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- Mathematics Extension 1

General Instructions
#

e Reading time — 5 minutes

e  Working time — 2 hours

e Write using black or blm;< pen

e Board-approved c;dculators may be used

e A table of standard integrals is provided at the
back of this paper

o All necessary working should be shown in
every question

e Start a new booklet for each question
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Total marks — 84

o Attempt Questions 1 —7

o All questions are of equal value
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Question 1 (12 marks) Use a SEPARATE writing booklet

4—2x_<_
x+5

(3] /
sm -3—x .

>0 X

(a) Solve the inequality 2

(c) Giventhat 0 <a < % , show that S_ =2cota for the geometric series

sin2a +sin 2¢ cos? @ +sin2a cos* @ +sin 2a cos® a + ...

. (d)  Afunctionis given by therule y = f—% Find the rule for the inverse function.
x+

-2
Find | -—=—d
©  Fn f Jo—4x

End of Question 1
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Question 2 (12 marks) Use a SEPARATE writing booklet. Marks

(® CD is a tangent to the circle and AC is a secant to the EIrEI?interseet«ing\tL{e circle at B.

~

©

@) Provethat ACDB ||| ACAD.

(ii) Hence show that (CD)" = CAxCB @

®)

AC is a secant to the circle, centre O. intersecting the circle at B.
CD is'a tangent to the circle.
BCis 6cm and 4D is 8cm.

Find the exact length of DC, giving reasons. B @
, -

Question 2 continued on page 5
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Question 2 (continued) Marks

(c) On one expressway driving to the Blue Mountains there are five toll gates.
Three of these gates are automatically operated and the other two are manually operated.

Drivers with an official “etag” are able to use any of the gates but those without must use-

R _ one of the manually operated gates.

Si Ting, Yuki and Ikuko drive through the toll gates everyday with their “etag”.

()  One day Si Ting has left her “etag” at home. &
Find the number of ways in which the three drivers can go through the toll gates

so that they all use different gates.

(i)  On another day all drivers have their “etags”. 2
' Find the number of ways in which the three drivers can go through
‘ the toll gates so that exactly one goes through a manually operated gate.
1 20
@ Find the constant term in the expansion of (x —5—3—) ) @
X

End of Question 2
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Question 3 (12 marks) Use a SEPARATE writing booklet. v Marks
® The point P(2ap,ap”) lies on the parabola x? =4ay . The focus S is the point (0,2).
. #
The tangent at P meets the y axis at 0.
@ Given that the equation of the tangent at Pis y = px— ap®, @!
o ~find-the eoordinates of ¢
(i)  Prove that SP =50 G
I
®» @ Express cosf —+3sin@ in the form Rcos(6+ o) where ¢ is in radians. @
& " : . .
(ii) Hence, or otherwise, g_rap]g cosf — «/_3_ sin@ @
= 1
for 0<0 <27 indicatung all intercepts.
(¢)  Use the process of Mathematical Induction to prove that for all positive integers », @

where n=1:

SRR S S ! ="
1335 57 77 (2n-1)(2n+1) 2n+1

End of Question 3
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Question 4 (12 marks) Use a SEPARATE writing booklet. Marks
(a) The function f(x)=x’—In(x+1) has one root between 0.5 and 1.
()  Show that the root lies between 0.8 and 0.9. ®

&

(ii) Hence, use the Halving of the Interval method once,
-- to find the root correct to one decimal place. You must justify your choice,

x
xr =1

(b) Let f(x)=
o For what values of x is f(x) undefined.

(i)  Showthat y = F(x) is odd.

® o ©

(i) Show that y = f(x) is decreasing for all values of x for which the function is
defined.

(iv)  Hence sketch y= f(x).

.

©

(c) o ‘Write down the expression for tan24 in terms of tan 4 . C

(i) Given f(a)=aocota (ie. f(b)=bcotbetc), show that @
f(2a)= (1 —tan® a)f(a) N

End of Question 4
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Question 5 (12 marks) Use a SEPARATE writing booklet. Marks

(8  Differentiate sin™(e™) 7

(b)-- Two of theroots * +ax’ +b=0 are reciprocals of each other, 4,b are real numbers.

0] Show that the third root is equal to —b.

(i) Showthat a=5 —%1— .

© The two curves y =e* —1 and y = 2¢™ intersect at the point P.

@ Solve the equations simultaneously in order to show that the

coordinates of the point P are (1n2, 1)

(ii)  Find the acute angle between the tangents to the curves y = ¢* —1

and y =2¢™ at the point P. Glve your answer correct to the nearest degree.

.

End of Question 5 . &
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Question 6 (12 marks) Use a SEPARATE writing booklet.

(a)  Use the substitution x =2" (z> 0)to show

1

2 1 T

_— =2
J% NN 6

' ‘(b) From the top of a cliff an observer spots two ships out at sea. One is on a.

true bearing of 042° with an angle of depression of 6° while the other is
" on a true bearing of 312° with an angle of depression of 4°.
If the two ships are 200 metres apart, find the height of the cliff, to the nearest metre.

>

{(c)  Consider the expansion (7+3x)%
@ Show that by _325-K) y
r o T+

where #, is defined to be the coefficient of the term in x*, 0<k<25.

(i)  Hence, or otherwise, find the greatest coefficient 7, .

25
You may leave your answer in the form ( i )7“3” .

End of Question 6
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Question 7 (12 marks) Use a SEPARATE writing booklet. Marks
(@) Consider the function f(x)=cos™ Jx
()  Explain why the domain of f(x) is 0sx<1. @
(if)  Find the range of the function and sketch the graph of y = f (x) 2

(iii)  Use Simpson’s Rule with three function values to find an approximationtothe 2

area bounded by the curve y = f(x) and the coordinate axes.

(iv)  Use integration to find the exact area bounded by the curve y = f(x) 4

s

and the coordinate axes.

(b) 6] Write down the expansion of x(1+x)". @

(i) By first differentiating with respect to x, then substituting x =1, O
show that "C, +2"C, +3"C, +...+(n+1)"C, = (n+2)2""

End of Question 7
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Question

Criteria

Marks

Bands

2()(D)

ZCDB = ZDAB

angle between the tangent and the chord equal to the angle
in the alternate segment

LACD = £BCD

common

“.ACDBl|ACAD

2(a)(ii)

cb_ck
c4 CD

matching sides of simialr triangles
. CD* =CB.CA

2(b)

ZADB =90°

angle in a semi-circle is a right angle
AB =10cm Pythagoras
CD*=CAxCB

CD* =16x6

. CD=+/96 or 46

Since ABDC is isosceles (2 sides equal)
£BDC = £ZBCD (base angles equal)

Or ZBCD = £BAD (both equal to £BDC)
. AADC also isosceles
.AD=DC=8

290

Si Ting 2 choices
Yuki 4 choices
Ikuko 3 choices
2x4x3=24

Question Criteria Marks Bands
1 -
@ 4 2x£2 where x # —5
x+5 1
4-2x<2x+10 1
—4x<6
x2-15
Bychecking: x<-5and x2-1.5 1
1(b) . (ﬂ' ) e z
sinf —x sin| =x| | =x
. 3 . 3 3 1
lim =lim X
=0 2x 30 (ﬁ 2%
3
&
—x
1x23 J
2x
=
6 1
1(c) a=sin2a, r=cos‘a 1
__sin2a
® 1-cos’a
=zs—lw substitution and cancelling 1
sin® &
_ 2cosa
sine
=2coto
1(d) x+1
fiy=
x+2
f_l x= y+1 1
y+2
xy+2x=y+1
xy—-y=1=2x
y(x-1)=1-2x
_1-2x 1
‘ x—1
1(e) -2
—_——dx
@ J9—dx?
method 1: or method 2:
1 -1
2| — 2| —m—dx
f N f G- - 1
1 -1
2 ——dx 2| ———=dx
j 2J(5-x%) f 2(§-x%)
i f -1
S R — —
f JG-5%) JG-2%) 1
“(3) 6
=—8n" { — =C08 | —
3 1
2 1 2
=—sin“‘£{+c =cos“‘~2—{+C 1
2 3

2(0)()

Counting how many ways that one person goes through manual
gate 1:

3 choices for person through manual gate 1

3 choices for auto gate for person 2

3 choices for auto gate for person 3

3x3x3

Counting how many ways that one person goes through manual
gate 2:

3 choices for person through manual gate 2

3 choices for auto gate for person 2

3 choices for auto gate for person 3

3x3x3

Total = 54 ways
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_z A 5e
3 3 3
A+
2+
._3_-_

1 for y-intercept
1 for x-intercepts
1 for (shape) amp/shape

2(d) 1Y 20-k
Tn= 2Cx* (E) (x-s)
&
- ZOCkxk (1) xlk—ﬁ() 1
2
k
= ZOCkx4k~60 (_1_)
2
4k —-60=0 1
k=15
5
— 1
e, (__1_) = =969 = —4851
2 2 2
Question Criteria Marks Bands
32D Q(O,—apz) 1
3(a)ii) | SP=PM =a+ap’ 1
definition of a parabola PM is perp. distance from directrix
SQ=os+0Q:a+|—ap2| 1
~SP=5S0
3(b)(d) R=2 1
a=Z 1
3
2cos| O+ E)
3
3(b)(ii) y
3_:_
1 4
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39

Test forn=1

LHS =1 R
3 2+1 3

- LHS = RHS true forn =1

Assume true forn=4%

1 1 1 1 k
e — ettt =

13 35 57 (26 -1)(2k+1) 2k+1

Prove true forn =%k +1

o1 11 1 _{k+1}
ie—+——-+-—"+ ... + =

13 35 57 (2k+1)(2k +3) L2k+3
__k 1

2k+1 (2k+1){(2k+3)

k(2k+3)+1

(2k +1)(2k +3)
2K +3k+1
T (2k+1)(2k+3)

(2 +1)(k+1)
T (Zk+1)(2k+3)

(k+1)
“(2k+3)

strue for n=k+1

It has been proved true for n =k +1, and from above it was proved

LHS

true forn =1
therefore it is true forn=1+1, ien=2and n=3 and so on.

Therefore it is true for all integers #n21
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Question Criteria Marks Bands
4(a)() f(x)=x-In(x+1)
£(0.8) =0.8° —1n(1.8)
=-0.075
£(0.9)=0.9° -In(1.9)
=0.087
0.8 <root <0.9 dueto change of sign i
4(a)(ii) £(0.85)=0.85" ~In(1.85)
=-0,00106... 1
0.85<root <0.9 due to change of sign 1
root = 0.9 (to one decimal place)
0 % 1
f@)==
x -1
x is undefined for x = 1
4(b)(ii) =
S=m 1
i
-1
=—f(x) codd
4(b)(iid o o -1)-24"
f (x) = (xz . 1)2
_ -’ =1
NEEE
_ —(*+) € neg 1
[ V— pos
which is negative for all x..always decreasing 1
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4(b)(iv)
Y
1;
e
|11
PT |
| O\
10 - [ N 5 10
KAl
1]
ny
1
A
Asymptotes and symmetry
Shape
A0 | g o 2tand
1-tan® 4
4(c)(ii) if f(a)=acota
LHS =2acot2a
_ 1-tan’a
N 2tana
= (1—tan® a) x—=
tana
=(l1-tan’ @)xacota
=(t1—tan’ ) £ (a)
=RHS
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- 5(0)(ii T —
Question Criteria Marks Bands ()i n'=¢e v, =2
5 - n2 _ - —ln2=_
(a) d (sin ) = 1 g 1 m=e 2 m, =—2e 1
dx 1_(e—x)2 e 91 _
—e 1 1+2(-1)
} 1-e> 6=72° (nearest degree)
5(b)(i
O let the roots of x* +ax> + b =0 be a,l,ﬁ
a
o x—l— xf= = 1
1 1
s pB==b
5(b)(ii
®iD a+—+f=—a also ax-—+aﬂ+—ﬂ—=0 1
a
a+—=b-a...4 1-gf——=0
a
1
1-b| a+=|=0....B 1
I3
bstitute 4 into B
substitute 4 in B + (b +b=0
1-b(b-a)=0 R
2 b +ab* +b=0
1-b*+ab=0 o , s
) T ab®=b"—b
ab=b"-1
1
1 X a=b—— 1
a=b vy as required b
5()D lety =e" -1 y,=2e"
Point of intersection is when y; = »,
ie. e -1=2¢""
1
& -1= —2;
e
& —ef-2=0
(" +1)(e" -2)=0 .
g =-1 e"=2
no solution x=In2
=2-1=1
‘ 1

».point of intersection (In2,1)
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tan6° = —-= OB

OB

tan 4° =L =04
04

6@ | if x=it
dx l: 2 = =—l-—
Z= 2u 3 U =u N/
dx =2udu l=u2:>u_l
i 4 2
ji 1 alx—J 2udu
%\/;\ll—x u1-1?
_ 2udu
uv1-1?
=2[sin™ u]
1 1
= Z[Sin" \/;]f Z[Sin" u];ﬁ
n 7
6(b)

_h
" tan6°
__h
" tan4°

P )2+ h )2
tan 6° tan 4°

e (cot2 6+ cot? 4) =200%

2007 =

he ,2002 tan® 6°tan” 4°
tan? 4°+ tan® 6°

s W

+ ———
tan®6° tan® 4°

=11.6
=12 metres

200%

- (cot2 6 +cot” 4)

h=1.6m

6(c)(D
25 25 25
(7+30% =[ o j725 3x)° +( . j72“ Bx) +( 3 )723(3;;)2 Fo
25 25
+( f j725"" 3" +...+(25]7°(3x)25
25
T = 725k (3,3k
k41 ( k j (3x) Or
25
=[ k ]72”3 - Ton =G Gx)f
25 T, = 2ka_1 70D (35)
tk - 725—k3k
k
25 ’
’k+1=[k+1)7““"3“' Ty _306-R)
T, 7k
25 724—k3k+l
ta  \E+1
4 25 7257k
k
25!
3| (e +1)25- (e +1)!
7 251
E@5-k)!
3 2! JC2S- B4/ )
7| (k +DHI24£E)! 2!
_3(25-k)
T(k+1)
6(c)(ii) Largest coefficient is when
B oy
b
75-3k>Tk+7
68 >10k
k<6.8
k=6
b, =2C, T8
10
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7(b)(d) x(1 +x)'l =x{"C0 +"Cx+ "Cyxt + "Cyx Ak “Cnx"}

n+l

="Cox+ "Cx* + "Cyx + "Cyx* 4.+ "Cx

Question Criteria Marks Bands
@O | -1<Jx<l 1
. x <1, but smallest xcan be is 0
S 0<x<1
7(a)(ii) 0<x<1
g
cos” 1=0 1 (graph)
cos” 0= z
2
T
sL0Ly< —2- 1
7(a)(iii)
x 0 1
2 1
y r z
2 4
A= ——5{2 +4Z 4 0}
3 (2
_1{3_”}
62
=r
=7 1
7@Y) | y=cosVx =cosy=vx
x=cos’ y
z 1
E cos® y dy
1 i
=—2—E(0052y+1)dy 1
z 1
=l[—l—sin2x + x}z
2{2 b
}=l|:sin7r+£—(sin0 + 0):1
2 2
1 =z
= X =
2 2
=z 1
4
1

11
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7(b)(i)

d n n n n a
E{ Cox+ "Cx* + "Cyx + "Cyx* + .t "Cx “}
="Cy +2"Cx+3"Cx" +4"Cx + ot (n+1)"C %"

n-1

dix(1+x)" =(1+x) +nx{l+x)
X

(4 x) 4 mx(l+x)™ ="Co +2°Cx+3"Cox +47Cx .
+{n+1)"C,x"

letx=1:

2" 412" =7C, +2°C, +3"C, +47Cy ...+ (n+1)"C,
227 (24 0)="C, +27C, +3"C, +4"C, + .t (n+1)"C,

12




