
=~173.416
v’ =15625
.. no. week=173 25
yv=
(Note:174 weeks is possibly a more correct answer since at173 PT 1250000
weeks the account would be slighty less than $20000) ey = 2 ——+40
v \4
2
() Whena shpxs travelling 4 aspeed of v km/hr, its rate of consum ption o fuel intonnes per when v =25, ‘_1,211.___-1_2_5@99_4. 40
hour is g ven by 125+0.004v". dv 25
>0
(i) Showthat on a voyage of 5000km # a speed of v km/Ir the famula for thetaal fuel - concave up, .. localmin. tp.
used, Ttonnes, is g ven by: 625000 1 Since the function is continuous for v > 0 and there is only one stat. pt.then the local
2
v ———+20v min. fp.is the absolute minimum.
5000 . minimum speed = 25 km/hr and amount firel used =37500 tonnes
ime =

Amt. of fuel = time x consumption rate
5000

x(125+0'004v ) @ This is the END of the examinati on paper &

6
_625000 0,
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