MORIAH COLLEGE

Year 12 2009 Pre-Trial

Extension 1 MATHEMATICS

Time Allowed: 2 hours plus 5 minutes reading time

Examiners: E. Apfelbaum , H. Dalakiaris, O. Golan

Instructions:

* Answer every guestion. All questions are of equal value.

» Show all necessary working. Draw clear, well labelled diagrams

Student Number: Teacher:

Question 1. (12 Marks) Use a SEPARATE Booklet
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Find the exact value of sin(%{] .
Find:

0 [

x* =2

(i) %(cos_l %) .

3
Find the exact value of J

Fdx.
3 3+x

The point P divides the line 4B externally in the ratio 3:2.
Find P if 4 is (2, -5) and B1is (6, 1).

Find the values of x which satisfy % >3.
X+

~ COSXx

1
If £=tan> , EXpress
2 1+ cosx

in terms of 7, in simplest form.

Marks




Question 2. (12 Marks) Use a SEPARATE Booklet
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2 .
Find lim (x* =D +sin(x-1
x—=31 x—1

showing all working.

P is the point , other than the origin, where y = ax® meets the line y = x.
@) Find the coordinates of P.

(ii)  Find, to the nearest minute, the size of the acute angle formed by
the line y = x and the tangent to y = ax® at P.

Suppose x° —2x* +a = (x + Z)Q(x) + 3 where Q(x) is a polynomial.
Find the value of a.

x

3
Evaluate j’3 sinxcos? xdx
0

Sketch the graph of y = 3sin 7 2x

Marks

Question 3. (12 Marks) Use a SEPARATE Booklet
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(i)

P(2at,at?) is a variable point on the parabola x* = 4ay, whose focus is 5.

Sketch the graph of P(x) = x*(x —1)(5—-x).

Hence solve x*(x—1)}(5—x) <0.

Express J3cos2t — sin2¢ in the form A cos(2f + @), with 4> 0

and0<a<£.
2

Find, in exact form, the general solutions to \/5 cos2t —sin2t =1.

Marks

O(x,y) divides the interval from P to S in the ratio 12:1 [i.e, PO:OS= t* :1]

®
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(iif)

Find x and y interms of a and 7.

Verify that £ =¢.
X

Prove that, as P moves on the parabola,  moves on a circle, and

state its centre and radius.

(98




Question 4. (12 Marks) Use a SEPARATE Booklet Marks

Question 5. (12 Marks) Use a SEPARATE Booklet Marks
D) 10 =tan 4+ tan™ B show that tanf = 22 1
(& (i) Find the area of the region enclosed by the curve y =log, (x+1), 3 @ O = tan + tan show that fan& = 1- AB "~
the y -axis, and the line y =3.

v (i)  Hence solve the equation tan™ 3x + tan™ 2x = % 3
s__
4+

/y =log,(x+1)
y=3 = .

AN

&

(ii) If this region is rotated about the y -axis, find the volume of the 3
solid formed. Leave the answer in simplified exact form.

In the above diagram, BX and BY represent two roads intersecting at an angle of 60°.
(b) O isthe centre of a circle with radius 6cm and < AOB = ¢ radians.

.. . o On the road BX are situated three telegraph poles AB, CD and EF, all of equal height
¢ is increasing at a rate of 0.2 radians/second. (h metres) and the same distance, x metres apart. (i.e. BD =DF=x).

P is a point on the road BY and the angles of elevation of A and C from P are 45° and
30° respectively.

() Show that BP =/ and DP = A/3 . 2
A B

A
‘ (ii) By using the Sine Rule in ABDP , show that <BDP = 30° 2

Hence show that ABDP is right angles at P.

(1)  Find the rate of change of the area of AAOB 3 (iii) Prove that x = 2h 2

(i) Find the rate of changze of the area of the minor segment formed by (iv) By using the Cosine Rule in APDF , show that PF = w13 . 2
7

AB when < AOB = E Hence show that the angle of elevation of E from P is approximately 15.5°.




Question 6. (12 Marks) Use a SEPARATE Booklet
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(iii)
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(i)

% T 1
Prove that jsmzx dng__
0

7
Prove that di(xsin2 x) —sin? x = xsin2x.
X

L3

4
Hence, or otherwise, prove I xsin2x dx = %

0
Use Mathematical Induction to show that if x is a positive integer
then (1 + x)” —1 is divisible by x for all integers » such that n>1.
Fully factorise 12" — 4" ~ 3" +1.

Without using Mathematical Induction again, use the result from
part (i) above, to deduce that 12" —~ 4" — 3" +1 is divisible by 6 for
all positive integers n.

Marks

Question 7. (12 Marks) Use a SEPARATE Booklet

49

! dx , giving
ixeax
the answer in the form Ina for some positive integer a.

(& Use the substitution #> = x, > 0, to evaluate

(b) Consider the function f(x) = x ++/x* +1.

(i)  State the range and domain of f(x).

(i) Showthat f'(x)= J () and, hence, show that f'(x) > 0 for all real x

Vx? +1
(i) State the domain and range of f~'(x), the inverse function of f(x)

(iv) Show that f™(x) = % (x ——l);)

(v) By comparing the graphs of f(x) and f™'(x) or otherwise, show that:

]J‘(x+x/x2 +l>ix:%(l+ﬁ+ln(l+«/§))

Marks




SOLUTIONS EXTENSION 1 PRE TRIAL 2009

x+1 3
Solution is:

)

—1<xS:—2A
3
)
_
Ift=‘ca.n£,cosx=1 !
2 1+t
1-cosx
1+cosx_( 1+t)( 1+£
1+2-1+22, 1+ +1-1
1+t 1+t
1+t2) ( )
TTY
%8 )
s / T ok ’

Question 1 Question 2
-1 (x* -1 +sin(x-1)
a) — 1 =
) '\/5 (a) x]_—r)l} X - 1
b) i) lln(x2 -2)+C lim x> -1 +1 sin(x — 1)
2 =1 x—1 x31 x—1
.. -1
i) = -
C) 4-x g G= DD o sinGe 1)
x=1 x—1 >l o x—1
| o L EDE T lim (x+1)+1=2+1=3
f Bl B3 6 2k =
DAQS) BED ®  x=ar
- 2
3x6+-2x2 3x1+-2x-5 x—ax" =0
( 1 )2(14,13) *(1 —ax) =0
x=0 (rule out, P cannot be at the origin, given)
e)x;&—l le y:-l— = P(_l.’l)
. 1 -2 a a a a
Consider: ——=3=>x=—

y' = 2ax At x 1 the gradient is: y' =2
a

Gradiént of the line is: 1

m =2
- 1
my, =1 Use: tan@ =T |-~
T+mm,| 3
4 =10°26'

—8—-8+a=0+3 =

=

(a) Evaluate j-3 sinxcos® xdx
0

a=19

z
3

3
-3 J.(—sinx)cos2 xde=— 3{‘502 x}
0

Wy

0

(¢)  Sketch the graph of y = 3sin ™ 2x

W=

I\J|§
N o=
Ny

A
<
®|

3
= —[0033 x]g

(¢)  Substitutex=-2 in: x* —2x* +a= (x +2)00x) +3

oo |~

Question three

a) i)

Question four
3

3
a)i) Area= dey ={e’ ~1dy
0
-l
3

3
Volume = ﬂj x*dy = x| (e’ —1)*dy
0

0

NN 5

if) x>5,x<L,x#0
b) i) Acost+a) = Acos2tcosx — Asin 2t sinx

=3 = Acosa & 1= Asina
So,4=2

3 . 1 4
cos@=—,siha=—=>a=—
2 2
3 cos2¢ —sin2¢ = 2cos(2t +a)

i) cos(2t+£)=l:> u+Zcoppt X
6" 2 6

V3 4
— AT +—
4 12

t=nm-
o))
PQat,at®) S(0,a)
1
_ 2at 2at?
ST YT
t +1 41
2 2
i y_ 22az‘ xt +1
x t°+1 2at

iii) Eliminate

Y
2a- 2
x=—2% xx—2:>x=%
y_2+1 X y +x
x
1= 2ay2:>y1+x2~2ay=0

Y +x
Complete the square;
P +(y-a)=a
Circle centre (0,a) ,radius a.

ﬂ[(%es -2 +3)—(%-—2)} =—

b)

d1_dd do

de do dr
A=18xsinb,
ﬁ=0~2&ﬂ=18><cos(;7
dt do

dA
3
ii) Area of minor segment (4)=
1 r2(9 —sing)
dA dA de
dt d& dr
=18(1 — cosf) x0-2
=3'6><(1—_71)=5-4 cm’ /s,
Question five
a)
Let tan" d=¢ &tan ' B=f4 =
tan ¢ =4 and tan S=B

In ACDP:
tan30" =——

- tan30° -

0
-—y]g=(e3 -3-1=e' -4u°

3
=7r-fezy—2ey+1dy=7r[%ez" —2¢” +y:l
0

3

0

e —4¢* +9)

6’=2—7r:>—=0-2x18x_—1=—1-80m2/s
dt 2

So, tan @ = tan(c + f) _fana+tan g
1~tanatan 8
_A+B
1-4B

b) i) In AABP: tan45* =%:>BP=h




iDIn ABDP;
sin60" sinZBDP /3  sin/ZBDP
= = =
PD BP 23 2

= sin ZBDP =~;— = sin £BDP =%

ZBDP =30°

ZBPD=180" - £ZBDP -~ /DBP
In ABDP:
=180"-30"-60" =90
BP h_1
iii)in ABDP:sin30°=-~=—===x=2k
ii)in sin ) x
iv) LPDF =150° (exterior angle of ABDP)

PF*=PD* + DF* ~2x PDx DF x cos ZPDF

=3h2+4h2—2xh\/§x2hx—f=3h2+4h2+
= PF=m13
£ of elevationis ZEPF =0
ng<EE _ B 1
PF w3 3
f=tan™ —wz
J13

Question six

a)i)

sin® x = %(l —cos2x)

sm xdx

(1-cos2x)dx

o-—..:-|a
© N

l\.)lv—‘

=l[x~lsin2x * =lx(ﬁ—lx1) _r_1
2 2

o 2 4 2 8 4
As required!
if)
Using the product rule:

d . . . . .
—cix—(xsmZ xy=lIxsin® x+xx 2sinxx cosx = sin® x + xsin 2x

. d . .
. xsin2x = Zx—(xsm2 x)—sin’ x

iif) From above:

~ L

z
= z
4

xsin2xdx=f—(xsm x)dx - Jsm xcbx

0

_ (ﬁj (1 1 j 1
8 8 4, 4

b) i) Prove true forn = 1.
LHS=(1+x)—1=x = xx1.. divisible by x.
Assume true for all values up to n = k. i.e. Assume:
(1+x)f —1=xx P(x)
Prove true forn=k +1,
i.e. We want to prove:
1+ x)" —1=xx O(x)
LHS=
A+x)1+x)f —1= 1+ x)(xx P(x)+ 1) -1, by the above
assumption.
XX P(x)+ x> x P(x)+x+1~1= x(P(x) +xP(x)+1)
=xxQ(x)
ie Iftrue forn="F, true forn=k+1
which proves the result by the induction.

Question six (cont’d)
4"(3"-D-13"-D

= (4"
=(2"

-G -1
DR +DEG" ~1)

ity From above:

4" 1

=(143)" -1 is divisible by 3

And 3" -1=(1+2)" -1 is divisible by 2.
Therefore their product is divisible by 6
For all positive integers #.

Question seven

@

Use the substitution #* =x, u >0, to
49

evaluate _[ dx, giving
B

1
the answer in the form Ina for some positi
integer a.

x=u" —=2u = dx=2udy

Izl 2udu=2 2” du=2 !
u +u u +u u+1

=2In(u+1)

=2+
~2(n8-1n2)

49 1

dx=2In4=1nl6

;“x+\/;




Question seven (cont’d)

(b) Consider the function f(x)=x+~/x" +1.

=

(1) Rangeiy(x)>0, Domain: all real
values of x

2x x

flx) =1+

@ \/x2+1+x= f(x)

Vit 41 x

Since f(x)>0 (from (i)), and

VxE+1>0 f'(x)>0

(iii) Domain: x>0 Range: all real y
@) f)=x+dx 41
y=x+m
Y
= x—y=+/1*+1
= G-yf =yt

=1+ =
2% +1 Vx+1

=

2t -2xy+y =y +1
=  x*-2xy=1

=  x*-1=2xy

Uy =t (oL
fT@=o6=)

v) see next page!

(v) By comparing the graphs of f(x) and f~'(x) or otherwise, show that:

oy ,‘qw, -

o ~-~{1'1--+x5)

\\i

"(1+42,)

/
/
{I

By inspection of the two graphs:

t 1447
I(x+Vx2 + l)ix = Area of rectangle-% J. (x—-l}lr
0 1

X

1 17
A= 1><(1+\/_)-—[x——]

Xh

12 1442
A=1+\/—-—_["——1nx]
2 1

A=1+4+7- [(”*/—) —In(l++/2) ~ ()]

-

A:1+\/§_{3+2:1/§—1_1n(1;\/’2‘)}

A:4+4J§_2+2J§+1n(1+ﬁ)
4 4

2
e 4+4JE—2—2J§+1n(1+J§) e 2+2J§+m(1+ﬁ)
4 2 4 2

¥+Ki@:%[1+\/§+hl(l+ﬁ)]

I [(1+\/—) m(1+f) 1 ]

A=

as required




