MATHEMATICS

YEAR 12
1999 HALF YEARLY EXAM

4 UNIT

Time allowed: Three hours
(Plus Sminutes reading time)

DIRECTIONS TO CANDIDATES

s Attempt ALL questions.

* ALL questions are of equal value.

¢ All necessary working should be shown in every question. Marks mav be deducted for
careless or badly arranged work.

Standard integrals are printed on page 10.

Board-approved calculators may be used.

Answer each question in a separate Writing Booklet.

You may ask for extra Writing Booklets if vou nesd them.
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QUESTION 1

(2)

(b)

©

(d)

(e

Find the modulus andargument of Z=3 +4i
(Express the argument in radians)

For any complex number Z where Z = -z prove that Z must be purely
imaginary

Find the square root of Z=5-12i

Draw a neat sketch to illustrate the following region of the Argand diagram

N

Sarg(2—1)s%andjz-1|sz

If Z is a complex number such that

|Z-6]+|Z+6/=60 describe geometrically the locus of Z and
find its Cartesian equation.

58]

Marks




QUESTION 2

(a)

(b)

(©

(d)

If 1+iisasolutionof x'—6x’+5x° +2x~10=0 solve the equation
over the field of real numbers.

If . .5 are the roots of x’ — px+ ¢ = 0find in terms of p and ¢ a cubic

equation with roots
; 11
. i
B

Q|-

b
ES
,0

i, a’

If the cubic equation 2x* —9x* +12x+k = 0 has two equal roots,
find the value of &

Find the condition (i.e. the relationship between a and b) that
x* =3ax+b =0 has a repeated root

Marks

QUESTION 3

@ Express = in the form” a + ib if

f‘\ \p\ arg (z+1)= 2 and arg (:-]):2_”
. 6 3
(9

(b)

(@

If z is a complex number show that z> +(Z)* =2 isa hyperbola

By writing each factor in the modulus-argument form, simplify

i.

ii.

and state its eccentricity

B+t =)

Find the four complex roots of z* +4 =0

Plot these roots on an Argand diagram

Marks



QUESTION 4

(a) Consider the graph of v = f(x) for 0 < x < 24

4

The graph has point symmetry and a vertical tangent exists at x = q.
Sketch: i. y=["(x)

ii. y=["(x)

. y= j ()t

(b i Given F(x)= x: ..1 , sketch the following on separate axes
x4
L y=F(x)
2 [P =5
b ’ 1
 y=[Fxf

4. y=log, F(x)

Je+ 1o 1)
¥ ————
X+l

ii. Use your graph in (s) to solve the inequality x* +1> v ~tlx -1

5

Marks

QUESTION 5

(a)

(b)

ii.

iii.

Obtain the equation of the tangent to the curve \f; + J; =.J¢ at the
point P(a,b) on the curve

This tangent meets the x and y axes at Q and R respectively.
Show that OQ +OR =¢ for all positions of P, where O is the origin

Find the eccentricity, the equations of the directrices and the
co-ordinates of the focir of the ellipse with equation 7x? +16 y? =112

Sketch the ellipse showing the above information on your diagram.
Also sketch the auxiliary circle on your diagram

Set up the integrals that give:
1. The area of a quadrant of the circle with equation x? +? =16

2 The area of the quadrant of the ellipse 7x +16y* =112

ey,
Show that the integral in (f)2. above is- times the integral in ()1, and
a

deduce the area of the ellipse from the known area of the circle.
Hence write down a general formula for the area of an ellipse

Marks

10




g L
1~ 2f . umg st saiomduidse oan i uasmiag [Sue agt ey sadig ‘n
12 R
‘xp)aal_lp A uo JIRS BRI 1~q— =a4

aidwidse ay 01 (g'ar)g snooj s woy repnotpuadiad oty aa01g

-

Y

D
8 "2 A)OMU2303 (M BloqadAy © Jo uonenba s S =-ze —‘-; Q)
' E (2 ¢ o

b<[THyHTerarn)

ddaviivday s ?

t<g*% !
47 =Vdd7 R *aao0id

< ‘2% g # .0 1B YONS SIdqUING |ea1 aAntsod are 2 pue q°v] (q)
avllas 1
ey sao01g
“1aded somsur 104 ojuo werderp.ayy Adoy
A 1=d uaym umuwnnu e s; ojSuey sy Jo eare a1 Je1p 9019 A
. (d

nl —“[-+ 4 |2 s10gV 9[8uew oy Jo eare oY) ey Moyg Al

\ 0 JO s21BUIPI00D BT BUTULINIP Q) wnod
\:,,-Y“ _\-\“"‘c'\A 3 e eoqradAy.ayy jo youelq setpyo atp s13vt e [BULIOU Btp J| “m

“

«— N Vq\/\ X o— do=dd -x.d sigmod
‘¥N . atp 12 eoqadAy atp 03 feuntou ayp jo uonenba sty ey MoYyg ‘1
[ . -
* d tod ayy 32 ejoqradAy a1 03 Juasue; oy Jo uonenba ay pur g

X g utod oty e stxe £ oy pire v jurod ay

~ 18 SIxe 291 5355010 *g Jutod 2y 18 joquadAy a1y 01 JusSue sy
“UIBUR) UOUNOd N ST X JX Afoandadsal J pue F je Spo10 181y A1) { d 1utod a1 je BjOg: {311 01} 19Y], uerpenb

. d
199U Ad(] PUT GdD-SAUL[ 3], *( PUE D) e S[oI10 PUOIS A U g pue 7 18 01 S o Ut 2 = & ejoqiadAy sejnBueroal o) uo say (—*ds) g wrod ay | (®)
L dI2110 1514 2y SIND (DY du 9y, 4 urod je A[jewaixa 4ono; sapIw oMy, (e) 0 .
L NOLLSAND 9 NOLLSANO
TN

e



P

Marks
QUESTION 8

(a)

Find, as a relation between £, /. and m. the condition for the quadratic
equation in x,

(K +12)x? +2Ak + m)x+(I* +m*) =0
to have real roots. Simplify your answer as far as possible.

If |a|>2

bl, prove Z{a - b] > ]al

z

(© i Show that }'cos‘xdx = 5’1—7—{
0

Prove 3(cos’ x+sin* x)~2(cos® x +sin® x) =1

iii. Without attempting to evaluate any integrals, explain why:
E x

N

S

e |

2
in" xdx = J'cos".rdvc , for all positive integers »
0

T

By integrating the identity in part (i), and using parts (i) and (ii1),
find ]’cos"xd’c
0

v. Without attempting to evaluate any integrals. explain why:

z

B

Isin".rdr . tor all positive integers n

T
B
Isin "y <
0 0
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