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Given that the polynomial P(x) =x* —6x® +12x* —8x has a root of multiplicity three (i.e. a triple root),
completely factorise the polynomial and sketch the polynomial showing all roots.

Show that 217 is a root of ¥ —3x + x+ 5= 0 and find the other roots of this equation.

If o, 8,y are the roots of the polynomial x* +x* —1=0, find the equation of a polynomial whose roots
are @, A%y, ’

Resolve ———4%——— into partial fractions.
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Question 2.
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a) Ifthe line x =1 is a directrix and the point (2, 0) is a focus of a conic of eccentricity \/5 :

i)

iii)

b)

Find the equation of the conic, showing that it is a rectangular hyperbola and sketch the curve
showing its asymptotes, foci and directrices.

Find the equation of the normal to the curve at any point P on the curve. 2

The normal to the curve at P meets the x-axis at (X ,0) and the y-axis at the point (0, Y ) Ifr

is the point (X Y ) , show that as P varies on the curve, T always lies on the hyperbola

x?-y*=8. . r 2
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Consider the ellipse x_2 + —;:—2— =1, drawn above, with eccentricity e.
a .

ii)

iii)

Write down in terms of a and e the coordinates of the focus S, and the equation of the

associated directrix. . 7 2

Show that the equation of the normal to the ellipse at the point P(x,, yl) is given by

2 2
ax by _pp , 2
N
Let Q be the x-intercept of the normal and let M be the foot of the perpendicular from -
P to the directrix as shown in the diagram. Show that QS = ¢*PM . R ’ 2
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Question 3.

2
The Parabola x? = 4cy intersects the ellipse -)-67 +
. © g

where 0<b<a and c¢>0. The tangent to the ellipse at P meets the parabola again at W(ch,cwz) .

i)

iif)

iv)

v)

vi)

vii)

2
;—2 =1 at the point P(Zc:p, cpz) in the first quadrant,

2cpx  cp’y 1
2 b =i

Show that the tangent to the elli

i
If this tangent meets the parabola at (201‘ ct ) show that=—— p o -—;2—— ~a =0.

Explain why = p and £ =w are the roots of the equation in part if).
If PW subtends a right angle at the origin, show that pw=-4,

11,1 "
bZ a2 (40)2

Hence show

‘ S b
By considering the roots of the equation in part (ii), show p = %

Hence show that if PW subtends a right angle at the origin, then p = 2¢, where e is the
eccentricity of the ellipse.

2
The Hyperbola 7 has equation x_z_
a

Marks : > Question 4,
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a* +b*
i)
i)
if)
iv)
v)
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z—z =1 and eccentricity e, while ellipse E has equation

2
+Z’—2=1.' A ' AR

Show that E has eccentricity l

Show that E passes through one focus of F{~and 7 passes through one focus of E,

Sketch . 7‘[ and € on the same diagram, showing the foci S, §*of J{and T, T of € and the

direotrices of 7{ and . Give the coordinates of the foci and the equatlons of the directrices in
terms of g and e.

If Hand E intersect at P in the first quadrant, show that the acute angle a between

the tangents to the curves at P satisfies tana = V2 (e + 1)
e
x2 2
Find the acute angle between the tangents to the hyperbola T % =1 and the ellipse

xZ yZ

%+ =1 at their points of intersection. Give you answer correct to the nearest degree.
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Question 5.

Marks

a) Consider the quadratic polynomial equation x% —x+ k=0 where k is a real number. The equation has

b)

two distinct positive roots czand § .

i) Show that 0 <k <:1’;

i) Show that L?_+——17 >8
a” f

A cubic polynomial is given by P(x)=x"+ax+b where a, b are constants.

It is given that the polynomial equation P(x) = () has three roots ¢, f andy.

i) Find the value of  + S+ 7.

if) Show thata® + B +y> =—2a.

iif) If the polynomial has a positive double root, show that this double root is ;ib .
a

iv) If the polynomial has three distinct roots show that 4a® +27b% <0.
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ol - 1 -
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J a
[ 1
cosaxdx = —ginax, a#0
J a
([ 1
sinax dx =——cosax, a#0
) a
d 2 1
sec”ax dx =—Etanax, a#0
o
[ 1
secax tanaxdx = secax, a#(
o
1 dx =ltan'1£, az0
a* +x* a a
.

.1 X
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NOTE : Inx=log,x, x>0




Extendsion T ThAsca : Folynomuials and Conies
- QO
AOLUTLILONS PMark Comment TS
@Jeﬁ'\‘(d/\ L.
o) PO x ¥ ol + 12 = 8o .
PI0) == 18 + 24x = & ot gob o )=
Pl = 1220 =36+ 24 anel 2= 1,2
=12 (9(, Y +1)
=12 (x - IIDC*?—) .
| o iy
Swee p(l> has reot © ,
mulophiey 3, P =0 O | fidethad PR=0 2
& HU i > / not gu,(ﬁ&e& evuolutcugl
So edr x = | v e ;:z & bea ‘L""‘ff’h_mo“f
PO +0O ' fark ok )
P =© '
P()L) 5 (- (9"' l2x - -8) |
= s (-2 © + oo many el ol
mm[knowul%‘t““*b“
oot chowd look lee'
(D A@om}L\/e WWL
I
on - cludl
Pl2-x 2 L) ..3(2 A.) FROBYINY . . f_E_Hj_D '"“”"‘j
@ ( > —g- IRA~b u, ~ Q42 AR ok show o

—o. @

. ;)—/L LS @ Lactor , .
Sence real coedlioents :
Q«i (s also a Looky” ’(D

'Sw-e REASON Wl‘? Rk
w0 Yhe Dcu-” "'”O+

ROLUTIroNS _ Mo | CoOMmeTs
ol B e 45 = (X - - eV ) Rewd dhe gupotion!
, ,
= (=t 49X 1) | e (o) e
G S X ' © —{H-e L ehored form @f\ét;"‘ﬂ)
L OMaer root 18 o = | xoel e are oots
C) lgeq Ulf—‘@é( 8(?\)0.‘{’(0/\\ \S ; - oj’:‘ “ (N-eliJ-OV‘Q

(&) (&Y -1 = O

7

D(‘z 4 X —| =0.

Jf« _

( ) I

L = \—21+3C_
>c3——x7f+2x -l =, @ :
09 Yoo 1O a4 o+ |
. Dot~ G+ 3
Go-Yut3) T T

-\

Ll +10 = O~(‘#>L1+%)-+(loat+¢)[2x—\_ :

et o=l : N ‘

L :3

.
(

2o + 9 + 2on” + éc—lo'_)x +<

L{_g(,—l-lC) =
oy = 2e-b | ,
1w = 9-¢ @
Ly 4 VO 2 ~ bx 4\ I@
(2 —) (W™ +s> A~ byte 3 '

Mwﬂ;m*

b (

o Aa }J),T $(Ab9k7l"‘£r‘
urdsen .

conp
Choo lengthsg)




AOLLTILONS

Mork

CoOmMmmedTs

SOLUTIONS Mack | COMmentTS
Quoshon & .
a) 0) Focus of wome 1S (ae, o)
A Loz =2
. = J2 . ) ‘
Simce  dwredhriv IS =1 Comce . -
(s hﬂp@f\odq | Fa\,(/y ol
. % 1({1’2 ’_\>
T olon®

=2,

. EC\Q&‘\'\

oC x

(&3 &Y
. 2

oy ok e L2

(v Let P = (4590

Qoc ,—Qﬁ% -
% =

Ar P J%:

t

O

X
4
X
Ol

Cora dhertt ©F normal ot @ g _:5!_
N

. Eq’uo‘:\’\o"". of HO{ma_( &

-ij_Hi = (}'XD 3
X

. ) _ 25 .
-2 1.\jl.+xl‘j = xl<j'
6\\> - N orpad eoks oC af\S

ond axis aF 9= 29,

Lo
¢, - ‘:j\ =<
- @y
e Y-y = F

. 2
T les ©M o0 f‘z] = &

oo d 606




DO L_UTLONS

Mok

@ueg—‘r(o}\ OF
(i) The focus is S(ae, 0), The directrix is x = & .
e.
IR LZ =1
a?
2x 2y dy -0
a2 b2 dx
dy . —b%s
dx a2 y

So the slope of the normal at P(xy,y,) 1s @y
b2x

2
The equation of the normal is Y-y = Z—Z%(x -x;)

ble(y Y1) = a2y1(1—x1)
alxy, - b2xy = a’x;y, — b2y,
ax by
X0

=qg?=p2 (divide bath sides by x;¥,)

2_p2

i) O is the point (“ b

: o

50, 0S = ,ele - ae|

=elex; - g

Also, PM =% x|
e
50 e2PM = ez(ﬂ —x[)
e
=e(a-ex,)

Hence 05 = e2PM,

\

0, o) or (e%x;, 0) (from a(1 - £2) = p2),
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’ Question 4

‘V\c‘v\j‘ ghudents  did

(i) For the hyperbola 7, _
b= ae? 1)
. b’ B +a’
Fz = ";‘f +1= o
If the ellipse £ has eccentricity € ,

b*=(a®+b*)1-¢")
. . bz

el T
RPCTN S

Ta+b et o
Hence the ellipse £ has eccentricity z.

(i) Since a® +b* =-a’e*, the equation of the ellipse
1 2
CopVi be rewritten as’ —-’:—-—z- + %=1
a’e b
One focus of # is S{ae, 0), and this point clearly
lies on the ellipse & . ) o
One focus of the ellipse is T(ae %, O) =T{(a,0)

and this point is clearly on the hyperbola 5. -

(iii) Hyperbola 5f has foci $(ae,0), §'(-ae,q)
‘ ‘ T ;

. iy a

and directrices x ==, x=-— 2
. €.

Ellipse £ hasfoci T{a,0), T"(~a,0) and

. C ae 2 '_. _ ‘a2
directrices x=(—l)- =qe’,*x=—ae’".
[
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(iv) Where the curves intersect,
52 y7._ R
G- H=l W
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e Tt @
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X 2 ~
M+2) = azel(e +1)=2
N .
e’x(2)-(1) = -ZT(e2+1)=e1—1
¥ ‘
1_ 2f,2 2 _
b'=a (e _1) = al(qf—l (e +;>—e1—1
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For the ellipse, at P
X 1
2,2 —Xl— =1
a‘e b
2x 2_y_d_y_0
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dx a*e y ey e ) .
Hence the gradients of the tangentsto# and £

at Pare V2e¢ and —+2 { respectively.

ﬁe—(-ﬁ[i%) 2erd :
_.1+J2"e(—ﬁé) =2 2 I |®
. o =vZ (e+3) |
H ' ’ W2
: (v) Hyperbola 7 ; :—6 - -)-.’9-.2—.=1, with
eccentrigity e given by 9=16(ez—l) = 6=%;
2

2
andellipse % : L. i
s g 1 are two such conics.

Using the symmetry in their graphs, at all of their

points of intersection, the acute angle o between the '
tangents to the curves is given by tan o = /2 (% + ﬂ) @

5
Hence o =719 [ tn the nearect danras .
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