STUDENT NUMBER/NAME: «..covveanns B

- Mathematics

General Instructions

Reading time — 5 minutes

‘Working time — 3 hours

‘Write using black or blue pen

Black pen is preferred

Board-approved calculators may be used
Answer Section 1 on the multiple-choice
answer sheet attached on page 15
Answer Section II in the writing booklets
provided

Start each question in a new booklet
A table of standard integrals is provided
on a separate page

Show all necessary working in
Questions 11 — 16

Total marks — 100

Section I
10 marks
s Attempt Questions 1 - 10
Allow about 15 minutes for this section

Section IT
90 marks
o Attempt Questions 11 - 16
Allow about 2 hours 45 minutes for this section
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Section I

10 Marks
Attempt Questions 1-10 ,
Allow about 15 minutes for this section

Use the multiple choice answer sheet provided on page 15 to answer Questions 1-10.

LT
1 Find the exact value of sin.
J3 1 2
A) — B) — C) ——
A) 5 ®) 7 © 7
2 What is the solution to the inequality [2— 5% <7 .
9 9
(A) x<~1 0rx<§ ®) x>—1orx<§
9 9
(C) x>~1 or)_c>g D) x<-1 01'x>-5~

3 ‘What is the solution of the equation 4fm-9=0 ?

L
@A) m=7

ol
®) m=7

81

(C) h= R

®) m=6

® 7

4 Which of the following equations represent the locus of a point, P(x, y), which is always 6 units

from the point (3, —4).

A x—3):+@F+4)?=6 B)(x+3)2+(y—4)*=6

© (x-3)2+(y+4)*=36 D) (x+3)2+(y—4)* =36
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Section I Continued

5 Which of the following is the graph of y = |x| — 2.

A) ®)

© ™
y
S P
-1 ¢ Il { ) It x
T I A
2 R

Which of the following is true for the equation 2x*~5x—-3=07
(A) No real roots.

(B) One real roots.

(C) Two real and rational roots.

(D) Two real and irrational roots.

Consider f(x) =~6— and g(x)=2x+4 . Find the values of x for which
x
flx) = g(x)?

(A x=~1orx=3 B)x=—~1lorx=-3

(C) x=1lorx=3 D)x=1orx=~3
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Section I Continued

8 Which of the following is true for the function f(x) = 3x2 ~x?
(A) f(x) is an even function.
(B) f(x) is an odd function.
(C) f(x)is neither odd or even.

(D) £ (x) is not a function.

2 2

9 What is the value of lim x=¢ ?
X3C x —_— C
(A) Undefined ®) ¢ © 0 D) 2¢

10 The graph below represent the gradient function y = f'(x).

At point A, which of the following statements is true
A) fl(x) <0and f"(x) <0
@) f'(x)<0and f"(x) >0
©) f'(x)>0and f"(x) <0

D) f'(x) >0and f"(x) >0

End of Section I
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Section IL

90 Marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Start each question in a new writing booklet. Extra booklets are available.
All necessary working should be shown in every question.

Question 11 (15 marks) Start a New Writing Booklet

(  Simplify g-— 3

) Find integers g and b such that (3-—\/5 YV=a+ s

cot’9

Simplify —————
© implify 2cosec’d —2

(d Show that the line y = 2x — 8 is a tangent to the curve y = x® — 4x + 1
at the point where x = 3.

(e) Given the quadratic equation x2 — (2 + k)x + 3k = 0, find the value of k

if the two roots of the equation are reciprocals of each other.

L6
) Find Z;

n=2

Question 11 continues on page 6

Marks
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Section 11 Continued

Question 12 (15 marks) Start a New Writing Boolklet Marks
, y

(g) A hiker begins her journey at a youth hostel, Y, and walks 4km on a bearing of () A

15° to her lunch stop, L. She then walks on a bearing of 110° for 5.2 km until c©,8) NOT TO SCALE

she reaches a waterfall, C. The hiker then returns to the youth hostel for the night.

The diagram below represents the hikers journey.

B(4,2)
S X
O] A(1,0) -

The diagram shows the points A(1, 0), B(4,2) and C(0, 8) on the Cartesian plane.

0] Show that the equation of BC'is 3x+2y—16=0. 2
q
(i) Find the size of the angle £LYLC 1
ii Find the length of AB. 1
(ii) Find the total distanced walked by the hiker. Give your answer to two 2 (i) &
decimal places.
i) Fi 'd the bearing of the hunch ston from th terfall 1 (iii)  Find the equation of the circle with centre A that passes through B. 1
iii) Find the bearing of the lunch stop from the waterfall,

Use the answer sheet provided on page 15 to answer Question 12 (a) part (iv).

End of Question 11 (iv)  On the answer sheet provided shade the region that satisfies both 1

the inequalities: 3x+2y—16=0and y<0
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Section 12 Continued

(b) In the diagram, AB = AD ‘= DQ and ZDBC =90°. Line AQ is parallel to line BC and
meets DBat PandDC at Q.

(i)  Give areason why ZAPB =90°.
(ii) Prove that AAPD is congruent to ADPQ.
(iii) What type of quadrilateral is ABCD, Justify your answer with appropriate reasoning.

() The sum of the first 7 terms of an arithmetic progression is 77. If the 1% term is 2,

find the 8% term of the series.

d) A arm of a pendulum swings through an arc on its first swing

o
S

A

¥
]
1
i
]
¥
I
t

Each successive swing is 90% of the length of the previous swing. Let the length of
the arc = x.

Find the total distance the arc travels before coming to rest.

End of Question 12
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Question 13 (15 marks) Start a New Writing Boolklet

@

(b)

(d)

O

Differentiate with respect to x:

@) xlog.x
(i)
sSmx

A minute hand of a clock is 10cm long. Calculate the distance travelled
by the minute hand between 1:20pm and 1:35 pm. Leave your answer in exact form

(i) Sketch the parabola, P, which has a focus of (2, 0) and a directrix y = —2.

(ii) Find the equation of the parabola P.

Use Simpsons rule, with five function values; to estimate the area under the curve, - -
y = e?* bounded by the curve, the x —axis and the lines x = 1 and x = 2.

The diagram shows the graphs of y =sinx and y =cos2x for 0Sx < 7.

The graphs intersect at A (%,—;—) Find the exact area of the shaded region.

y
A )
1 y=sinx
A
0 X " >
4 2
-1 y=cos2x
End of Question 13
9
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Question 14 (15 marks) Start a New Writing Booklet

(a)

(b)

(©

Consider the curve y=xe*.

@) Find the coordinates of the stationary point and determine its nature.
(i)  Find the coordinates of the point of inflexion.

(ili)  Sketch the graph y = xe* showing all important features.

1 3
Show that f(x)=———— is decreasing for all x,x # =
)= g :

The population P of a country town on January 1, 1995 was 1730 and on

January 1, 2005 was 1160. The town's population is known to be changing
according to the equation %E = kP where t is time in years measured from
¢

January 1, 1995 and k is a constant.

6)] Verify that P = Ae® where A is a constant,
satisfies the equation % =kP.

(i) State the value of 4

(iif)  Find the value of %, correct to 4 significant figures.

(iv)  Approximately how many people are expected to leave the town during

the year 20057

(v)  Atwhat rate is the population changing at the end of 20057

End of Question 14

Marks
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Quesﬁon 15 (15 marks) Start a New Writing Booklet
4
Find | ——— dx
(a) in J. T by

®) The position of a particle is given by the equation: x = t3 — 12¢% + 36t — 8,
- where t is measured in seconds and x in metres.

(1) When does the particle come to rest?

(ii) When does the particle first change direction?

(iif) Find the total distance travelled by the particle during the first 10 seconds.

y
© A 5.2)
N X
0,0 i’

The diagram shows the graph of y =+/x—1 between (1, 0) and (5, 2).
The shaded region is rotated about the y axis.

Find the volume of the solid formed. Leave your answer in exact form.
. 1.
@ For the functiony = Estx :
(i)  Find the amplitude.
(if) Find the period.
L.
(iii) Sketch the graphy= Esm 2x ,where— < x < 71,

(iv) Find the range of values for k that satisfies the equation
sin2x =2k where ~m < x < 7.

End of Question 15

11

Marks
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Question 16 (15 marks) Start a New Writing Booklet Marks

@

i

|

|
/)_—Mm‘_—_

/7
/ X

/s

X

The material for the square base of a rectangular box with an open top costs 27 cents
per square cm and for the other faces costs 13.5 cents per square centimetre.

@ Show that the total cost of materials, C, for the box can be written as
(ii) If the cost of making each box is $65.61, find an expression for & in terms of x. 1
(ili)  Show that the formula for the volume of the box can be expressed as .2

V= l(243x~ )
2
(iv)  Find the maximum volume of a box than can be produced for $65.61. 3

()  Ally borrowed $20 000 from a bank to go on a vacation. Interest on the loan is
calculated monthly at a rate of 0.5% per month. Her monthly repayments are $M
and the loan is to be paid off after five years.

Let 4,, be the amount of money owing on the loan after the n®* repayment
has been made,

(i) Show that 43 = 20000(1.005)3 — M(1 + 1.005 + 1,005%) 2
(ii) Show that A, =20000x1.005" —200M (1.005" ~1) 1
(iii) Calculate the value of the monthly repayments required by the bank to pay 2

off the loan in the 5 years,
(iv) After costing her trip, Ally found that she would actually need to borrow 3

$30 000 for her vacation. If the monthly repayments remained the same, how
long would it take Ally to pay off her loan?

End of Question 16

End of Examination

12
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e Attempt Questions 1- 10
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Section I
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Qn Solutions

1 Question
Find the exact value of =sin

Solution

Answer = A

Question
|2-5x <7
Solution

2-5x<7 or 2—5x>-7
-5x<5 -5x>-9

x>-1 x<g

5

Question
4dm-9=0
4m=9

9
m=z
81

m=']3

nswer = (|

4 Question

Circle
Centre=(3, —4)
Radius =6
Solution

(x—3)* + (y+4)* = 36

Wy

b
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5 Question
y=lx|-2

Answer

Answer = B

6 Question

Find the roots of 2x*~5x—3=0
Answer

A=25-4x—-3x2 =48
Therefore there are two roots of the equation and they are
rational as 49 is a square number.

Question

f) =g
Solution

6

—=2x+4

x

252 +4x—-6=0
x*+2x—-3=0
x+3Ex-1=0

s x=-31
Answer = D

Kambala -Mathematics - HSC Task #4 - Trial Examination - August 2014

8 Question

f(x)=3x2—x

Solution

flx)=3x2—x

fl=x) =3x2—x

o f(x) is neither odd nor even

Answer = C|

9 Question
.2 2

lim
X x —_ C

Solution

. (x=0)(x+0)
Hm ~————
xX~c XxX—cCc
Sl o

=2c

Answer =D,

10 Question
y=f

Solution

'(x) >0and f"(x) <0
Answer =B
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Method 1:
Question 11 (15 marks) Marks sub (Dinto (2)
i 2x—8=x2—4x+1
o X 2x=3 x*—6x+9=0
(a) Simplif; ST 2 A= 62 — 4X9%1
5x 2(2x —3) A=0
010 Method 2:
5x —4x 46 Sub x = 3into both equations:
=7 Sub x = 3 into (1)
y=2x3—-8
= 10 Sub x = 3 into (2)
y=32-43)+1
(b) Find integers a and b such that (3— \/g)2 =q+ b\/g 2 y=-2
Method 3:
9"6\/’5—4‘5 (x_3)2=0
x=3
14— 6V5 Sub x = 3 into (1)
y=2x3-8
sva=14andb = —6 y=—2
cot*0 Therefore y = 2x — 8 is a tangent to the curve y = x% — 4x + 1 as there is only one point
Simplif; r
(©) imph YM 2 of intersection at (3, -2).
COtZQ . . s 2 .
m (e) Given the quadratic equation x* — (2 + I)x + 3k = 0, find the value of I
if the two roots of the equation are reciprocals of each other.
_ cot® b e
~ 2(cot?6) a+[3—7and aﬁ—z
o 1 3k
_% ¢ a 1
(@)  Show that the line y = 2x — 8 is a tangent to the curve y = x% —4x + 1 2 v 1= ik
at the point where x = 3. k==
3

4 6
0] Find Y —

n=2 n
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Question 12 (15 marks) Marks

(g) A hiker begins her journey at a youth hostel, Y, and walks 4km on a bearing of
15° to her lunch stop, L. She then walks on a bearing of 110° for 5.2 km until
she reaches a waterfall, C. The hiker then returns to the youth hostel for the night. (a) The points A(1,0), B(4, 2) and C(0, 8) are on the Cartesian plane.
The diagram below represents the hikers journey. 0) Show that the equation of BC is 3x+2y—16=0.
i _8-2
% Mye =374
z 3
My = — E

8 = 3 0
y- ——2(x )

2y —16 = —3x
“3x+2y—-16=0
(ii) Find the length of AB.

dAB =4/ (4"‘ 1)2 + (2““ 0)2

(i) Find the size of the angle LYLC 1 dsp = V13 units

ZYLX = 15° (Alternate angles in parallel lines are equal)
2YLX = 70° (Straight angle)
v LYLC = 85°

(iii)  Find the equation of the circle with centre A that passes through B.

(i) Find the total distanced walked by the hiker. Give your answer to two 2 (x-1*+y* =13

decimal places,

YC? = 42 4 5.22 — 2%4x5.2%Xc0s85 (iv)  On the answer sheet provided shade the region that satisfies both
YC? = 39.4143211 the inequalities: 3x+2y—-16=20and y<0
YC =628

Total distance walked = 4 + 5.3 + 6.28 = 15.48km
(iii) Find the bearing of the lighthouse from the waterfall, 1

2LCZ =70° (Cointerior angles in parallel lines are supplementary)
The bearing of the lunch stop from the waterfall is 290°T
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Section 12 @
(b) In the diagram, DQ= 48 = 4D and £DBC =90°. Line AQ is parallel to line BC and

meets DBat PandDCat Q0. -

A arm of a pendulum swings through an arc on its first swing

1
i
H
i
i
H
]
i
1

A B
............. G
P
Each successive swing is 90% of the length of the previous swing. Let the length of
D 0 c the arc = x. Find the total distance the arc travels before coming to rest.
\\ ’ %+ 0.9% + 0.9%x + 0.9% ...
. x
() Give areason why ZAPB =90°, 1 S» =109
. \ Seo = 10x
£LAPB = £PB( = 90° (Alternate angles in paraliel lines are equal)
(i) Prove that Prove that AAPB is congruent to ADPQ. 2 Question 13 (15 marks)
In AABP and ADPQ (a) Differentiate with respect to x:
DQ = AB (given) (i) xlog.x 2

£APB = £DPQ (Vertically opposite angles are equal)
2DAP = £PQD (Base angles are equal in isosceles triangle)

#AABP = AADP (AAS) Y ogx
- e
X

dx
(iii) What type of quadrilateral is ABCD. Justify your answer with appropriate 1}1 —1 41
reasoning, 2 dx 0geX
' 2ABD = £QBD (Corresponding angles in congruent triangles are equal) (i) X
sinx
~ AB || DC (Alternate angles are equal) 2

~ ABCD is a trapezium ( quadrilateral with one pair of parallel lines)
dy sinxx1 - xXcosx

(¢)  The sum of the first 7 terms of an arithmetic progression is 77. If the 1* term is 2, 2 dx sin? x
find the 8" term of the series. EX _ Sinx ~ xcosx
a=2 dx sin? x
S, =177
(b) A minute hand of a clock is 10cm long. Calculate the distance travelled
77 = %(4 + 6d) by the minute hand between 1:20pm and 1:35 pm. Leave your answer in exact form 2
T
154 = 28 + 42d r=10and9=§
154 = 42d =78
10m
d=3 = =-cm
Ty =2+7%x3=23 L= 5mem
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(c) (i) Sketch the parabola, P, which has a focus of (2, 0) and a directrix y = —2.

A

\

e % T
Mozt

e

(ii) Find the equation of the parabola P,

(x=2)?=4(y+1)

(d) Use Simpsons rule, with five function values, to estimate the area under the curve,
y = €**, bounded by the curve, the x—axis and the lines x = 1 and x = 2,

X 1 1.25 1.5 1.75 2
y = e o2 pexs o3 235 ok
1251 - 2 2.5 3 3.5 4
Am——(e +4(e?) +2(e®) + 4(e3%) + e
1
A= Ii(e2 + 4(e*%) + 2(e3) + 4(e3%) + e*)

A ~ 23,6 units squared

(¢)  The diagram shows the graphs of y =sinx and y =cos2x for 0<x<%.

The graphs intersect at A (%,%) Find the exact area of the shaded region.

y

1 y=sinx

A\i -
4 2
- ¥y =Ccos2x

w ks
A= ffcos(Zx) dx — fﬂgsin(x) dx
i3

A= Esin(Zx)]E— [: cos (x)]f
0

A_l,n 1_0 i 0
—\z;mal/—ism (—c05g+ cos0)
3 V3
A=—+4 -1
4 2
qoYBt2/3-4 3V3-4
- 4 T4
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Question 14 (15 marks)

(a) Consider the curvey = xe* .

Marks

(3] Find the coordinates of the stationary point and determine its nature. 2

y' =xe* +e*
y' =e¥(x+1) andy" = xe* + 2e*

Stationary points when y' = 0
0=e*(x+1)
e*=0and(x+1)=0
x=-1
-1
Y=
When x = —1
y'==let+e 141
y'" > 0 therefore point (—1,%) is a minimum

(ii)  TFind the coordinates of the point of inflexion.
Points of inflexion when y" = 0
y'"' = xe* + 2e*
0=e*(x+2)
o 2
X = —2, y = e_‘i

Test for change of concavity

X -2.1 -2 -1.9

' - 0 +

Therefore change of concavity at x = —2
Therefore there is a point of inflexion at (—2, ;2;)

(iii)  Sketch the graply=xe* showing all important features.

¥

s
(2™ Cgee|



Kambala -Mathematics - HSC Task #4 ~ Trial Examination — August 2014

Show that f(x)=

©

1 . .
W is decreasing for all x, x ¢El 2

f(x) = —3(2x - 3)"2x2
My 0
f (x) - (ZX - 3)2
(2x - 3)2 >0
—6
“ox=aE 0

 f'(x) is decreasing for all values of x x # 51

The population £ of a country town on January 1, 1995 was 1730 and on January 1,
2005 was 1160. The town's population is known to be changing according to the

dapP
equation ar =P where t is time in years measured from January 1, 1995 and k is a

constant,
@ Verify that P = Ae", where A is a constant,

satisfies the equation (:I—P =kP. 2
t

dP
—_—= kt
T Axke

EE = kP
(ii) State the value of 4, 1

A=1730
(iii)  Find the value of £, correct to 3 significant figures., 2
1160 = 1730xe10%
1160

1730
1160

1730

116
loge ('1—75) =10k

k = —0.03997

= @10k

= gl0k

(iv)  Approximately how many people are expected to leave the town
during the year 2005? 2
Ago = 1730%e 003997011 = 1114

1160 — 1114 =45
Therefore 45 people are expected to leave in 2005

) At what rate is the population changing at the end of 2005?

P
i ~0.03997x1114 = —44,53

The towns population is decreasing at a rate of 44,53 people per year at
the end of 2005.
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Question 15 (15 marks)
4e**
Find | ——
(a) in j1+32’ dx
= 2log.(1+e*) +¢

(b) The position of a particle is given by the equation: x = 3 —~ 12¢% + 36t - 8,
where t is measured in seconds and x in metres.

(i) When does the particle come to rest?
% = 3t2 — 24t + 36
Particle comes to rest when x = 0
3t2—24t+36=0
t2—8t+12=0
t-6){t—-2)=0
t = 2s and 6 seconds

(i) When does the particle first change direction?
whent =2

(lif) Find the total distance travelled by the particle during the first 10 seconds.
Total distance travelled

T=0atx=-8
T=2x=24
T=6x=-8
T=10 x = 152
Total Therefore total distance travelled is 224 metres.
© y
A (5,2)
ANAY) o
T4

The diagram shows the graph of y =+x—1 between (1, 0) and (5, 2).
The shaded region is rotated about the y axis.

Find the volume of the solid formed.

v=7rf02x2dyandx=yz+1
2
=1‘L‘f x?dy

0
2
v=n | *+2y + 1dy
0
5 2 2 2
v=7r[z—+—y—+y]
5 3 0

206 ,
v == units®
15
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Question 16 (15 marks) Marks
(d)  For the functiony= %sian :

(2)
(i) Find the amplitude. 1
a== ’
2
Gi) Find the period. 1 a
Period =7
(iii) Sketch the graphy = lsin 2%, where—7 < x < 7. 2 The material for the square base of a rectangular box with an open top costs 27 cents
2 per square cm and for the other faces costs 13.5 cents per square centimetre.
® Show that the total cost of materials, C, for the box can be written as
) C =27x*+ 54xh
‘ SA=x%+4xh
o~ “f &€ =27x* + 54xh
4 N / \ (ii) If the cost of making each box is $65.61, find an expression for J, in terms of x, 1
7l N € =27x2 + 54xh
NS ~_ 6561 = 27x? + 54xh
( ) - 54xh = 6561 — 27x?
S54xh = 6561 — 27x?
243 «?
iv)  Find the range of values for k that satisfies the equation 1 2x 2
sin2x = 2k where —1 < x < TI. : (iii)  Show that the formula for the volume of the box can be expressed as
—05<k<05 V= Ah
V=2x%h
v , (243 x?
=x°|———
2x 2
1
V= 5(243x - x3)

(iv)  Find the maximum volume of a box than can be produced for $65.61,
Maximum volume when V' = 0

1
V= (243 - 3x7)

1
0=:(243~ 3x2)
3x%2=243
x%=81
x=49,asx>0
x=9

1
V' = -2—(-“6?()
V" =-3x
whenx =9
V'=-27<0
Therefore a maximum volume at x = 9

1
Vo= 5(243><9 —93%) = 729 cm?®

15 16
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®)

Ally borrowed $20 000 from a bank to go on a vacation. Interest on the loan is
calculated monthly at a rate of 0.5% per month. Her monthly repayments are $M
and the loan is to be paid off after five years.

Let A,, be the amount of money owing on the loan after the n* repayment
has been made.

(i) Show that A, =20000x1.005°— M (1+1.005+1.005%)

Ay = 20000X(1.005) — M

Ay = (20000X(1.005) — M)(1.005) — M

A, = 20000(1.005)% ~ M(1.005) — M

Az = 20000(1,005) — M(1.005)2 — M(1.005) — M
Az = 20000(1.005)% — M(1 + 1.005 + 1.005%)

(i) Show that A, =20000x1.005" -200M (1.005" ~1)

A, = 20000(1.005)" — M(1 + 1.005 + 1.0052 + - ..., +1.005""1)
_1(1.005" = 1)

Sn = 1,005 — 1
g 100571
T 0,005
« A, = 20000(1.005)" — M 1.005% -1
i ' ¢ 0.005 )

A, = 20000(1.005)" — 200M(1.005" — 1)

(iif) Calculate the value of the monthly repayments required by the bank to pay 2

off the loan in the 5 years.
Ay =10
—20000(1.005)%° = —200M (1.005%° — 1)
—20000(1.005)%°

= Z200(1.005% — 1)
M = 386.66

The monthly repayments are $386.66
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(iv) After costing her trip, Ally found that she would actually need to borrow 3

$30 000 for her vacation, If the monthly repayments remained the same, how
long would it take Ally to pay off her loan?

0 = 30000(1.005)" — 200M(1.005™ — 1)

200M(1.005™) — 200M = 30000(1.005)"

200M(1.005™) — 30000(1.005™) = 200M

(1.605™)(200M — 30000) = 200M

200M
N ny —

(1.005™) = (200M - 30000)
(10057) = 200%386.66

(200%386.66 — 30000)
(1.005™) = 1.6338
n = logy.0051.6338
log401.6338
"~ logy,1.005
n = 98.43
Therefore it will take 99 months (8 years 3 months) to pay off the loan. -



