SYDNEY GRAMMAR SCHOOL

2011 Assessment Examination

FORM VI

MATHEMATICS EXTENSION 2
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General Instiuctions
» Writing time — 1 hour 30 minutes
“o 'Write using black or blue pen.

« Board-approved calculators and tem-
plates may be used.

o A list of standard integrals is provided
at the end of the examination paper.

o All necessary working shotild be shown
in every question,

o Start each question in a new booklet.

‘Structure of the paper

» Total marks — 72"

o All six questions .rna‘y be attempted.
o All six ‘quéstions.are of'equal value.

Checlxliét .
o SGS booklets — 6 per boy
¢ Candidature — 85 boys .

Collection_

Write your candidate number clearly
on each booklet.

Hand in the six questions in a single
well-ordered pile.

Hand in a booklet for each question,
even if it has not been attempted.

If you use a second booklet for a ques-
tion, place it inside the first.

Place the question paper inside your
answer booklet for Question One.
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QUESTION ONE (12 marks) Use a separate writing booklet. Marks

(a) Let z=3+4 and w=2—2i.
(i) Express ()% in the form a + 4b, where a and b are real.

(1) Find Ro <%> o '

" (b) Let -z = —V3+i and 2 = 3 — 3.

(i) Write 2 and z in modulus-argument form. ' . '
(i) Hence, or otherwise, express z_l in modulus—argument form.
: 2

@9) A m

: Re
ol ' \\'
B

In the Argand diagram above, OA = AB and OA L AB. The point A represents the
number w. Find the complex number represented by B in terms of w.

(d) Theé point O represents 4 + 8i and the point D represents —4 — 84, The locus of z is
_ defined by |2 — 4 — 8| = |z + 4+ 81[ Describe the locus of z and find its Cartesian

eqﬂatian

Exam continues next page ...
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QUESTION TWO (12 marks) Use a separate writing booklet.

) Find / dx.
4:1; + 13

’ 2
(b) Evaluate / 4t
N

dz.
—x

S AN T d
.(€) Use the substitution ¢ = tan % to evaluate / —9— .
SR . . ; o 1+sind

' (d) Use integration by parts to find / sin~tzdz.

QUESTION THREE (12 marks) Use a separate writing booklet.

: (a) Consider the ellipse € with equation 16z* 4 253* = 400.
(i) Show that the eccentricity of £ is 2.
(ii) Find the coordinates of the foci S and §'.
- (iii) Find the equations of the directrices. -
(iv) Sketch the ellipée £, showing its = and y-intercepts, foci and diréctrices.

(v) The point P(z,y) lies on £. Use the eccentricity of £ to prove that PS + PSis
independent of the position of P. :

(b) Write down the equations of thé asymptotes of the hyperbola wz — -yl— =1 and find
“the acute angle between them.

) 22 2

.(c) Find the values of k for which the equation 6% -+ 3= 1 represents

(i) a circle,
(ii) an ellipse.

¥ixam continues overleaf ...
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QUESTION FOUR (12 marks) Use a separate writing booklet. Marks

The point P represents the complex number z = ~2i. The points ¢ and R represent
the complex numbers w; and wg, which are the square roots of z. Plot the points P,
Q and R on the Argand diagram, given that Im(w;) > 0.

(b) ' Ay

\f

0 A

The diagram above shows the hyperbola zy = c2. The tangent at the point T'(ct, 8
cuts the asymptotes of the hyperbola at the pomts A and B. The point O is the

origin.
(i) Show that the tangent at 7" has equation z + t2y = 2ct.
(i) Prove that the area of AAQOB is constant. :

Exam continues next page ...
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QUESTION FQUR, (Continued)

()

AY

P(242,45)

T%le diazgram above shows only one branch of the hyperbola H with equation
Vi yg = 1. It has a focus at .9(3,0)-and a directrix with equation ¢ = g

(i) Show that the equation of the tangent to 7 at the point P(2v/2,v/5) is
Vi0z — 2y = 2v5.

(1) The tangent at P cats the directrix at ). Show that ZPSQ is a right angle.

Exam continues overleaf ...
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QUESTION FIVE (12 marks) Use a separate writing booklet.

(a) Sketch the region in the complex plane which satisfies- 5 < arg(z — i) < 2T and
|z — i] £ 2 simultaneously.

3
(b) Let I, = / tan™ z dz, for integers n > 2.
)

() Show that I, =

n— 1

(G

. 3
(if) Hence find the exact value of / tan® z dz.
Jo -

2

. ) .
() (i) Giventhat u =&+ = ,showthat 2+1:-z4+32:2+1'
7 1 2 22 —~1 1
(ii) Use the substitution v = = + —m— to show that /1 AL 322 41 dr = ta‘fl_ (3)-

QUESTION SIX (12 marks) Use a separate writing booklet.

z?

Marks

S RS S

Marks

y?
(a) The point P(acos 8, bsin 6) lies on the elhpse — + Z- = 1..The point Q(acos ¥, asinb) -

B2
’ : lies on the auxiliary circle z2 + 3* = 4® and the point O is the origin.
(i) Show that the normal at P has equation azsiné — by cos @ = (a® — b®) cos O sin 0.
(if) Find the equation of OQ. . ‘
(iii) Find and describe the locus of the intersection of the normal at P and the hne
0Q. :
\\

' 1 eS|
b) Let I = - d
(b) Le /0 1d:l:, J /(;w+1d{l: and K = / Pl

‘where n is-a positive integer.

(i) Arrange I, J and K in ascending order. Justify your answer.

Lo oy

_z a:-l—m—l)-r

25
(ii) Show that
z+1

62 63
(iii) Use n =5 to prove that % < In2< 90"

END OF EXAMINATION
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