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~HIZHER SCHOOL GERTIEIGATE
HALF YEARLY EXAMINATION

Mathematics ExténSion 1

General Insfructions

¢ Reading time — 5 minutes
+ Working time - 1.5 hours
¢ Write using black or blie pen

e Boardapproved calculators ;nay be used

Atable of standard integrals is provided at the

back of this paper

Al hecessary working should be shown i

' every question

*  Start a new booldet for each question

Total marks — 60

e Attempt Questions 1 -5
»  All questions are of equal valye
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choppal Rose. Bay, School of the Sacred Heart

Maﬂxamaﬁcs Exterision 1/Extension 2 Common Half Ye;arly Exammahon, 2008

" Tofal Marks - 60

Attempt Questmns 15
All questions are of eqnal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use a SEPARATE writing booklet.

—SxS3

2
(a) Solve =

(b)  Twelve people are going to the Haster
Five of them are going by car and

Show.
theTest are going by train.
el

&) How many different éro'ups of five people can be found to Hll the car?

(i)  Inone of these groups of five; it is found that only 2 of the people can drive.
In how many ways can the seats be filled in this group under this condition?

(6} When P(x)=x"+&x+c is divided by x—1, the remainder is —4
When P(x)=x" +bx+c is divided by x+2, the remainder is 11.

Find the values of band ¢.

(& Ifa,Bandy arethe roots of % —8x* ~3x+2=0, find the valges of:

@ a+f+y

#  Br+af’yrapy’

e Find the size of the acute angle between the curves y=log,x and y=x* —4x+3
acute angi e .

at the point (1,0), to the neatest degree.

Examiners AD/ND
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Question 2' (12 marks) Use a SEPARATE writing booklet.

(2) o Use the Factor Theorem fo show thiat x+1 is a factor of the polynomial
¥ -x"-3x-1=0
()  Hence, or otherwise, factorise the polynomial P(x)=x’—x* —3z-1 —
into its two fact_ors.
(6)  The point Q (a;b) divides the interval joining 4 (——1 5) and B (6,—4) , externally,
in the ratio 3: 2. Find the values of aand b.
. 1
(c)  Find the définite integral f i xe” el , using the substitationz = x* +1.
Leave your answer in terms of e.
@ @  Find %(sin %+ cosx)
(i)  Hence, prove that f‘ wdx = lln 2
o Sinx+cosx 2
%
Exa:—n/iners ADMND 4
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Question 3 (12 marks) Use a SEPARATE wrifing booklet. Marks
(&) Find J sin? 3xdk o & o3
(b)  ABCDis a cyclic quadrilateral. . 4

If 4B = ADand AL is a tangent.at 4, prove that AC bisects ZBCD.

) @
Aii)
Eoxaminers AD/ND

9/04/08

Using the expénsions of cos28, 3
show that [}—:F—Eg—sj = coti, whete 0 < x <.
1—cosx 2
Hence prove that cot 67%" =21 2
-5-
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- ‘Quiestion 4 a2 marks) Use a SEPARATE wiiting baoklet, = ' T Madds

@)

log, 2+ log, [%}—l— log, [g] +.14log, [n

®

N

Show, by the proeess"of mathiematical induction that, fora¥1 | 3

N
*ﬂ=b&@+n
n

At position T, a hill is / metres high. The angular elevation of the hill from a place P, die
south of the hill, is 37°. The angular elevation of the hill from 2 place @, due west of the
hill, s 23°. The distance ﬁ'om PtoQis3km.

@ Copy and complete the diagram showing all relevant information. 1

(i)  Find the height (%) of ffie hill in kilometres, to 1 decimal place. 3

ﬁ?x

@ Show that the equation of the tangent to the curve y=e? atthe point x=2,
. e
I8 y=—x. 2
’=3
(i)  Draw a skeich showing the curve and its tangent. 3

Evaluate in exact form, the&area;of the region bounded by the curve, its
tangent and thg y—axﬁ

Examiners AD/ND 5
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Question 5 (12 marks) Use a SEPARATE writing booklet. .7 Marks T

()  The letters of the word CIRCLE are written at random on the circumference of a circle.

) How many different arrangements are possible?
(i)  Inhow many of these arrangements will the “C”s be separated?
e
(®)
S
N ‘

-

P (Zap, apz) and . Q(Za&, aqz) are two points ot the pardbola x* =4ay . The line PO
meets the x-axjs at R, The tangents at P and O mest at T -

@ (@that the equation of the secant PQ is 29 x(p+q)-2apg,
2. determine the coordinates of the nomtR in terms of pand 4.

(i)  Show that the equation of the tangent at P(2a_p, apz) is given by y = px~ap®.
(iiiy  Hence show that the coordinates of the point T'are given by (a(p+q),apq)
Note - you do not have to derive the équation of the tangept at Q,

You may quote it.

~ (i)  The secant PQ varjes.in position, but maintains a constant gradient of m.
: of R_T moves on a sh'alght line and that

End of paper

Examiniers AD/ND -7-
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Gi0) & Py+af y+effy = efiy(a+ f+7)

2. v x4
(@) x jrxf. 3 iy J:bk
x= x v chec,
x! 4 ‘ b v solution
Test O 3 5 7
- Sx= 3x- 12 — : :
‘ %L 8x+12=10 2 4 6
(x= §)(x- =0 '
x= 6, 2
Solution:x£ 2, 4<x£ 6
(B) () UC, =792
(1) 2x*c, =48 v @)

o SRR it s it ) R e s TS e S g o o o iAo “ﬂ/(li) o
@ v u-si,:;lg; remai;gdér theorem
- P)=1+b+c=—4 @ ’

P(-2) =~8—2b+e=11 () " solutions ’

from (2) = 8+2b—e=-11 3

D+E)=>9+3b=-15

b=-8
¢=3

@) ) a+fep="Pes :

@ @ FE—= > Part(i)

v Part{ii)

=2X5
=10
() y=log,x y=5 ~4xi3 v derivatives
1 v gradients
Pew ¥ "= x4 i
x 4 correctuseof jormula
m =1 my =2 ‘
ta_ug = .]l..+._% - |A—~3‘
1-2
8 ="72°

‘ whenx=1,u=2

-.C_x.e.fﬂdzx,____% Feudil =%:[eujf, .

A

=5l

@ O PED=(D 1 -3CD-1 L
=—1-1+3-1
=0
(@) i)
5 \
_ X = 2’5 =1 v correctuse of division
x+1;;t.j —x —=3x-=1 - i
s algorithm
P , | v writtenas factors
—2x% =3x
25" ~2x
—x~1
=x-1
9
P(x) = (x+ D" -2x-1)
® ) 6% o
-3:2 v correctuseof formula
R v solution i
—2-218 : 10+12 ’
a= - b =
~342 -3+ ¥
a=20 ) b==22
(©) u=x"+1 v i s
du 2 . .
= o v correctsibstitution ]
xdxz_ldu N '
= v correctintegral ¥
Whenx=0; =1

AT T
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@ (i)zdx—(sinx%- cosx) = cog x—sink

* T
VT cosx—sin x s z
(if)f4‘—i—"—~dx=1nfsmx+cosx]g
}o sinx+cosx

:h[(smgwgs%)—(ﬁn“ coso)} |

1 17
=t gy
(1 B
o 53]
=2

® v

{# Vv integration..

¥ substitution
¥’ working to show

(@) cos6x=1-2sin’3x

' 1 1Y sin® 3x
sin” 3x= 5(1 —Cos 6x)
[ L v integral
sin” Budx == | (1-cos6x)dx
j S 2 ! - v te
=1(x~ism6x)+c ‘ )
2 L 6 ; v M

=~é—(3x—sin 6x)+¢

®

)  Let LRAD=6 .

‘ then £DBA = 6 {angleinalternate segment)
nowll ABC'isisosceles (given, AB =.AD)
= ZBDA = 8 (base angleisoscelesl] ABC')
then ZBAD =180~26 (straight angle)
-~ LBCD =180—(180-28) (opp angles eyelicquadrilatera

=26 [

but L4CD = 8 (anglein alternate segment)

. . ZBCD=8 ‘
= AC biscets ZBCD

NN K

angles in alt segment
eyclic quad
reqsoning to get fo doiy

conclusion

© & c0s28=2cos” §—1=> 2cos® 8 =cos20+1
c0s28 =1—2sin* §=> 2sin* § =1—r0s26

e S AN s oS RS AN e T

B 1 [1%eos.1'35°
N (i 167 =, oo
] (@ ¢ 0 2 1-cog135°

hi

@) v eXp ressions fo
¥ correct substity

@ v first line of sol]
¥ exaciyalues
e

simplification

Nb marks may be reorganised
for this question 7




! (a) Stepl:Prove frue for.n= 1
LHS =log,2
RES =log, (1+D=log, 2 =LHS

Step?2.  Assume true Jorn=k

zelog22+10g€(;)+loge(:)+ +logz(k;) log&(]c-kl)

Step 3 :Requiiredito provetrue Sorn=k+1.

4.3 E+1] k+2
Tog, 2 +1o +1o F.Alog | —— |+1 log (k+2
ielog, gz(z) ge(ﬁ] : Qge( % ) og, (kﬂ) og, (k+2)

3 4 E+1 k+2
LHS =log, 241 —+1 F ot +1 r——
=t 10,3 3.+, (521 e, (£22)

k+2)

[EE—.

=log (ks +L+log- : :
og; k+1) .@ge(k 0

=log, [(k+1)[i “ﬂ}
;lo:gg(kékz-)

= RHS
Step4:
Sincetheresultistrue forn=land n=Fk+1,
| thenitistrue Jorn=2,3ete.
| Theresultistrue for all n.x1

Steps 1 +2
Step3
Step 4

230

3km)

t.u' :

completed diagram

syt e

32.2 L.Z +.___h__)2
(tan23) \tan37)

3?=h2( !

=h

.
tap® 23

B
tan*37

h=1.1095 km
=1.1 km (ldp)

1
L)
{ tan® 23 tz_m:237) '

Y OF and PT

v tying together into DOQPT

14 correct solution
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@) "e's" together =41
51
2. apart = —5—-41 =36

or

"ets" can go in 3 ways apart
rest in 41 ways
3Ix41 .
2236
21

O] s

diyisio;t by same elements

(i) "e's" together

subtraction

N 5
@ @ y=e derivative and gradient
yx=% &2 . working to get eqn
when x=2,
m=—and y=e
e .
o= (x—0)
ye=of ‘)
. 2y-2e=ex—2e
2y=ex
y=—x
y - :
VA s *Sketeh showing region
21
” @9
s : A ; :
4 -2 /T 2 47 X
, _1%:
2F
-;qz
4= [od-Lxoxe | Mintegral
- 4} amsver
=2{37J —e
[¢]
=2[el-—e9]~-e
=2¢—2—¢
={e~2] pmits®

(B, Fhen y=0,

[ v e e

O=x(p-+q)—2apg
2apg=x(p+q)
o 2004
Ptq

R[gﬂ,‘o)
p¥g

O =i
o 4a
2 x
T4a 22
at x=2qap, m=p
y—ap” = p(x—2ap)
y=px~2ap* +ap

y=px—ap

1

2

" derivative and. gradient
‘ working fo eqn




() ()  egnatQ:y=gx—ag®
solving sim.:
px—ajp'2 =gx—aq”
px—gr=ap’—ag’
x(p—q) =ap-p+q)  nbip#g
x=a{p+q)
y=pla(p+a)]-g0°
y=ap® +apg—ap’
r=apg

egn at Q. and working. for x value
working for y value

(&) (v} Since PQ hasconstan ¢ gradient m
_ptg
2 L ke

m=

i (X,Y) e ‘

Jap
a(phg)+=2L
_ptq

2

_a(p+g) +2apq

2p+q)
- and Y=L = [apg=2¥
a@@my* +2x2¥
’ 4m
4mX = dam® +47

4Y = 4mX ~dam?
Y=mX—am® . (4
Which is astraight line with gradient m.

| then X =

X =

- the locus of M is a straight line paz;a_llel to PQ ‘

,, ;midpa int
Ml (p+¢ ) and apq

: sub;s%titgr{ion and reselution to (A)
eonciusion

g e ot ey S i e 9




