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CoMPLEX NUMBERS — WORKSHEET #3

COURSE/LEVEL
NSW Secondary High School Year 12 HSC Mathematics Extension 2.
ToPIC

Complex Numbers: Powers and roots of complex numbers. (Syllabus Ref: 2.4)

1. Prove by induction that (cos®+isin8)" = cos(n8)+isin(n®) for all integers n>1.

2. () Express J3+iin modulus-argument form.

(i) Hence evaluate (\/5 +i )6.
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3. () Wit oo 1tiV3

in polar (that is, modulus-argument) form.

(ii) Use De Moivre's Theorem to show that ©° = 1.,

(iii) Hence calculate o',
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4.  Evaluate (1+ J3i ) in the form x+iy.

5. () Ifz= 2(Sin§+ icos %) evaluate z°,

(i) Plot, on an Argand diagram, all complex numbers that are solutions of z® =—64.

6.  Express each of the following numbers in the form a +ib where a and b are real.

A2 N A9
(1 + 21) - (1 - l) (i) (1 + z) (iii)m

(B+2i)’ —(2+i) (1-:)’

(iv) (a22 + bz)(b22 + az) , Where z=—= +i% and a and b are real.
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7. Let 6 be a real number and consider (cose +isin 9)

(a) Prove that cos30 = cos®0—3cos0sin’6.

(b) Find a similar expression for sin30.

8.  Factorise z° +1 into real linear and quadratic factors. Hence or otherwise show that

Tonell =1
cos oS =,
e 2 A5
singsin 4t =7

9. If o is a non-real root of the equation x* —1=0 then
(i)  Show that ®* is also a root.

(i)  Deduce that 1+0+0* =0
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10. (a) Solve the equation z°+1=0, giving roots in the form a+ib. Show these roots on an
Argand diagram.

(b) Factorise z° +1 into real quadratic factors.

11. Prove that

sin ﬂZQsin @_+21_)_e_
)
sin=

sin@+sin20+...+sinnd =

and
70 (n+D)0

cos 2 sin
1+cosO+cos20+...+cosnb = 2 2

in 9
Sin %

12. (a) Write down the modulus-argument form of (1+i)".

(b) Expand (1+:)" using the binomial theorem
(c) Using parts (a) and (b) show that

LI s
CHEHEHG) et

13. (a) If z=r(cosB+isin 0) find an expression for z” +z7".

(b) Expand (z1 -{-z‘l)4 and using the above result express your answer in the form
Acos40+Bcos20+C .

(c) Hence evaluate fcos4 0d6.

14. (@ If o isthe complex rootof z°—1 = 0 with the smallest positive argument, show
that ©®, ®' and @* are the other roots.

(b)  Show that 1+o+®”+o’+0* = 0.

(¢)  The quadratic polynomial z*—(a.+B)z+afl = 0 hasroots o and B. Use this fact

to find the quadratic equation whose roots are a=w+®* and B=0?+o’.



