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‘The curve in the Argand diagram for which

lz—4]+ |z + 6= 1415 an ellipse. Find the

coordinates of the centre, the lengths of the

major and minor axes of the ellipse, and

write down its equation. .,

The curve in the Argand diagram for which

lz—6l—|z+6/=10isa hyperbola. Find

the coordinates of the centre, the lengths of

the transverse and conjugate axes, and write

down its equation. What are the equations

of the asymptotes?

Z denotes the conjugate of 2, i.e. if

Z=x+17, thenZ = x — §y. Prove thatz =7

if and only if z is real.

Find the coordinates of the point which
3+4

+ 21, in' the Argand plane, and

t 7

represents -
\

the cognplék‘ Ij:d'rgxbcr represented by the

reflection of the point in the line y = X,

A represents 67 in the Argand ‘diagram, B
represents 3, and P represents the comiplex
number z. If P moves such that PA = 9 PB,
show that
Z=4+2)z 4 (4 — 20z

Show that P moves on a circle, and find its
centre and radius,
Determige ¢z such that |2 -+ 8if = |z + 5 — 24
and |z — 4] = |z + 24,
Prove that for any two complex numbers
15 %2,

lzr — 2,* + 21 + 2,7 = 2z, + 2|z,12,
and give a geometric interpretation of this

" result. ey

, if|2; — 23] = |21 + 2|, show that

g2y — argz, =§

o
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(9) Find the values of the constants 4, B, Csuch

(10)

(13)

(15) Express

that
2+1 Sx(x—1) (x—2) + 4x(x— D+ Bx+C.

(2) Factorise x* — 9 into trreducible factors
over the real numbers.
(b) Hence show that

1
=9

V3 1

/3

- 36(r—/3) 36(x+/3) 6(x+3)

Find the quotient and remainder when

8x* — 44 + 7x is divided by 4x + 3.
Reduce the following polynomials to
irreducible factors over the real field.
(a) 2x* + x> — 3

(b) »* +2x —x =9

(c) x®* — 64

Reduce the .foli\'owing polynomials to
irreducible factors over the complex
numbers:

(2) x* +24* — 3

26 —8

(¢) (#*+2x)2 -9

The polynomial equation ° ~ px + 5 = 0
has roots a, B, y. Find, in terms of b

(d) &+ f° + 9
2x+ 6

(x+1) (=" +3)
\

in partial fractions.
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(16) Find constants a, b, ¢, such that
=5+ 2=a(x+ D?+8(x+1)+e

(24)

What happens in (23),
(a) ifu, =07
(b) ifu, =2°
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(17} (2) A _circle has Pqnaf;nn

x> + 5 + 2gx + 2fp + ¢ = 0. Write down

the coordinates ofits centre C and the

length of its radius 7.

(b)) P(x;,9,) isa point outside the circle.
rite down expressions for the length PC

and 7, the length of the tangent from P to

the circle, and hence show that '

12 = x12 +]12 + ngl + 2}5’1 + ¢

(c) Find the length of the tangent:

(i) from (0, 0) to x> + y* — 6x + 4y + 2=0.

(ii) from (g, b) tox® + y* —ax — by + c = 0.
(18) Find the equations of each of the following

(a) parabola, focus (—2, —1), vertex

(=1, —1).

(b) ellipse, major axis = 6, minor axis = 4,

major axis y = 0, minor axis x = 0,

(c) ellipse, extremities of major axis (2, 0)

and eccentricity 5
(d) hyperbola, vertices (+2, 0), and
eccentricity \/5 '

(e) rectangular hyperbola, coordinates axes
as asymptotes, passing through the point

(75, —12).
(19) Pfacosd, bsinf) is any point on the ellipse
2 2 ‘
:—:5 +-§-2— = 1 with foci S, S’ p, 4" are the

distances from S, §' respectively t6 the

tangent at P. Show that g’ = 5.
a2 2
(20) PQis a chord of the hyperbola S —73=1,
a 17
with fixed gradient m, i.e. PQ has equation
y =mx + ¢ when m is a constant. M is the
midpoint of PQ, Show that M always lies on
bZ
the line y = Tx
a‘m
(21) Prove that the tangents at the extremities of
a focal chord of the rectangular hyperbola
xp = ¢* meet on a fixed line. Find the
equation of the line.
(22) Ifa sequence {,} is defined by
Uy = 3u, — 2u,_;, where n > 2, and it is
also given that u; = 0, u, = 2, prove that
u, = 2" — 2 using mathematical induction.
(23) “A sequence {x,} is defined by #, = 4, and
then u, =y + u; + -+ + u,_;, where
n 2z 2; prove thatu, = 2"forn > 2.
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(26)

(27)

®

(29)

(30)

(31)

ATsequence (%, j; the Fibonaccl numbers, 15
defined by ’

uy=luy =1l upyy =0, +u,_;,forn>2

VA
a= ! +2\/§, b= l \/_ are the roots of °
the quadratic ¥* — x — 1 = 0. Prove by

1 .
—=(a" — &").
7
Find each of the following integrals:
[(x — 2) dx
x(x* —1)

[ dx

b) | — %
(b) J2A /94 2

~
(¢c) |sinxtanxdx

LY

induction that z, =

(2)

o

(1 x%dx
(d
() Jo 20+ 1
Find j sin x cos x dx

(a) by using the substitution x = sinx

{b) by using the substitution z = ¢cosx

{c) by using the double angle result.
Which trigonometrical formula do these
three resiilts illustrate?

(a) Use integration by parts to find | x%4x.
(b) Use integration by parts to find | x"dx,
where 7 is a posifive integer > 2.

dr=In(\/3+1).

: ™6 cosx + sin:é
Show that ( —_—

Jo cosx —sinx
Given that 0 < a < 4, sketch the graph of
y=|x—el, for —b < x < b. Hence, or
otherwise, evaluate

Ji lx — a} dx.

T %2
Given that J x f(sinx) dx=7t‘f f(sinx) dx
0 o
T
use this result to evaluate xsin?xdx.

0

(32) (a) Skeich the area bounded by the x axis,

the curve y = Inx and the ordinate
x = n + 1, where n is a positive integer. °

{(b) JThis area is divided into n parts by
ordinatesx = 1, x =2, ..., x=n+ 1. Show




that the sum of lower rectangles = In(z!). (39) A race called the Matrices live on an isolated
Show that the sum of upper rectangles island called Vector. The birth rate is
=Inf[(n+ 1}!]. proportional to the population at any time,
{c) Hence show that and the rate of deaths is proportional to the
P square of the population_Ifthe population at
n(xl) < }1 Inzde <lInf(n + 1)1}, time ¢ is p, show that% = ap — bp*, where
. il . a, b are positive constants. Solve the
(d) By evaluating L In xdx directly, diﬁ‘erengal equation for p in terms of ¢,
show that given that when ¢t =0, p = —i—% . Show that
In(r+ 1) < wﬁ the limiting size of the population is %.
n
) (40) A smooth particle is placed at the highest
(83) Firstsketch the graph of = Inx, and then point of a smooth sphere. It is slightly
sketch each of the following: disturbed. Prove that it leaves the sphere
(a) y=In{x—1) (d) y=xln(x—1) when its height above the horizontal plane
(b) y=—In{x—1) (¢) y=Inx(x—1) through the centre of the sphere is reduced
() y=1l—In(x—1) by one-third.
(34) A particle moves in a straight line subject to (41) A A particle C of mass m 1s
the condition that # = ¢sin £ Initially, the attached by light inextensible
particle is at the origin and has initial strings AC, BC, each of length
velocity zero. Express the displacement x as [, to a fixed point A, and, at
a function of £, and find the displacement of B, to a ring of mass A/ which
the particle after z seconds / ‘ slides without friction on a
4 ’ vertical rod AD, as shown in
(35) The area bounded by the rectangular ¢ the diagram. The p grtrcle G
hyperbola 2% — 32 = ¢ and the Fines y = +b rotates about AD w1thvconstant
is rotated about the y axis. Find the volume B 4 angt‘xlar Yclocn:y @ and the _
of the solid of revolution. tensions in the strings AC, BC
D are 7, T, respectively.
(36) The area bounded by the curve Given that each string makes an angle 6
\/; +ﬁ= ¢, where C is a constant, the x with the vertical, write down three equations
axis and the:y axis is rotated about the x axis. connecting 8, T;, T, with m, M, g, [ and o,
Find the volume of the solid of revolution. ) . (2M +m)g
2 g and hence prove that ©* > T —
(37) (a) The ellipse = + o 1 1s retated about AA A, B are two fixed points with A at a
the y axis. Find the volume of the solid of , distance 2k above B. A string of
revolution using cylindrical shells. length 2a, where a > 4, is attached to
(b) The ellipse is now rotated about the x A, B and a particle of mass m s fixed
axis. Find the volume of the solid of to the midpoint of the string. The
revolution. # system rotates about AB with
. i . ' constant angular velocity @, and
(88) Write down the general solution of the & both parts of the string are taut.

dZ

x
equatfon P —n*x, where z is a constant.

A particle P moves in the x-p plane; its
coordinates (x, y) satisfy the equations:

d*x d?
i —n?x, :Ef— = —u?y, and when { = g,
dx dy
x=6y=0,—=0,==
9y 7 — bn, where n, a, b are
pogitive constants. Prove that the equation of
2 2
the path of P is Z—z +§3 = 1.

(a) Find expressions for the tensions in the
upper and lower halves of the string and

deduce that @® < i‘i

(b) Ifinstead of having a particle at its
midpoint, the string carries a smooth ring of
mass m which can shide freely on the string,
and if this new system is rotated about AB
with constant angular velocity Q2 such that
the lower part of the string is horizontal,

22
@2=_F

prove that M——hz)- .




(18) (a) y*+4x+2+5=0

Chapter 10 P
(b =1
g—+
72 e
(1) , 14, 4f +§Z‘1 (@ 7+5=1
: _ 2y
y= -i_-\/l—lx (e) xy= —900
: (21) x+y=./2
4) —1+2 29— , :
) 4— 2,25 (24) (2) 4, =0, all 2
© 1+ CESES 3
(7) Sum of squares of diag. of parallelogram (26) (a) QIHJi/__El_n(;_ ) =3+ 1) +e {
(8) Property of square (b) ._é Q:X +¢ \
(9) A=3,B=1,C=1 o
(10) (2) (x++/3) (x—-\/g) (22 + 3) (c) In(secx 4+ tanx) —sinx + ¢
(11) 2¢° + 37 +§x + 33 —4% () 152
(12) (a) (22*+3)(x+ 1)(x—1)
(b) (x— D +x41)(x+2) o \
(0) (x+2) (x—2) (¥ —2u+4) (2 + 25+4) (27) (a) Zoim’s + &
(18) (@) (x+ 1) (x— 1) (x + /30 (x = /30) (b) —zcosx + ¢ |
(b) (x— f x+f (x+ 1 —/30) x (c) —cos2x+ ¢ "
(x4 1+ /30) (d) cos2x = cos®x — sin’x x‘
() (x+3) (r—1) (x4 1+/20) (x+1—4/20) (30) 522*"2 ‘
P , (31) =
04 @5 @ - g |
8\/_—8—15 %
(b) 2p {dy =15 (34) x =2 — 2cost — tsint; ——rs— 1
(15) 1 x—3 4f %
x4 1 JC2 + 3 (35) g;_té(gaz + bZ) }
(16) a=1, b=—7,¢c=8 .
(17) (a) C=(—g —f);'r=\/g—2_w§7:_c (36) = |
@ ® \/— o) \/; 4ma’h 4ab*
(37) () (b) —
(59) b=

b(2 + ™)




