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HIGHER SCHOOL CERTIFICATE
TRIAL EXAMINATION

Ma»thematics Extension 2

General Instructions Total marks — 120

= Reading time — 5 minute , s  Attempt Qﬁesti(%ns 1-8
» Working time— 3 hous « All questions are of equal vale

s Write using black or blue pen
* Board-approved calculators may be used
e A table of standard integrals is provided at the

back of this paper

s All necessary Working should be shown in
° every question

+  Start a new booklet for each question

Examiner: ND/BW
4/8/08

Kincoppal-Rose Bay, School of the Sacred Heart
HSC Mathematics Extension 2, Trial Examination 2008

Total Marks — 120 -
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

@ f 2x &

1-x*

[SIE

dx
® f 5 ‘
0 .+ COSX

(& ()  Showthat J ) J10) dx=Ja f(a-x:)dx

0
1

[ﬁ) Use this property to show that j P-x)° dx = !

5 340

Examiner : ND/BW “2 -
4/8/08
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Question 2 (15 marks) IQJse a SEPARATE writing booklet.
(® A complex number z is given by z = i
@ Evaluate 7 . Verify that zZ is real.

_.__(@) Find L in the form @ + b, where a and b are real.
z

@) A point z on the Argand Diagram is given below:

I A

A\ 4

Clearly label each point.
® = 7 ‘
Gy 2z
1
@ -
z

()  Express i - 1in modulus argument form, and hence simplify (7 — -

»

Question 2 continues on page 4

Examiner : ND/BW -3.
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Marks Question 2 (continued)

@

Copy this diagram into your examination booklet and use it to plot the following points.

.

Sketch the locus and state its equation:

G |z-2=lz~21 | . 2

(@) 22—3_:

——

A

In the figure above, the paints P, O and 4 represent the complex numbers Z,,Z, and (1,())
respectively. Given LOAP = ZOQR and £4OP = ZQOR.

Explain why R(Z,) represents the complex number Z,Z, . X
‘You must support your answer with clear and complete mathematical reasons.

End of Question 2

Examiner : ND/BW -4-
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Question 4 (15 marks) Use a SEPARATE writing booklet.

Marks
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Question 3 (15 marks) Use a SEPARATE writing booklet.

Marks

(&) @) If P(x)=x* +x° ~3x%2 —5x-2 show/ﬂlat P(x)= 0 has a multiple root, @ (a) y
find this root and its multiplicity. 1°7§
(i)  Hence factorise P(x)= x* +x% 322 =5x—2 into its linear factors. 4
. sl
(b)  The equation %% +2x~1=0 hasroots a,B,y . Find the monic equations with roots Ty »
_1: 0 -E’) T \ Ié ’ 1=0 X

s 2 02,2
@ oSy

@ b pr.ay

) @) Evaluate o®+ 8 +7°

()  Apoint P(ct ) lies on the rectangular hyperbola xy = ¢’

® W @

A0

The graph of. f(x) = —(x +1)? (3 x) is drawn dbove.

- . o, c On separate dlagrams draw a neat sketch showing the main features of each of the
@ Show that the equation of the tangent at the point P ct,? on the . following:
. . 2., N . = : .
rectangular hyperbola is given by x+1°y —’Zcz‘ . @ y=f(x-1) @
()  Prove that the area bounded by the tangent and the asymptotes of the @ @ y=slh ©
rectangular hyperbola is a corstant. '
@ y={@y @
@ r=¥G) 2
®  F=f® @
) y=e® @

®-

End of Question 4 (ii)
4

Examiner : ND/BW -6-
4/8/08 4/8/08

z

() Giventhat I, = J )

sec"x dx  showthat: )
0
L= (W2 +n-21,0) ~ 4
Hence or otherwise evaluate 1, | 1
End of Question 3
-5

Examiner : ND/BW
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Question 5 (15 marks) Use a SEPARATE writing booklet. Marks

@

ABC is an equilateral triangle, inscribed in a circle. X is a point on the minor arc BC.
) Prove that ABDX ||| AACX v - &

i)  Prove that XB +XC=X4 -3

’

) State whether each of the following are true or false giving brief reasons
for your answers: .
o j sin9x dx = 0
[}
3 *
(i) J xsinx dx =0 @
2
(©) Find the equation of the tangent to the curve cos2x +sin y=1 at the point x= % 3
(@ Usethe substitution x = asin @ to show that , @
j J(@ -5 dx = % a*sin? 4 %x«/(az—xz +C
a
! End of Question 5
Examiner : ND/BW -7-
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

@ (1) Given aoc_2 +bo+c=0 where a,b,ceR and o C, prove that

a(&)2+ba+c=0

@) A polynomial P (x) with real coefficients , has two of its zeros 37 and 1+2i.
... . .Findinexpanded form, a possible polynomial P(x).

® Use De Moivres Theorem and binomial expansion to find an expression for cos 46
in terms of cos 6.

© @ Given z = cos® +isin6, prove 2" "’i,. =2cosnd
z B
-~ 1 4
@ Hence by considering the expansion (z + —j show that
z

cos* @ =lcos46 +—;—c0520+§

0

(i) Hence evaluate f * cos*0 do

- . End of Question 6

Examiner : ND/BW -8-
4/8/08
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Question 7 (15 marks) Use a SEPARATE writing booklet. Marks

(2) The roots of the polynormial p(x) =x+ax’ +bx+c=0 are three consecutive terms @“
of an arithmetic series. Prove that the relationship between the coefficients is givg/
by 24’ -9ab+27c¢=0
Hint: make an appropriate choice for the roots in arithmetic progression.

R - s 2
(6)  Apoint P(acosf,bsind)lies on the ellipse %-F:ZT =1 where a>0and 4 > 0.
The equation of the normal at the point P (acos8,bsing) is given by

xasind — ybcosd =(@* —b* Jsinfcosh -

@) Show that the ellipse in;ersects the rectangular hyperbola xy = ¢* in four @
points if ab > 2¢*

(i) Showthatfor 0<d < —721, the normal at P on the ellipse intersects the hyperbola 3
in two distinct points, say 4 and B.

(iii)  If M is the mid-point of 4B, show that the coordinates of M are given by 2
(a =B )cos® (o’ —b*)sin
22 2b -
@iv) Hence find the locus of Mas 6 varies. 3
I4
End of Question 7
Examiner : ND/BW -9.
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Question 8 {15 marks) Use a SEPARATE writing booklet.

(@)  Forthe function y = cos™(e*),

@ Find the domain and the range.

(i) Draw a neat sketch the graphof y= cos™ (e¥).
e e - 1

(iii) Hence draw aneat sketch of the curve y=—7—
(cos™ (™)

® @ Using induction, show that for each positive integer n, there are unique
positive integers p, and g, such that: (1+x/§ Y =p,+4q, NG

G)  Showalso that p,” —2g,” = (D"

© If f)=fCx)+ f(p), forall x,y=0, prove that
®  fO=sD=0

(D) f(x) is an even function.

End of paper

Examiner : ND/BW -10-
4/8/08
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Question Criteria Marks Bands
1(a, 2
@ j 2x x Let u=x" :ﬂ=2x or cbc:ﬂ
-5 dx 2x
. J' 2x & =J' 2x ﬂ
Vi-x* Vi-u® 2%
=j ! du
Vi-#*
=sin"u+C
=sin7' ¥’ +C
(b z 3
® (3 &
Jo 2+cosx
Let t=tan
ar _1 2% 1 2 x 1 ) _ 2 dr
E-;see ?=7[1+tan ﬂ=;[l+t ] or dx_1+t2
2
and cos = tz
+ 1

z 1
.J‘z de _J 1 24
). 2+cosx o 241 R
1+¢

since t=t&n%=1 and t=tan7=0

B f i 2 dt
Jo D i T iip
B 1+

2 .
1+7¢ 2.4t

1
L 3+ 147
o 3417

1
j 1
o 347

dt

]
[\

I(c ¢4 4 1
© J 3thx de Let u=lhx =3 Zee  y=
( dx x
J 3x* Inx dx=uv—_‘-vdu
1
& dx
= [x’lnx] —j ¥ =
! x
=[Jc3111>c]1 —J X
3¢
- [#] _H
i
6 &
=[émé-Finl]- e__l]
L2 °h
=2e6—£+l
3 3
- 526+1
E
1(d) J dx =j 1
Yt —x 41 S —x+ @) 1)
- J L
JE-27 +3
= log |x =P +4/(x -7 +3] +C
10 J fla—x) dx Let u=a-x ﬂ=--1
o dx
I x=a thenu=a—-a= x=0 thenu=a-0=a
a 0
J Sy —du = —J‘ Sy du
0 a
=j f) du
i
1(e)(ii ! !
() f (- dx =J (-xP1-1~-x)° dx
[ 0
1
=J (1-3x+3x* ~x*)x® dx
0
1
= J x*-3x7 +3x° % dx
]
x7 3x8 x9 xlO .
= | - v
[7 8 3 10 2
- L
840
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2(d)(ii)

\

(x—3)2 +y*<9

Quesltion Criteria Marks Bands
2@30) | z= (V3+i)(+5- i)=4 2
- zz is real.
2(a)(ii) 1_ 1 (\E— l) ~ (\/g—i) 1
z (\[§+i)'(\/§—i) 4
200)
()-(iii) 2iz N 3
z
h 2
2(©) i-1= .x/—2—cis—3{— 1
(-1 =(J5)5 cislST” = 4\/5cis%”
eafzd L L
-5
=44 1
20
1
1

(@) | ZAOR =Z400+ ZOOR
=ZLA0Q + LAOP
ie argz, =argz, +argz, ©
the triangles ORQ and OPA are equiangular and hen@
g-proportional

. their sides

=|z[la]
.z, =z,z ieR represents the complex number z,z, ©
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Question Criteria

Marks

Bands'

3@

10

shift graph 1 place to the right

3(a)(ii}) y

10+

54

10+

graph above x-axis

graph 0 < y <1 (less steep gradient)
and graph y >1 steeper gradient

3(a)(ii) y

101

51

4 gj_

reflection in y axis

10

3(a)(iv) y

3 roots at -1,0 and 3
2 stationary points




Kincoppal-Rose Bay, School of the Sacred Heart

Kincoppal-Rose Bay, School of the Sacred Heart
Mathematics Extension 2 HSC Trial Examination Sofutions 2008 . Mathematics Extension 2 HSC Trial Examination Solutions 2008
3(a)(v) y 2 3(b)(0) k3
101 I :J 4 seclx dx
n
0
5 J sec?x dx = J sec” "2 1. sec? xdx
~ dv
where u= sec” 2, @ se,c2 x
dx
| i | I~ du -
4 6 X a=(n—2)secn 3 ysecxtanx y=tanx

J sec” "2 x. sec? xax = wv— [v du

5 3 "
= sec? "4 xtanx — [ (n-2)sec” 7 xsecxtan® x dx

= sec"_zxtanx—(n—Z)j' sec” ™2 xtan? x dx

-0+~
n—2 n—2 2
= sec tanx — (n—-2)] sec sec” x 1) dx
sketch only +ve sectionof orginal 5 stanx = (-2 *( 5 )
graph and reflectin x - axis =sec” "% xtanx — (n-2)f sec” x—sec” T dx
V| for —1<y <1 the sketch is less steep and more
fteep aﬁefy <—land y>1 » Isec" x dx=sec” xtanx — (n—2) jsec” x—(n-2) J‘sec""2 dx
3(2)(vi) y 2 J.sec" xdx+(n—-2) _[ sec” x=sec" 2 xtanx —(n—2) J‘sec""2 dx
b .
(n-1 sec” x dx = sec”™ xtanx ~(n—2)! sec”™ dx
5 1 n~2 n-2 n-2 v
5l J‘sec x dx= ——sec” " xtanx — _‘. sec”™ dx
n-1 n—1

5= U:sec"'2 xtan x]j ~(n— Z)I”_z}

/\‘; n e 1
: ' : I = ﬁ[[sec” (%) tan(%) —sec™*(0) tan(0) | - (n— 2)1n__2]

< f t 1 —»
-8 4 2 2 4 6 X ”
I = L[(ﬁ)z —(n=-2I _.2}
5t " on-1 "
3(b)(i 2
R P TEn
3
5 [
where cuts x — axis now becom(es (~1L,D) and (3,1) I, = %[( \/5) -0 Io} _ %
anything that was negative now becomes an
asympioteabove the x — axis. !
) 1 2 1
R 5[(\/5) —2(5)}
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Question

Criteria

Marks

Bands

5(a)d)

LBAC=60 (AABC is equliateral A)

£BXC=120 (opposite angles in cyclic quad ABXC are supplementary)
LAXC=/ABC =60 (£L's on smae arc at circumference are equal)

2 LAXC = /AXB =60

in ABDX and AACX
£ DXC = £4XB=60 (proved above)
/DXB=/LCAX (L's at circumference on same arc)
~ ABDY || MCX (egiangular)

5(a)(ii)

ACDX | AABX  (as proved in(i) above)
since ABDX [[j AdCX
DX
_BD_BY DX . CD_CX

TAC AX oY AB AX BY

BX AC . CX.4AB
o BD=——Z and CD=———— 4
AX AX

since BC=BD+DC
BX.AC CXAB

hence BC mimmmmm r———

nce e %]
BC.AX =(BX.AC)+(CX.AB)
and as |BC = AC = AB (equaliteral A)J
<.+ LHS and RHS by BC
s AX=BX+CX

S(bX(D)

y=sin9x when O<x<x it has 4% cycles,

more area above x — axis then below

Lﬂsin 9x dx #0 (fulse)

5(b)(iD)

Question Criteria Marks Bands
@A) | P(x)=4% +33* —6x-5
P(x) =122 + 636 1
12x* +6x—-6'=0:>x=-1,—-;—
P{-1)=0 !
- x=—1is aroot of multiplicity 3 1
4@)(iD x* +x3> —3x* —5x—2=(x+1)3 (x-2) 1
H 3
MO0 (E) +2dr-1=0 .
3% +24x =1
2
(J;(x+2)) =1
x(x2 +4x+4)=1
P4 +4x-1=0 , !
A0)G) aby ofy afy 1 1 1
aﬁ,a%ﬂ},:ﬂ’ﬂ,ﬂ=_’_’-_ .
v B a yBa
3
A e 1
x x
—13—+2—1=0
X X 1
X —2x%-1=0
4b)ii) | o +20-1=0
B +28-1=0
¥ +2y—1=0
(a3+ﬁ3+;/3)+2(a+ﬁ+;/)—3=0 1
ot + Byt =3-2(0)
=3
' 1
4(e)(@) - at [ct ey 1 1
y 2 " y'= P2
)—~£———i(x—ct)
I
o —ct=—x+ct
v +x=2ct 1
pTOST
(o)t} .M:x:O:y:ZE
t M
Niy=0=x=2c 1
1 2c
area= —(2¢cr); —
e %)
=2¢* which js a constant > 1

xsinx is an even function

z

3 3

" J : xsinx dx=2j xsinx dx =0
_z [
2

(false)

10
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5(0)

7}
slope tangent = Ex}i : ( differentiating implicitly)
—28in2x + cosyﬂz 0
dx

d
cosy—y= 2sin 2x
dx

dy 2sin2x
sl daniid v
dx  cosy

At (—g—,%) , slope of tangent = 2 .

Equation of tangent is

y=2x—-76E .

5(d)

Let x=asind dx=asinfdl

_|'x/a2 —x*dx= J- Va* - a* sin’ z9acoso9zz’9=az'fcos2 8de

2
=a—fcos26+ld‘6‘=
2

2 2
1. .
%[Esng_ﬂg}+C=%—[sm9c:os¢9+6’]+C
From this triangle :
X,
x a ;—:sm@
22
PR cosd = 4-x
a
f=sin"a
2
2

2 [2 2 . 2
—{i——ﬂ——i—+sin'l—x-J+C=%\la2 - +%—'Sin"£+C
a a

£ [sinOcosf+6]+C=
a

21a a

11

Question Crifer_ia Marks Bands
6@)) | aa? +batc=0 !
;? +ba+e=0
a? +ha+c=0
e’ +ba+c=0 1
i . is a solution
6@ | (x-30) (x+37) (- (1+2:)) (x— (1-21)) 1
(xz +9)(>e2 —2x+5) 1
x' = 2% +14x* —18x +45 1
6(b) cos 40 + isin 40 ={cos 8 + isin 8)'
=cos® 0+ 4icos® Osin 6~ 6.cos® Osin® @ —4icosPsin® O +sin* 6 1
equate real part:
0540 = cos* 0 — 6cos® Osin® @ +sin’ & 1
=cos* § —6cos® 9(1 —cos® 0) + (1 —cos’ 6’)2
=8cos'  —8cos” 0+1 1
6(c)(i) 2" =cosnf +isin nd 1
z™" =cos (—n&) +isin (——nH)
=c¢osnf —isinnd
2" + 27" =cos nf + isin nd + cos n@ —isin nf {
=2¢osnd
600D g 1
(z+l) =z +47 +6+—é—+i4
z P
=(z4 +~17)+4[z2 +—17]+6
z z
=2cos46 + 4(2c0s26) + 6 ,
4
(z + lj =(2cos€)4 =16cos* 0
z
1
~.16cos" @ =2cos40 +8cos26+6
cos* @ =lcos49 + L 3
8§ 2 8
SOy | = -
J;Ecos4 #deo =f—l—cos 46 +lcos 26 +§d¢9
8 2 8
1sin4d 1sin20 3,2 1
=j———t +=6
8 4 2 2 8 I
=Lsin27r+lsin7r+3—”—0
32 4 16
3
16 1

12
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Question Criteria Marks Bands
7(a) Letrootsbe: o —-d,a,a+d 1
sum of roots:  3a=-a =« =—§ 1
a=——§isarootto: ¥ +ax® +bx+c=0
1
: ay a
——| +aj——1{ +bl ——|+c=0
3 3 3
a& a4 ab
——+———+c=0
27 9 3
-a* +3a° —~9ab+27c=0 .
&’ —9ab+27c=0
7(5)(i) Consider the intersection of the two curves:
c
y= 2
2 4
x—2+%=1 x*p* —x*a*h? +a’ct =0 1
a‘ x°b
Solving for x*: A=a'b* - 4a°p’c* 1
for the roots to be real and distinct:
A>0 1
a*b® —4a’b%c* >0
b > 4c? or ab>2¢*
If ab > 2¢%, x* has two distinct values and herice x has 4 values
corrésponding to 4 points of intersection.
7(b)(ii 2 2
(XD y=~c— xasing—c—bcos«9=(a2—bz)sinﬂcosﬁ
x x 1
x*asiné ~c*bcosf = (az —bz)xsinﬁcose
x*asinf - (az = bz)xsinﬁcosﬁ —¢*bcosf=0
2
A= [(a2 - bz)z sin t9c>oso9j' + 4ac*hcosOsin & 1
Ifo<é <%, O<sinf<l,0<cosf<l, a,b>0
1

.. A >0 and this gives two values for x.

7(b)(iid) 2(a2 — B )sin Hcosl (a2 - bz) sin#cosd
X +x, = - = -
2asinf asin@
X, + %, (az —bz)sinecose
2 2asin@
1
(az —bz)cosﬁ :
gt ()
sub into normal to find y:
(a2 —-bZ)COS@ )
a—~———sint9—ybcos€=(a2 —bz)smﬁcosé
2a
(a2 ~b2)
A Jsin@—yb=(a" ~b*)sin@  cosf#0
Pino-sn=(a )
—(a2 _bz) 1
=t "gin @ 2
y=—— )
T(b)(iv) T Eliminate 6-
2ax
From (1) cos&=;2_7
‘ . 2by 1
From (2 sin @ = ———=—
cn s 1
sin? @ +cos’ G =1
2.2 2.2
4a°x + 4b°y =1 ,

(az _b2)2 (az -b2)2
5 3

70V (a0
2a 2b

13

14
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8(b)(D) prove true for n=1

assume true for n=k
432 =p g2
prove true for n=k+1
o D =12 A2
=(p, +q,N2)X1+2) (by assumption above)
=P, + N2 + g2 + 2,
= (p, +2¢,)+(ps + 2, )V2
since p, and g, are integers
.~ p, +2q, isaninteger = p,
~ p, +q, isaninteger = g,
hence (142 = Py + g N2
If true for n =k anid » = k +1 and since true for n=1,2,3...

- true for V n positive integers

S (142) =142 true where p, =1 and g, =1

Question . ‘ Criteria Marks Bands
8(a)(®) Domain: e*>0 for all x 2
for cos(e*):~1<e* <1  onlyif0 <e* <1, ie. ifx<0.
Range: For this domain range willbe : 0 < y S%
8(a)(ii) 2
limitat y=1
{4 shape
2]
\0 |
o o ) o 2 4 6 i
-2
-4
8(a)(iii) 2

~6 -4 -2 0 2 4

-2

limit at y =1

shape (reciproeal of (ii)) 4

8(O)AD) | p?-2¢2=1-2x1* =—1=(-1)

¥ pl-2q =1

then when n=k +1

(Poa ) = Gun ¥ =0 +29, )" =2(p, +4,)"  (from above)
=p’+ 4p.q, + 4%2 -2p, —4p.4, - 2g,°

= 24" -p’

=-1(p,* -2¢,")

=~ 1x (-]

= (_D/m
iftrueforn=Fkandn=%k+1

and since true forn=1,2,3...

. true for ¥ n positive integers

8D | fxa)=f(x)}+ f(a)
if x=1 then f(a)=fFU)+ f(a) = fH=0

if x=a then f(a*) = f(a)+ f(a)
f(@) =21(a)
L 2f( )= f=1)=f1)=0

-
n

8()(i) | since 2f(a) = f(a®)
L 2f ) =f ()’
= 1@
Y =2f@
since 2f(a) =2 f(—a))
o fla)=f(—a) even function

16




