Topic 7. Graphs.
Level 3.
Problem GRA3_01.
Sketch (showing eritical points) the graphs of: a)y = x'*; b) y = x'* + 2.

Solution:
Y
4 Y= Xl/3+2
) y= nre
0
[ T T T T T T T
-10 -6 -2 2 6 X
2]

a)y=x" by y=x"42
_1 A _1

dx 3 dx 3 ’

dy. .

Y not defined at x = 0 L4 is not definedat x = 0

dx dx

= (0, 0) is a critical point. = (0,2) is a critical point .

d)

—y—>oo as x—0 : £131—)00 as x—>0

dx dx

= the tangent line at (0, 0) is vertical. = the tangent line at (0, 2) is vertical.

Problem GRA3_02.
Sketch (showing critical points) the graphs of: a) y=x(3+/%);b) ¥ = x(3++/x).

Solution:

yT y=x(3+x)
20+

a)y=3x+x*"?

Domain {x : x > 0} Zl: 3+%x”2, x> 0.
e

4 =3 as x — 0" = y =3x is the tangent

dx
line at the critical point (0, 0).

b) y =3x—x*"?

Domain {x :x > 0} ﬂ=3—§x”2,x>0.
dx 2

dy ' .

;{——)3 as x = 0" = y =3x is the tangent

x

line at the critical point (0,0).

Problem GRA3 03.
Sketch (showing critical points) the graph of y = x* - |x|

Solution:
YA
2 2
Y =x"{x|
=-X 1 =
Y N i y/x
N /
N /
O
I T T T T T
2 = 2k
y \
s -1 \
y= -l
B ¥ —x,x20 dy |2x-1Lx20
Txrx,x<0 de |2x+1,x<0
d—y—>—1asx~+0* Qﬁ]asx—>0'
dx dx

= -3)1 is not defined at x = 0, and (0, 0)is a critical point.
x

Problem GRA3 04,
Sketch (showing critical points) the graph of y = 'x] + ]x - 2].

Solution:




6
y = prl+{x-2]
4
7/
0L/
[ T v T T
32 - g1 2 3 X
/7
P

y=p -7

M{x,xzo , fx—2|=[ x=-2,x22
-x,x<0 —x+2,x<2

Note that,

ifx22, y=x+x-2=2x-2

if2>x20,y=x-x+2=2

ifx<0,y=-x—-x+2=-2x+2

2x-2, x=2 2,x>2
=>y=| 2, 2>x20 ?: 0,0<x<?2
—2x+2, x<0 T —2,x<0
d
D 0 x>t £J1~902\sx—>2'
dx dx
dy . . . .
= = is not defined at x = 2, and (2, 2)is a critical point.
ax
d)
Y L 0as x—>0" d—y—>—2as x—>0"
dx dx

dy
X

Problem GRA3_05.

Use the graph of y = Inx to sketch the graphs of: a) y =In(-x), b) y =~Inx.

Solution:

= P is not defined at x = 0, and (0, 2) is a critical point.

a) y=Inx, domain {x: x> 0}.

y=In(-x), domain {x: x<0}.
The graph of y = In{-x) is a reflection of y = Inx in the y-axis.
b) The graph of y =—Inx is a reflection of y=Inx in the X-axis.

Problem GRA3_06.
Use the graph of y = Inx to sketch the graph of y = |ln x|.

Solution:

. y =IIn(x)|

/
27 y = In(x)

y=Inx, domain {x: x> 0}.
Inx, x21

=(lnx|= = y=hx=
Y [ I Llnx,lnx<0 Y [—lnx,0<x<]
Hence the section of y =Inx which lies below the x-axis is reflected in the x-axis.

Inx,Inx=0

Problem GRA3_07.
Use the graph of f{x) = x* —3x (an odd function) to sketch (showing critical points) the graph

of y= I f (x)] . Is this the graph of an even function?

Solution:




y=1f®)

N3 o~ 1,3
/
!

!
y =x*-3%, -6
/

Let g(x) = |x3 - 3x| = g(-x) = ‘(—x)3 - 3(—x)| = |— - 3x)! = l(x3 ~3x)l = g(~x) = g(x) = the
graph of y = g(x) is symmetric in the y-axis.
Those sections of y = x* ~3x which lie below the x-axis are reflected in the x-axis.
3x—x%, x<—3 3-3x%, x<—3
3%, —3<x<0 dy _ 3x2 -3, —43<x<0

3
y=|x —3xi= =
| ‘ 3x—x°, 0<x<3 dx 3-3x%, 0<x<3
%’ —3x, xZ\/E 3x? =3, x>\/§
dy ] - dy . .
2 53 xo0, —>3asx—»0 =>—= is not defined at x =0, and (0;0) isa
dx dx dx
critical point.
dy + dy - dy . !
—— -3 6 as x—)—\/g, YD, _6as x— 3 == isnotdefined at x=—3, and
dx dx dx

(—/3; 0) is a critical point.
Hence the symmetric about the y-axis point (J—B_, 0) is also a critical point. -

Problem GRA3_08.
Sketch the graph of |x! 7|y| =1,

Solution:

b= =1= =1+
Clearly y > 0= domain {x: |x| 21}

If x =1, then y:x—loryzl—x.Hence—d)—,=1,x>1,01'é}—}=~1,x>—1.
dx dx
+ + dy - + dy
Asy—>0",x—>1 =% 51,andas y >0, x> 1" == -1,
dx dx

Hence g)i is not defined at x =1, and (1, 0) is a critical point.
X

The curve is symmetric about x = 0, since the transformation x — —x leaves the Cartesian
equation of the curve unchanged. Hence, if x <—1, then y=—x~—1 or y=1+x.And hence the

symmetric point (-1, 0) is also critical,

Problem GRA3_09.
Use the graph of y =sin™" x to sketch the graphs of:

a) y:Sin"x+g by y=sin” (x+1).

Solution:
YA
”4/y=sin"x+n/2
/2
/) .
e s Y= sin‘'x
- -
I Ead T >
2,71, 1 X
) ‘ é w2
y = sin"!(x+1)

a) The graph y =sin™ x +12t— is obtained by translating the graph y = sin™ x through g units

up.




b) The graph y = sin” (x +1) is obtained by translating the graph y = sin™ x through one unit
to the left.

Problem GRA3_10.
Use the graphs of y =x and y =sinx (both odd functions) to sketch the graph of

y=x+sinx. Isthis the graph of an odd function?

Solution:

¥

s
S 2y = X+sin(x)

Let f(x)=x+sinx=> f(-x) = —x+sin(-x) = -x —sinx = f(-x) =-f(x), i.e., the function
¥ +sinx is an odd function. The ordinates of the graph y = x + sin x are obtained by summing
the ordinates of the graphs y = x and y=sinx.
Problem GRA3_11.
Sketch the graph of y = 1 + i?

x

X

Solution:

. 11 . . .
The ordinates of the graph y = =+ — are obtained by summing the ordinates of the graphs
X X

y=l and y:%.
x x

Problem GRA3_12.
1

7

Sketch the graph of y = 1

X X

Solution:

R 1 1
The ordinates of the graph y =———- are obtained by applying the procedure of subtraction of
x x

ordinates of the graphs y = 1 and y= —1; .
x x

Problem GRA3_13.

Use the graph of y =sin™ x to sketch the graph of: y = %sin x.

Solution:
y
/2 ¢ y=sinlx
/ Lo
s
r > T
170 1 X
/ 4
/
& w2




The graph y = ]Esin ' x is obtained by enlarging the graph y = sin”' x by a factor % in the

direction parallel to the y-axis.

Problem GRA3_14.
Use the graphs of y = x and y=¢™" to sketch the graph of y = xe .

Solution:
\ y
\ y=x -~
N 24 - -
v
y=exp(-x) } -
-~
///\'—m
 — T — 4;
-1 70 1 2
~ -
= x.exp(-X)
Y 2]

x

The graph of y = xe™ is obtained by multiplication of ordinates of y =x and y =e™".
Features of y=xe ™ :
e« y=0 when x=0.

o y=xe™ lies below y =x for all real x as xe™* <x for x>0 and xe™ <x for x<0.

e y=xe" liesbelow y=e™ for 0<x<l.
- . 1 -
e As x =+, ¢ — 0 more quickly than any power of — and hence xe™ — 0.
x

X

e As x — —0, xe™* —> —w more quickly than ¢™*.
Problem GRA3_15.
Use the graphs of y =x and y =sinx (both odd functions) to sketch the graph of y = xsinx.

Is this the graph of an even function?

Solution:

The graph of y = xsinx is obtained by multiplication of ordinates of y =x and y =sinx.
Let f(x)=xsinx = f(~x) =(-x)sin(-x)=xsinx =y = xsin x is an even function and hence

its graph has axis symmetry about the y-axis.
For x>0, —x<xsinx<x and hence the graph y = xsinx lies between the lines y = +x,

touching these lines when sinx = %1,

Problem GRA3_16.

Sketch the graph of y = ln—;
x
Solution:
Yy 1 -
I \Y—Xz//yzln(x)
\ 7/
\ 7
1 A
/ ~
T —
0 2 3 4 5 X
)i
| Y72
/
-1

’ 1
The graph y = EE{ is obtained by multiplication of ordinates y =Inx and y=—-.
X P

Features:
¢ Domain {x:x> 0}
o y=0 when x=1

¢ y= lr% lies above y = LZ only for x > e (where Inx>1).
x x

. Inx
o As x —> +o0, x2 —> +co more quickly than Inx and hence —-— 0*.
x




Problem GRA3_17.
Use the graph of f(x) = x* —3x (an odd function) to sketch the graph of

. Is this the graph of an odd function?

Jl

/W
Solution:
x=3
X =3 y=x3-3x
- - - — — —rty =1
DX
y =-1 ;37 l
~ . y= 1/(x3~3x)
1 1 -1 -1 . .
= n =— = Sy=— is an odd function.
fl=x)  (=x)’-3(-x) x-3x [f(x) x* =3x
Features:

1
e f(x), —— have the same sign.
S(x)
e f(x)=0 when x= +43 or x=0=> thelines x=—3, x= ++/3 and x =0 are the vertical

asymptotes of y = L

0

s As x > w, f(x) > 0.

>——-
S(x) ‘
e (-1,2) and (1, - 2) are maximum and minimum turning points of y = f(x) respectively

respectively.

= (-], l) and (1, ~—1—) are minimum and maximum turning points of y = !
2 2 f(x)

Problem GRA3_18.
x2 -2 I x*-2
Show that ——— =1 ————. Hence sketch the graph of y = ——.
x° =1 x° - x° -1

Solution:

¥
T I B
A
! I 2
! i~ Y=
y=1__ . 2|_ 4 _ X
i Ny /'
1 71 O 1\ T
-3 Arl 1\ X
/0 B [N
/ | -2 | \
y=1x2 1 47 !
! |
-2 _(-h-1 1
x*~1 x? -1 x*—1

The graph y=- 21 ! has been translated one unit upward. y =1 is an asymptote of
X

2 —

y= x 5 as x —» o, The graph y =— 21 is a reflection in the x-axis of y =——.
x = x" =1 x° =1
The graph y=— ] is a reciprocal of y=x* -1,
e
Consider the graphs y = f(x) and y = ?(1—), where f(x)=x" —1.
X
Features:
1
o f(x), have the same sign.
F(x)
. . 1
o f(x)=0 when x=+1 = thelines x=-1and x=1 are vertical asymptotes of y = m
x

+

o As x o0, f(x) = +oo :>fL—>0

(x)

o Minimum turning point of y = f(x) is (0,—1) = maximum turning point of

1
y= is (0,-1).
VAC
Problem GRA3_19.
2
Sketch the graphs of a) y = zx ,b) y= f .
x* =1 x" -1

Solution:

a) The graph y =

2
x° —

il n is obtained by multiplication of ordinates y = 21 7 and y=x.
-




L N

2

,
==\ === -
ISR

Features of the graph y =— ]
¥ -

The graph y = ! ] is a reciprocal of y = x> ~1:

2
x° -

e y=x*’—land y= have the sane sign
J J g

2
O
o x2—1=0whenx=+1=> the lines x = —~land x =1 correspond to vertical asymptotes of

1

¥ -1

y=

— 0",

s As x>, x> ~1-> 40> l
N

« Minimum turning point of y = x* ~1 (0, -1) = maximum turning point

of y= is (0, -1).

x* -1

Features of the graph y = ~2~x-—] :
.
o y=0whenx=0
e As x o0, y= —z)v—] —» 0 = the line x = 0 is a horizontal asymptote.
x

b) Hence the graph y =1+ is obtained from the graph y = Tl'f by translating one unite
xi-

x -1
upward.

Problem GRA3_20.

e —e
x

Sketch the graph of y = —.

e +e

Solution:

Y
\ 61 !
y = exp(x) + exp(-x) \ - /
E ¥
\\ 4' Y4
~2]_ _ Jexp(x) - exp(-x)]
o 7).,/1 —_[exp(x) + exp(-x)]
T T H T IA
L Lo I U B
/ Z‘z'
/4]
, ]
y=exp(x)—exp(x) , 6]
/ -8

The graph of y =e* —e ™™ is obtained by subtraction of ordinates of the graphs y =e” and
y=e .
The graph of y =e* +¢™* is obtained by summing the ordinates of the graphs y = e* and

X

y=e .

The graph of y = ex _e_‘ is obtained by division of ordinates of the graphs y =e” —e™" and
e +e
y=e"+e™.
Features of y = ex —eq :
e +e
e y=0whenx=0
ex Me—x e—x _e+x .
elet f(x)=—F—,then f(-x)=—F—1= ~f(x) = the graph y = f(x) is the graph of
e +e e +e

an odd function and hence it is symmetric about origin.
ex _e—x 3 l_e—lx

— — 1= the line y =1 is a horizontal asymptote of
e +e™ 1+e™

e As x—+o0, y=
y_ex—e"
e +e™

Problem GRA3_21.

cosx —sinx
Sketch the graph of y = ———.
cosx +sinx
Solution:
s LT, n n
. cos—cosx—sin—sinx €OS| X+ — cos| x+—
cosx—sinx 4 4 4 4
= = = = y=
cosx+sinx T LT T i
cos—cosx+sin—sinx cosf x —— cos| x ——
4 4 ( 4) [ 4)

The graph y = cos(x +g) is obtained by translating the graph y = cosx through g units to the

left.




The graph y = cos[x —%) is obtained by translating the graph y =cosx through % units to the b/
right. ' I ! X ! ! y= cos(x)—sin(x)
( nj ' I i ! ! cos(x)+sin(x)
cos| x + Z | | i t {
The graph y = ————% is obtained by division of ordinates of the graphs y = cos(x +£] I I I I !
cos(x‘ﬁj 4 | | , [ IS
4 O N 2 N T AN 1 AN
o AN AN A A
and y = cos X—E . | | | | |
I | [ [ [
y I f [ I [
V2]
A N ;
A M N cos[er f]
= cos(x+n/4 \
Y () s \\ 3 ' \\ n ,// \\ Y = cos(x) Features of the graph y:~——4:
L \ 20 Sl X cos(x—ﬁj
i 4 4

5 /
2 Ay A // 2 - o y=0 when cos(x+ﬁ):0,i.e.,x:£+nn,nintegral.
AN 4 4
2] o cosl x— 2 =0,as x=3—n+nn,n integral
4 4
T
in cos[x+~] .
Y = as X = —+7n, y=————2 —3 o0, and hence the lines x = — -+ nn, n integral, are the
V2 ] 4 n) 4
cos| x ——
1 4
//\/\\ / 7(\\\ 1Ny = cos(x-n/4) vertical asymptotes.
-5 k -/ 3
=T iy \ 24 1+ 'y = cos(x
2"\ 2, \ S, Y= gos Problem GRA3_22.
e > ,
/ 23\ ; / L Y 5 Use the graph of y = x? —1 to sketch the graph of y = (x - 1) .
=7 =
2 2\ 2
N
. XJ/ B \ B\/'/ Solution:
V2
V2] y




fx)=x"-1 f'(x)=2x
Sign of f'(x)

0
f
0

(01)
y=lr@F L=27@re Leaxt-noD
dx dx

Sign of &
dx

- 0 + 0 - 0 +
} f f——>
-1 0 1 X
~—’ Famn p—

Lo ©n (1o

Problem GRA3_23.

Use the graph of y =cosx to sketch the graph of y= (cos x)2 .

Solution:
y= cosz(x)
i /A
\ \\ I
\ ' [
\ I
\
T T \ T ¥ )
21 - nlon %
| |
\ \ I
\ /' | !
\ |
o Yy =cos)

f(x)=cosx f'(x)=-sinx

Critical points are nm, n - integral

Sign of f'(x)
0-0+0 -0 +0
— } f f —
2n -m 0 n 2n X
— ~ ~—r

(-m,-1) (0,1) (m,-1)

y=[rmF %= 21 (%) %: —2cosxsin x = —sin 2x

I~ . m .
Critical points are nE, n - integral

. dy
Sign of =
& dx

-0 +0 -0 +
1 f f }
- -w2 0 w2 m X

R

(w/2,0) (O,1) (/2,0)

Problem GRA3_24.

3

3
Use the graph of y =3x —54— to sketch the graph of. y = (Bx -

Solution:
64 Ay
3
48 | y= (% X_)3
4
32 |
16 |
2\ 4 0 x
it L il 1
23\l 3
\ y=3x-Z-

S(x) :3x—3;i () :3—%x2
Sign of f'(x)

3
X
4)




TP Y 2y B g Xan 30
y=[r] dx~3[f(x)]f(x) =308 -6 )
dy 9

- ax2(2«/§—x)2(2\/§+x)2(2~x)(2+x)

Sign of 4
dx

-0 -0 +0 +0 -0~
b | ] >
293 2 0 2 293 X
e o T

(-243,0) (-2,64) (0,0) (2,64)(2¥3,0)

Problem GRA3_25.

Use the graph of y =4sinx to sketch the graph of y = (4sin x)J,

Solution:

M
64_ y= (4sin(x))3

)
1

ot A

f(x)=4dsinx f'(x)=4cosx

L . b .
Critical points are 5 + nm, n-integral

Sign of f'(x)
0 -0+ 0 -0
| f f f—>
DB 2 bt 3. %
2 2 2

(-n/2,-4) (n/2,4)

y=[/®]f ? =3[f 0 f1(x) ? =3(4sinx) (4cos x) = 96sin x5in 2x
X 2
Critical points are n%, n - integral

Sign of L4
dx

0 -0 +0+ 0 - OX
f f f f f
-t R 0 s ..
2 2
— —

(-n/2,-64) (0,0) (m/2,64)

Problem GRA3_26.

3
For the function f(x) =3x ~}4— use the graph of y = f(x) to sketch the graphs of

a) y=+//(x),b) y* =1(x).

Solution:
a)
3
\ Y4 y= 3x- T
/
\ 3
\ X
\ 2 _y=yex-)
\ ;
o S (L U
{ ' \\ x
\ /-2
r \
\ /
v/ :
N4 | -4 |
Features:

e y =4 f(x) is defined only where f(x)20.
o f(x)=0 where x = 23orx=0= & = AN is not defined at

dx 2f(%)

x=423andx=0= (iZ\/E,O) and (0,0 are critical points.

—_— 2 -
) &b = 34-x Sswasx—>+24/3 orx—» 0" = the tangent lines at (i2\/§,0) and (0,0) are
i 8.7
vertical.

o (2,4) is 2 maximum turning point of y = f(x)=> (2,2)isa maximum turning point of

y=vf).




o y=./f(x) liesbelow y= f(x) where f(x)>1.
y =4 f(x) lies above y = f(x) where f(x)<1.

y=4f(x), y=f(x) intersect where f(x)=1or f(x)=0.
b)

N4 -4 !

y=f() =yt = f(x) = (-¥)? = f(x) . Hence the graph y* = f(x) is
obtained by reflecting y =+ f(x) in the x-axis.
The graph y* = f(x) has vertical tangent lines at the critical points (i2«/§,0) and (0,0).

Problem GRA3_27.
For the function f(x) = 4sinx use the graph y = f(x) to sketch the graphs of

&) y=y/(),b) y =/ ().

Solution:

a)

4Jy
I\ N\

7 \
Iy 2 ))YF\/(4Siq(X))

NIT

21 n 211J
I (I [
! -2 (I

| \
b \/y=4gmw

\\‘/Ai -

Features:
e y=./f(x) isdefined only where f(x)>0.

e f(x)=0 where x = nn, nintegral = P AR is not defined at x = nm, n integral
d 2f(x)

= (nm,0), n integral, are critical points.

. dy  2cosx

& _ 2808 L wasx > (2na)*t, nintegral, or x — (nm)”, nodd = the tangent lines at

& ()

(nm,0), n integral, are vertical.

. [g—+ 27n, 4) , n integral, are maximum turning of y = f(x) = (—g-F 27, 2] , n integral, are

maximum turning points of y = f(x) .
o y=4/f(x) liesbelow y= f(x) where f(x)<].
y=4f(x) liesabove y = f(x) where f(x)>1.

y=Af(x), y= f(x) intersect where f(x)=1or f(x)=0.
b)

y

1\ /N

[ .
I 2_1y\=4sm(§)

2 -m n) 2« 4
! b o
i -2 [
\

\/y=%m@)

a \

y=4f(x) = y* = f(x) = (-¥)* = f(x) . Hence the graph »? = f(x) is obtained by reflecting

= %) in the x-axis. The graph »* = f(x) has vertical tangent lines at the critical points
y phy

(nn,0), n integral.

Problem GRA3_28.

Use the graphs of y = Inuandu =sinx (0 < x < 2m) to sketch the graph of

y=In(sinx) (0< x <2%).

Solution:
M AU X=7
y = In(u) 4 \
11 / '
0 N £
0 ; ; —> N\ ,om
1 2 3 u [N Y
1 -1 I ~ = sin(x)
|
24 y = In(sin(x)) !
-2 |
|




Features of the graph y = In(sinx):
o y=Iny is defined where u = sinx > 0= domain {x:0<x <m}.

o Vertical asymptote of y =Inu at u=0.
But # =sinx and sinx =0 at x=0 or x== = x=0 and x == are vertical asymptotes

of y = In(sinx) .
ey=sinx<l =>y=hu<0.
e y=Inu is an increasing function = y = In(sin x) increases as sin x increases and decreases as

sin x decreases.

o The maximum turning point (5’ 1)of u =sinx corresponds to the maximum turning pomt

(g, 0) of y=In(sinx).
Problem GRA3_29.

Use the graphs of y =2" andu =cosx (0 £ x <2m) to sketch the graph of
p=2"(0<x<2m).

Solution:

2.5 y=2"

s
u = cos(x)

T ¥

-2 0 2 u

Features of the graph y =2°"":
o y=2°, domain {x:0<x<2m}.
o y =2*is an increasing function = y =2°*" increases as cosx increases and decreases as

cosx decreases.
e (m, ~1) is 2 minimum turning point of u =cosx = (m,27") is a minimum turning point of

)’ - 2COSX .
e (0,1) and (2m,1) are maximum turning points of u=cosx = (0,2) and (2x,2) are

maximum turning points of y =2,

Problem GRA3_30.
Use the graphs of y =Inuandu = x* —3 (an even function) to sketch the graph of

y=In(x*-3).

Solution:
y | yhu
24 \\ I 6 i lu=x23
/
_ | 1 |
a y = In{u) \ | 4 L
o P
\ 4
0 f T > § 2 | ! =1 2-3
\ y = In(x"-3)
1 2 3 u ; ¥ 5
| T T 0 T T
-1 3 el 1,/ 3 x
[ N |
24 20 .
X =-V3 : ] : x=3
4

Features of the graph y = In(x* -3):

o y=In(x? -3) is defined where u = x> =3>0.

. ln((— x)2 —3) =In(x* ~3) = the graph y = In(x’ —3) is the graph of an even function.

o Vertical asymptote of y =Inu at u=0.

Butw=x2-3 and x> =3=0 at x=+y3 = x=-+3 and x=+/3 are vertical asymptotes of
y=In(x*-3).

o y=Inu isan increasing function => y = In(x* —3) increases as ¥ ~3 increases and

decreases as x> —3 decreases.

Problem GRA3_31.
Sketch (showing critical points) the graph of x> —4y* =4.

Solution:

x2—4y* =4 Clearly x*, y* > 0 => domain {¥ :}x| = 2} . Take the derivative of both sides with
respect to x. Consider y as a function of x and use the chain rule. Then we have

2x—8yQ:o:>Q:l 1.
i & 4ly




Asy -0, x> 12= in _» o and the curve has vertical tangent at the critical points (-2,0) and
dx

(2,0).
As x=0,y=%1= gx =0 and the curve has horizontal tangent at (0,-1) and (0,1).
b3

Clearly the curve is symmetric about the lines y = 0and x =0 as the transformation
y = —yand x — —x leave the Cartesian equation of the curve unchanged.

%
¥ -dy’=4=y= i%(l ~iz) . By expansion for the large values of x we have
X

X .
y= i%(l - —27 + j =D y= i% + 0[11 . Hence the curve has an oblique asymptotes
x x
y=+§asx—>ioo.

Problem GRA3_32.
Sketch (showing critical points and stationary points) the graph of x* + Yy =1,

Solution:
y=-% %
s 2]
A NI ‘\x3+y3=1
AN
— — —>
3020 -1 \\I 2 X
1] A\
A\
2] N
3

x* +y* =1. Take the derivative of both sides with respect to x. Consider y as a function of x and

use the chain rule. Then we have 3x” +3y° (N b x),
dx dx y

d .
As y—=>0,x—>1 @ _» —o and the curve has a vertical tangent at (1,0).
dx
As x=0,y=1> 51 =0 and the curve has a horizontal tangent at (0,1),
21
Clearly the curve is symmeiric about y = x, since the transformation y <> x leaves the
Cartesian equation of the curve unchanged.

A
Py =ly= —x(l —LS] . By expansion for the large values of x we have
x

y= —x(l - 51—3 + ) = y=—x+ 0(1) . Hence the curve has an oblique asymptote
X x

y=-xasx—> *oo.

Problem GRA3_33.
Sketch (showing critical points and stationary points) the graph of ¥4y’ +xy=3.

Solution:

2x+y =0
\

x% +p* +xpy = 3. Take the derivative of both sides with respect to x. Consider y as a function of
x.and use the chain and product rules. Then we have

d
2x+2y—l+y+xﬂ =0=(x+ 2y)ﬂ =-2x+y)=> Ll =~ 24y . Substituting of
dx dx dx dx x+2y

x = -2y in the equation of the curve gives x+2y =0=

4y2+y2—2y2=33y2:1.

=-1 =1
Hence Y or Y .
x=2 x=-2

In either case, 2x +y = 0. Hence as x+2y — 0,

2, -1) and (-2,1).
Similarly, 2x+y=0= x> =1.

x=-1 x=1
Hence or .
y=2 y=-2

. d .
In either case, x+2y # 0. Hence 2x+y =0 ;]J—) =0 and the curve has horizontal tangents at
fx

% — o and the curve has vertical tangents at
X

(-1,2) or (1,-2).
Clearly the curve is symmetric about y = xand y = —x, since the transformation
y > xand y > x leave the Cartesian equation of the curve unchanged.

Problem GRA3_34.
Find the equation of the tangent to the curve xy(x+y)+16=0 at the point on the curve where

the gradient is —1.




Answer: y+x+4=0. The graph 3 =— . has been translated one unit upward, y =1 is asymptote as x —> o The
xt—
Solution: 1, . i xt 1
' graph y=——=—; is a reciprocal of y=-—-—.
y+xyt+16=0 -1 1 22
Consider y as a function of x and take the derivative of both sides with respect to x using the 2 2
hain and product rules: z 1
chain an ;10 uct rutes P Consider the graph y = f(x)and y = L -, where fx)= E‘_E-
2xy+x2—)~)+y2+2xy—y:0 f) 2
dx dx Features:
2 A 2 1 ,
(6" +2xp)— - ==(y" +2xp) o y=f(x), y= have the same sign.
dx J(x)
dy 1
o “1= = (7 +23) = (" +239) o f(x)=0whenx=+1=> the lines x = ~land x =1 are vertical asympotes of y= o
x
=Sx’=y’Dy=xory=-x. 1
o As x >, f(¥) = +00 > —— 0%,

J&)

. . I
» Minimum turning point of y = f(x) is (O, —%) = maximum turning point of y = ﬁ_) is
x

Substitution of y = x in the equation of the curve gives
¥ix+xx’ +16=0=>2x* =—16 = x=-2 and hence y=-2.
Substitution of y = —x in the equation of the curve gives

22 (=x)+x(-x)* +16 =0=>16=0. 0,-2).

Hence the tangent touches the curve at the point (x,,y,) = (-2,2) where the gradient £ =—1. So %2
the equation of the tangent is y — y, = k(x—x,) > y +2=—(x+2) = y+x+ 4=0. By inspection of the graph, =

+:<] for ~-1<x<l1.

Problem GRA3_36.

Problem GRA3_35.
Sketch the graph of y = sin2x for 0 < x <2x. Use this graph to solve the inequalities a)

x?+1
<1.
x? -1

2,
Sketch the graph of y = %ﬂ . Use this graph to solve the inequality 1 1
¥l sianZE,fm‘OSx <2m;b) ]sian[ZE,forOSxSM.

Answer: {x:1—1<x<1}.

B

Answer: a) T ex<
12

Solution: 12712777 12
b)j_ngS_n’l?’_nsxSlzT_[’ZE_ Sﬂ’l,lgfisxggiﬂ,
12 127 12 12 712 127 12 12
Solution:




Y
4n@n L
NG 2N (25, L
12°2 5
S O VA S Al y=
0.5 y = sin(2x)
—>
0 2n X
05T~ - y=-1/2
' &3r 1
1|/ w119 1202
- In' 1y 19n 1
. 1(12’ 2)( 12 2)
/mo L

a) sin2x = % & 2x=(=1)"sin” %+ nn, 1 integral

Sx=(1) ~+ln n=012,.(x20).
12 2

But 0 < x < 2n = there are exactly four values of x, namely r 3

13 17
T

s Ty T,
12712 "12 12

Sm 13n 17n
<x<—

By inspection of the graph, sin2x > % for 112 <x<—or —

12 127712

b) 1sin2x| Zl < sin2x Zlor sin2x < L

2 2 2
sin2x = —% & 2x=(-1" sin"(—%)wtnn, » integral
= x=(-1 ”+l£+£n,n:1,2,... 20).

-D 513 (x=0)
But 0 < x < 2n = there are exactly four values of x, namely ln, ﬂn, 1—9-71, 2—3n.
12 712 12 12

The equation sin 2x :% was solved in a).

By inspection of the graph, |sin 2x] > % for

T Sn 13w 170 Tn 1in 197 237
<x<=—= <y —— Do xg— g x g

<x<—,—<x< R <x< R < .
12 12712 12 712 1212 12
Problem GRA3_37.

9

Sketch the graph of f(x}=1-—+ l§ . Use this graph to find the set
JEIN.

x
number k such that the equation f(x) = & has four real distinct roots.

Answer: —%<k<1.

of values of the real

Solution:

y = 1- 92+ 18/

0] 4 X
(-2,-1/8) 054 (2,-1/8)
o218
7 ¥t xt
Domain {x:x = 0}
d_18_ 72
e ¥ X
Signofﬂ
dx
- 0 + - 0 +
f >
-2 0 2 X
(-2,-1/8) (2,1/8)

As x —» 0, y — +oo = the line x =0 is a vertical asymptote.

As x —> o0, y— 17 = the line y =1 is a horizontal asympfote.
Real solution of the equation f(x) = k are given by x-values where y = f(x) and y=k
intersect, Hence the equation has four real distinct roots for the following set of k

{k:—%<k<1}.

Problem GRA3_38.
Find the gradient of the tangent to the curve y = e* which passes through the origin. Hence

find the values of the real number k for which the equation e* = kx has exactly two real
solutions.

Answer: e, k>e.

Solution:




¥ /
5 /

/ y=¢eX
34 /

g — exp() 7(l,e)
‘\;”I/l T T g
R N L B T

7/
7 =37
/
/ -5

/
y=kx, k>e

Let the gradient of the tangent from the origin to the curve be equal to a. Then
i

a= (e’) ,i.e,a=e" .Inaddition at the point (x, y) where the tangent touch the curve y =¢”
and simultaneously y = ax . Hence we have the simultaneous equations:

a=e" a=e" a=e" a=e

y=e' ©|lax=e" @|xe" =" | x=1

y=ax y=ax y=ax y=e

Real solutions of the equation e* = kx are given by x-values where y = e and y = kv intersect.

Hence the equation has two real distinct roots for the following set of k {k : k > e} .

Problem GRA3_39.
The chord 4B of a circle of radius » subtends an angle of 26 radians at the centre O. The
perimeter of the minor segment AB is k times the perimeter of the triangle OAB. Show that

k+(k—Dsin® = 6. Use a graphical method to obtain an estimate of © in the case when k= % .

Answer: 0.34.

Solution:

SN

%

The perimeter of the triangle OAB is 2r+ 2rsin . The perimeter of the minor segment
2rsin 6 +26r .

Hence 2rsin 0+ 20r = k(2r + 2rsin 0)

sin@+0 = k(1 +sin0)

k+(k-T)sin6=0
1 1 1.,

If k=—,then———sinB =0
2 2 2

=sinf=1-28.
Clearly solution of the equation sin®=1-20 are given by 8 -values where y =sin6 and

y =1-28 intersect,

Note that 0 <28 <7 = o<e<§.

].5,g 6 =034

By inspection of the graph 6 ~ 0.34.

Problem GRA3_40.
A taut belt passes round two circular pulleys of radius 6 cm and 2 cm respectively. The straight

portions of the beit are common tangents to the two pulleys and are inclined to each other at an

angle of 20 radians. The total length of the belt is 44 cm. Show that g+ 6+ cotO :1741 and

hence use a graphical method to obtain an estimate of 8.
Answer: 6 = 2.48

Solution:

Consider the rectangular triangle OAP. ZOPA=8=> AP = 6cot0. Analogously BP =6cot.
In the quadrilateral OAPB the sum of angles is ZAOB +mn+28 = 2




= 2n—ZAOB=mn+20,

Hence the length of the larger are AB is 6(m +26).

So the length of the belt from the point P to the circular pulley of radius 6 cm and round it is
2.6c0t0+ 6(m+20) = 12cotB + 67 +120 . The figure PA'B’ is similar to PAB = the length of
the second part of the belt is —2— of the first part.

Hence the belt has the length (12cot® + 67 +120)(1+ %) =44

cotO+ =+ = % . Clearly solutions of the equations cot® = %I - —72£ —0 are given by 0 -values

where y =cot@and y = % —g— 0 intersect. Note that 0 <0 < x.

a4y Ix=m
i
2 y=00t(6) i
|
2 |
O-Frrrrrrertr "/2,
|
2
ly=11/4-n2—8
|
4 |

By inspection of the graph 6 = 2.48.




