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HSC Mathematics Extension 2 Trial Examination

Total marks 120
Attempt Questions 1-8..
All questions are of equal value.

Answer each question in a SEPARATE writing bookiet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet.

15}

(b)  Evaluate, using integration by parts, J xcosx dx .
0

3
dx

1x2+2x'

(c)  Evaluate, using partial fractions, J

1
(d)  The integral J, is defined by I,, = J. x"e* dx.
0

(@) Show thatl,=nl, ;—¢ .

(i) Hence show that I3 =6 — 16¢™ L.

Marks
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Question 2 (15 marks) Use a SEPARATE writing booklet.

(@ Letu=4+2iandv=3-i.
() Find @v.

(i) Find v2.
(b)  The complex number z satisfies both equations [z — 1| = %Izl and arg(z—1)—argz = 755 .

X z=1_1.(%n
(i) Show that = 2cxs(3).‘

3+i3

(1) Hence show that z= 3

() (i) Inthe same Argand diagram, sketch the locus of [z—3] =1 and the locus
of |z} =|z-2i].

(ii) Write down the complex number represented by the point of intersection of the two
loci.

@ (i) Find all solutions of the equation z3 = 1. Leave your solutions in the form z = cis 8.

(i) Let m=cisz3’-‘.5howthat @2+m+1=0.

(i) By expanding (z+ 2)(z2+z+1) , or otherwise, solve the equation
22+32243z+2=0,

Question 2 continued on page 4

Marks
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QUESTION 2. (Continued)

®
Im(z) A

/P

In the Argand diagram above, the intervals AB, OP and OQ are equal in length. Also

> Re(z)

o

»

QO |lAB and LPOQ = Z—;E, where P has been rotatéd 233 anticlockwise about O to the
point Q.

Let A and B represent the complex numbers « and v respectively. Find, in terms of « and v,
the complex number represented by P.

Marks
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Question 3 (15 marks) Use a SEPARATE writing booklet.
@
YA
1_ _______
b
]
i
I
1
|
} > %
0 1 2

The graph above shows the curve y =f(x), where f(x) = x(2~-x)..

Without the use of calculus, sketch the following curves. Show any intercepts, asymptotes,
end points and turning points.

@ y=£(2x)
" _b
W=7

i) |yl =5,x)
(iv) y=In fx)
V) y=f(e"

(b) Consider the hyperbola 7 defined by 9x2 - 16y% = 144
(i) Find the coordinates of the foci.
(ii) Find the equations of the directrices.
(iii) Find the equations of the asymptotes.

(iv) Sketch & showing all the above information and all intercepts with the axes..

Marks

HSC Mathematics E fon 2 Trial E

Question 4

(a)

(15 marks) Use a SEPARATE writing booklet. Marks

Fifteen new students at a school are distributed evenly among three classes. Given that there
are three children with blonde hair among the fifteen and that the students are distributed
randomly, find the probability that:

(i) all the children with blonde hair end up in the same class. 2
(ii) each class gets one child with blonde hair, 2
(b)  Let P(xy, y,) be apoint on the ellipse 16x2 + 25y2=400.
(i) Draw the ellipse, showing all intercepts. 1
(ii) Write down the eccentricity. 1
(iii) Show that the equation of the normal at P is 25yx — 16xyy - 9x;y;=0. 2
(iv) The normal at P meets the major axis at N. By using the focus-directrix definition of 3
an ellipse, or otherwise, prove that -1!‘2, = PS, , where S and §” are the two foci.
NS’ PS§
(c) Trieu took a wooden cylinder and carved it into the shape shown in the diagram below.
The base of her shape is a circle with radius 8 cm.
Each vertical cross-section shown in the diagram is a square.
(i) Show that the area A of the cross-section distance x cm from the centre of the base is 2
A=4(64-x2).
(i) Hence show that the volume V of the art project is given by 2
V= 8J’n (64 —x2)dx
0
and evaluate the integral.
6 Tenmc,_osF Copyright © 2004 NEAP
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Question 5 (15 matks) Use a SEPARATE writing booklet. Marks Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

(@) Given that the quartic polynomial p(x)=x%-5x3-9x2+81x-108 has a zero of 3
multiplicity three, factorise the polynomial completely and find all its zeroes. (@)  Inthe diagram below, a triangle ABC has sides of length a, b and ¢, and ZA = %C .

() Let Q(x) =3+ px +q, where p and g are real and non-zero. Two of the zeroes of Q(x) are
a+ib and k, where a, b and k are real and non-zero and k < 0. A

It is known that the graph of y = O(x) has two turning points.

() By a consideration of Q’(x), show that p <0. 1
b c
(ii) Deduce that 2> 0. 2
(iii) Show that ¢ =843+ 2ap. 3
© o a | B
(i) Show that a2 > be. 2
. . _ atf3
(i) Hence show that the area of the triangle ABC < e 1
1 Lo
3 4=
(b) Letl, = (tan_2x) dx, where n is a positive integer.
o L+4x?
@) By usi iate substitution, show that / (")"“ 1 2
i): using an appropriate substitution, show that 7 ={ = X
Y UISINg &N appropriate substitu M AV 21 +m)

In the diagram above, AABC is an acute-angled triangle. Altitudes are drawn from A and
C to meet BC and AB at X and Y respectively. The altitudes AX and CY intersect at Z. The " . \2n+1) 1
interval BZ is produced to meet AC at W (i) Hence, or otherwise, show that Igx Iy xIyx ... X1y, 1= (Z) X m .

Copy the diagram in your answer booklet.

(i) Show that BYZX is a cyclic quadrilateral. 1
(if) Prove that ZBZX = Z/BYX. 1
. Question 6 continues on page 9
(iii) Prove that ZBZX = LACX. 2
(iv) Prove that BW is perpendicular to AC. 1
(v) What general result relating to triangles has'been proven in parts (i)~(iv) above? 1

Copyright © 2004 NEAP T i } 7 F Ro—— Copyright © 2004 NEAP
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QUESTION 6. (Continued) Marks Question 7 (15 marks) Use a SEPARATE writing booklet. Marks
(¢) A food package of mass m kg has a parachute device attached. It is released from rest from (a) (i) Prove that %(cos (m—n)x - cos(m + n)x) = sinmxsinnx. 2
the top of a cliff 100 metres high. During its fall, the only forces acting are gravity, and
(iiy Hence find the general solution of sin3xsinx =2cos2x + 1. 3

owing to the parachute, a resistive force of magnitude 1~16mv2, where v metres per second

is the speed of the package.
i o ) (b)  The function f(x) is defined by f(x) =x — In(1 +x2).
After iln 99 seconds, the parachute disintegrates, and then the only force acting on the

particle is due to gravity. () Show that f'(x)>0,forall x=1. 2

The acceleration due to gravity is taken as 10 m 572, At time ¢ seconds after being dropped, (ii) Deduce that e*> 1 4+ x2, forall x> 0. 3

the package has fallen a distance of x metres from the plane, and its speed is v m s7L

(c)  Asequencery, fy, f3, ... , &, ... is defined by

2
(i) Show that while the parachute is operating, = 10— ;)_O . Hence show that 4 f=1
1= 1
p=10{€2=1) and x=5in[-100 31y, =2t,~1,forn22.
e+ 1 100 —v2/"
n
. (i) Prove by mathematical inductjon that z, = 3(2) -1 forallintegers n2 1. 3
(i) Find the exact speed of the package and the exact vertical distance fallen just before 2 3
the parachute disintegrates. ) "
(i) Hence find Zt,_. 2
(iii) Find the speed of the package just before it reaches the ground. Give your answer 2 ;
=

correct to two significant figures.

Copyright ©2004 NEAP e o 9 10 — Copyright ©2004 NEAP
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Question 8 (15 marks) Use a SEPARATE writing booklet. Marks ! ‘

(a) (i) Show that, for all positive integers n, 2 n
o ducati
1+(1+x)+(1+x)2+...+(1+x)"=w—l. g sdueston
X

(i) Hence, or otherwise, show that for all integers n 22, 2

B+ (=(3) | |

*ARCYVARVYARMRACY A W4 HSC Trial Examination 2004

(iii) The polynomial 1 —x+x2—x3+ ... +x16 ;c17 +x!8 may be written in the form 2

ot by byt by T by Mathematics Extension 2

where w =x+ 1 and by, by, ..., byg are real numbers.
Using the results of parts (i) and (ii) above, or otherwise, find the value of by,

Solutions and marking guidelines

3
(b)  The series % + g + 27 +..= E ;—n is not geometric, and as such it is not a routine matter

8

n=1
3
to decide whether or not it converges to a finite sum. Let y, = ;’—n .
3
(i) Show that n % X (LJ , and henge show that this ratio is greater than 1 when 3
Yn-1 n-
2<n<4,butlessthan 1 when n25.
In

Yn-1

(ii) - Show that <098, forn25. 2

(iii) Given that y, =4, deduce that y, <4 x (0.98)*=4, for n >4, and write down the 2

value of tim y,.
n=>o0

3
(i) By considering 24 X (0.98)"~4, deduce that Z;‘—" <200 + igz . 2

n=4 n=1

End of paper
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Question 1
Sample answer

Syliabus outcomes and marking guide

HSC Mathematics Extension 2 Trial Examination Soiutions and marking guidelines

Question 1 (Continued)
Sample answer

Syllabus outcomes and marking guide

@ O J-xlnx

u=Inx.

Then du= (—l-)dx.
x

HenceJ. zlix d—u—]nu+c—1n(lnx)+c

E8

¢ Correct solution. ..........oovene.. .. 2

* Appropriate substitution done correctly
OR

* Correct modified primitive or equivalent
merit but fails to get the correct solution. . 1

@ o In=Jx”e'xdx

—X n
Let w'=e¢ -andv=x

E8
* Correctsolution. .............o...... 2

* Reasonable attempt to use the method of

xlnx u
1 E8
xdx [E(Zx +2)- l]dx + Correct sOlUtion. . ......,...ooena... 3
" i) = J'
)
. x“+2x+5 X24+2x+5 * Decomposes correctly into two known
=1 J (2x+2)dx _ J integrals, but fails to obtain correct
2)x2+2x+5 J(x+1)2+4 ANSWET . ..\ttt 2
=l (2 +2x+5) - Lian-t (’Ll) fe * Partially decomposes into one or two
2 2 2 known integrals and fails to obtain correct
ANSWET .\ e iiiiin i iaa 1
|1 E8
(b) 2 xcosx dx » Correctsolution. . ................\.. 2
0

* Reasonable attempt to use the method of

Then w=—e* v’ =nxn~1 integration by parts ... ............... 1
PR
Hence I,= [-—e"‘x"]0 - j —e*nxn1dx
0
=—el4nl, 4
=nl,_;-e’}
QED
(ii) Using the recursion formula E8
¢ Correctsolution..................... 3
I=30— ¢ :
1= 2f — -1 * Applies recurrence relation properly, but
2= fails to get correct answer. .., ......... 2
I ={y—e

i 1
Also Iy= I e %dx = [-e>] 0
0

=(=e1+1)

Hence Ij=—et+1-el=u2¢14
L=2(2e 4 1)-e1=2-5¢71
Iy=3(2-5¢71)~ e =6~ 16!

QED

* Makes reasonable attempt to use the
recurrence refation, . .. ... .ol 1

Let u = xand v'= cosx. Then u’= 1 and v = sinx. . .
integrationby parts .................. 1
T T !
2 . 2 2 .
Hence | “xcosxdx = [xsinx]” ~ | sinxdx
0 0 Jo
g
)4 . 2
=~ —~[sinx
2 t ]0
T
==-1
2
E8
o ) » Correct sOIUHON. ..\ .vvvvvveniannn., 3

© x(x +2) = 5.

x(x+2) 2( x x+2 x]

[]nx—ln(x+2)]l

(o0

1
2
1
2

5
Wi

1
!

* Applies method of partial fractions
correctly but fails to get the correct

AnSWEr . ........ e, 2

¢ Reasonable attempt to use the method of
partial fractions . . ... e 1
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Question 2
Sample answer Syllabus ontcomes and marking guide
@ O gy=@-2003-i E3
av=(4-200-1) * Comectanswer .....................
=12-10i +2i2
=10-10{
) y2=(3_:2 E3
vi=6-9 o COrrectanswer .....................
=9—6i+1i2
=8 ~6i
. lz-1_1 E3
® O 2 e Correctsolution. . ...................
SO ?.:_ll =1 » Reasonable attempt but fails to correctly
z 2 show the result. . . .. e e
Also arg(z—1) - arg(z) = %‘
z-1\_x
0 arg| <= |=Z
()3
-1_1. .7
Hence =2 CeisT
" 3°183
i 1.7 E3
@D z-1= Z(imsgj ¢ Correctsolution.....................
1 ¢ Substantially correct . ................
z(] - -cis’—‘) =1
23
3 iﬁ)
ERLEN ]
z(4 4
~ 4
Z =
3-if3
_4(3+13)
12
- 3+ iﬁ
3
© I B8 )
m(@4 * Correct diagram with correct point of
9 intersection .......... e
e Correct diagram but no attempt at finding
"1 the point of intersection
— N OR )
0 i 3" > Re(2) »  Anincorrect diagram (with one mistake)
’ and an attempt at finding the point of

The point of intersection represents the complex number z=3 + i |

TETSECHOM « v v vvv vt veieniienann s
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Question 2 (Continued)

Sample answer

Syllabus outcomes and marking guide

@ O  Letz=cs(6) (clearly jz] = 1) F2, E3, E9
» Correctsolution. .................... 1
(cis6) =1
so cis30=1, by de Moivre’s theorem
Hence 360=0, 27, 4=, ...
2T 47
6=0,=, 2=, ..
3°3
Hence the roots are
1, cis‘y—c, cis4—7-[
3 3
" . .20 4 _ 2 E2, E3, E9
Th = = AL~ ’
(i) The roots are cisO = 1, cis 3 ®, and cis 3 o o Correct SOMHON. « .« v oo 1
From the equation z3-1=0
sum of roots = ﬂf—fj—cﬂt—'z—z =
coefficient z3
Hence 1+ w+ w2=0
(iii) Now (z+2)(z2+2z+1) E2, E3, B9 7
m 244272 52742 « Correct solution........ e 2
=234+32243z2+2 « Substantially correct ... .............. 1.
the equation 13 + 312 +324+2=0
has the same roots as (z 4 2)(z2 +z+1)=0
80 the roots are z=-2, m, 0)2
® Im(z) 4 E3, B9
T Alu) + Correct sOWIHON. ., . ..vvyievn..... 2.
\ . Eitherz—wor—%—i? ............. 1
B(v)
2n
Q Kl
\/ P
ol > Re(z)

The vectors BA and OQ are equal. Hence Q represents the complex

number z — u.

2n

OP represents a clockwise rotation of OQ through 3

Hence OP= (u—-v) x cis(—%ﬁ)

=(u— v)(cos (—%’—E) + isin(—%n))

S
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Question 3

Sample answer

Syllabus outcomes and marking guide

@ @ y=A2x)

The new graph is a horizontal contraction by a factor of 2.

YA

1
|
i
t
1
i
3
} > X
0 1 1\
2

E6

Correctgraph. ...................... 1

s 1
() y=—=

Jx)

There are vertical asymptotes at x = 0 and x = 2.
There is a horizontal asymptote aty = 0.

E6

Correct graph. . . . . . N 2

Substantially correct, but missing one of
intercepts, asymptotes, correct behaviour at

end points or turning points . .......... 1
i }
|
1
i
i
. 1
by H
PN
7 N I
4 N
/ N
/ AN}
/ \ 1
/ \ > X
0,1 - 21, -
1
A (Y
1
1
1 t
(i) bl =Ax F6
* Correctgraph. ..............coooin 2
There are cusps at (0, 0) and (2, 0).
y Ar + Substantially correct, but missing one of
intercepts, asymptotes, correct behaviour at
L pi? e end points or turning points . .......... 1
|
1
'
1 o
0/ 11 2/
/ b \
. i \
t
|

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 3 (Continued)

Sample answer

Syllabus outcomes and marking guide

(v} y=In(Ax)

y1s undefined where f(x) < 0. There are vertical asymptotes ’

atx=0andx=2.
Int=0

E6

Correctgraph. . ......covvvenvi o 2

Substantially correct, but missing one of
mtercepts, asymptotes, correct behaviour at

iince 0 gf )<Ly <c? end points or turning points . . ... U 1
sx =07,y s-candasx 27,y — —.
YA |
!
[ S I
AN N |
’ i !
4 i N
/ : \ :
\ >
T K > X
0/ 1 2! \
/ (I
’ [
i
!
! 1
1 i
1 1
t i
1 ]
V) y=f(e¥) E6
. * Comectgraph, ..............cooiuu, 2

Whenx=0,y=£(1)=1
When x>0, e¥> 1, so f(e¥) < 1
When x<0,e*< 1, sofle¥)< 1

Substantially correct, but missing ore of
intercepts, asymptotes, correct behaviour at

end points or turning points ........... 1
As  x— oo, ¥ 0%, s0y— 0
As  x—> 0, ¥y 00, S0y —> —00 )
When y =0, e¥(e*~2) =0, that is, x = In2 0.7
YA
0
/
!
!
(®) @) 9x2-16y2=144 E3 )
2 .2 e Correct anSwer ............. cooee..n 1
X2 Y
16 9
Hence a=4 and b= 3.
5
Hence ¢*= 1 +(l_’) =23
a 16
=3
. s0e= i
Hence the foci are at
(ae, 0) and (~ae, 0), that 1s, (5, 0) and (-5, 0)
. i . _.a__16 E3
(i) Directrices are at z= i; =+ o COMmECtaANSWET .. ..oovvvrerrnnnnn..s 1

5

Cnanvvinht @ 2004 NIEAD
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Question 3 (Continued)
Sample answer Syllabus outcomes and marking guide : Question 4
3 B3 . Sample answer Syllabus outcomes and marking guide

b
=d<x=4=

(i) Asymptotes are y =£7x = £7x * COCCLanSWers. ..........ooeoeins. 1 @ () Without restmosion PE3

* Comect answer ...............o..... 2

iv
@) There are ( 155 ) ways of putting 5 boys into a class, then

* Correct:diagram showing foci, directrices « Correct number of outcomes
and:asymptotes . ................. ... 3 . ,
OR
) ( 150) ways of putting the next 5 boys into a class, leaving Onebasicerror .................... 1

. Regﬁoﬁable diagram showing two of the

G) ways of putting the remaining boys in class.

< (D2

All three blond students 1n one class:

¢ Reasonable diagram showing one of the
aboVe. .. ... 1

That leaves (122) ways to fill up the rest of that class.

Then (l()) to fill the next class and (

5 5) to fill the third

5

class. There are (?) =3 ways to choose the class with the

three blonds.
G0
3 X X X
R 2/ \5) \s/_6
) (15) (10) (5) 91
B ES X
5 5 5
Alternative solution:
If we name the blonds A, B and C we can place A first, then
B, then C and then the other 12.
P(A, B-and C end up in the same class)
—ixA g3
=1X92% 13
(the first student, A, can go into any one of the three classes
while B and C must go into that class)

=8
51

‘Canvriaht © 2004 NEAP E—
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Question 4 (Continued)
Sample answer Syllabus outtomes and marking guide
(ii) Again, naming the blonds A, B and C then if A goes-inio |PE3
class 1 then class 1 can be filled up in ( 142) ways. T Comectanswer ...l 2

With B in class 2 that class can be filled up ip- (2) ways.
With C in the remaining class that can be filled in (3) ways.

Now there are 3! ways of distributing A, B and C around the

classes.

() ()

4 M 25

(15) (10) (5) 91
X X
5 5 5

Alternative solution:
P(A, B and C end up in 3 different classes)

(the second student, B, must go into one of the other two
classes and the third student, C, must go into the third class)
.25
" 91

Onebasicerror ..................... 1

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 4 (Continued)
Sample answer

Syllabus outcomes and marking gnide

® ©

A

-5

E3

Correct diagram. .................... 1

Cobvriaht © 2004 NEAP [e———

10

2 2
i) For X+ X =1
(ii) 01'16+25

a?=b2(1 - ¢2)

E3
¢ Correct sOlUHON. .. vovvve e, .. 1

D) 6524 25,2 400
301+ 50y42 =
dx
dy_ 22
dx~ 50y

so the slope of the normal at P(x}, y;) =
The equation of the normal is
25y,
Y=y = _-16x1(x—xl)

16x1y — 16xy, = 25y,x — 25y;x;
25y1x—16x,y + 9%y, =0

50y,
32x;

E8
* Correctsolution. ... ,................ 2

* One basic error in working .. .......... 1

9
(iv) The pornt N is given by ( A 2151)

Now SP=e¢PMand S'P=ePM’

PS _ PM
By = Par

E3
e Correctsolution..................... 3

¢ No more than one mistake, ... ... e 2

@ . Attempt to use the foci-directrix
definition........ooviiiiiii i 1

(B)
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Question 4 (Continued)
Sample answer Syllabus outcomes and marking guide Question 5 .
B Sample answer Syllabus outcomes and marking guide
@ O 7 * Correctsolution. . ................... 2 @ px)=x*-5x3-9224+81x-108 E4
; * Factorises and finds all the zeros. .. .. ... 3
« Reasonable attempt at showing that _ Let the triple root be o and the other root B.
A = (2y)% or something similar. . ....... 1 So p(a)=p’(a)=p"(0)=0 * Solves the second derivative and finds the
) = 43 5 . multiple root, but fails to finish or obtain
Pix) = 4%’ 1527~ 18; correct thirdroot . ............... ... 2
“(x)=12x2~30x- 18 = 6(2x2 - 52— 3
P * * (2= #-3) * Recognises that the second derivative is
=6(2x+1)(x~3) needed, but fails to find the correct multiple
TOOL ©vv ittt 1
Hence 6(200+ 1)(ct—3) =080 a.=3 or _%
1 .
Butp_—i #0,500=3.
_ Also 30+ B = 5. (sum of roots)
50 B=—4.
The area A of the square PORS is Hence p(x) = (X +4)(x~3)3 and its zeros are x = 3, 3, 3, -4.
A=2y? ®) () Qx)=x3+px+g and Q'(x)=3x2+p E4
5 . * Correctproof.............ooviiinn, 1
=4y Since Q(x) has two turning points, then
=4(64 - x2) Q' (x)=3x3 + p =0 has two distinct real solutions.
(ii) Hence the value V is E7 Solving 3x” + p =0
2 8 2.2
V| 4(64-xax « Shows 8 j (64— x2)dx and correctly A=
-8 0 so0 p must be negative
8 2 evaluated . .. .....coeiniii i 2 _ '1’ . gative. .
=8 j (64 ~ %), since the integrand is even (ii) Given Q(a+ib)=0 then since p, g arereal, by the _[E8
0 *  One of the above correct. ............. 1 conjugate root theorem Q(a~ib) =0, e Correctproof..........covvvninan 2
8 SN (g - :
= 8{64:: - %xs] (a+ib)+(a~ib)+k=0 (sum of the roots) + Recognises that the conjugate of a + ib 1s
0 2a+k=0,a=-]—c meeded.......oiiii i 1
= 8(512 - il?) 2
3, Since & < 0, a must be positive.
2 3 R R
= 27303 cm @il) k(a+ib)(a-ib)=—q (product of the roots) [E8
. 2 9 ¢ Correct proof. ... .. e 3
k(a"=b")=—q (a)
. . , Cihy e Applies the theory connecting
Also k(a+1b) + k(a~ib) + (a+ ib)(a~ib)=p coefficients and the sums and products
(roots two at a time) of roots correctly, but fails to obtain
2ka+aZ+b2=p ! COITECL ANSWET .\ v v vvv vt v vneninnns 2
b= p—2ka-a? (B) |+ Obtains one of the followimg:
Combining A and B, k(a?+ b;) =—g,2a+k=0,
2a(a®+p -2 a? = 2ka + a®+ b*=p or therr
a(a+p-2-2a)a-a")=-¢ equivalent ....... ..., 1
2a(p+4a®) =g
g=8a3+2ap
QED
(c) (i) By the converse of the angle-in-a-semicircle theorem, the [E2, PE3
circle with diameter BZ passes through X and Y. J* Cormectreason . .....o.ovvevvnivenny.. 1
(i) ZBZX= ZBYX (angles on the same arc BX) E2, PE3
* COrrectIeasoN . ........covuuevennnnn 1
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Question 5 (Continued)
Sample answer Syllabus outcomes and marking guide Question 6
(ili) Again by the converse of the angle-in-a-semicircle theorem, 2, PE3 Sample answer ) Syllabus outcomes and marking guide
the circle with diameter AC passes through X and ¥, e Correctproof. ......ooiiiiiiiil 2 . 4 HS5, PE3, B2
LACX = ZBYX (exterior angle of cyclic quadrilateral ACXY) |, Recognises that SYQP is a cyclic @ O » Comectsolution. ...t 2
= £BZX (from part (i) g:t?;if,al;‘:; ;?;13 to complete the proof . + Shows that a?= b2+ c2—bc ....... ... I
(iv) From part (iii), the triangles AXZB and AWCB are 52, PE3
equiangular. * CoOrrectreason . .. .ovvveenennnnnnn., 1
Hence ZBW.C =90°
(v) The altitudes of a triangle are concurrent. E2, PE3
i e Correctstatément ...............uu.. 1 ¢
€ a —| B
By the cosine rule,
a?=b2+c?-2bc x cos%‘
=b24c2-bc
a?=(b-c)®+be
Hence a2 2 be, since (b~ c)z pX1]
" ) HS, PE3, E2
1 . 3 ]
() Areaof Aqpc= Ebc smg » Correct SONHON. . .. .uvvvrrunnn. .. 1
- J3be
4
2
< [%_a_, since a2 2 be
ooy E8
® G 1,=[*@n 20 Let u= tan-12x * Correct solution. .................... 2
o 1+4x?
1: du=2x—1 dx |*  Correctly substitutes but unable to get the
1 J-z i 1+4x2 requiredresult . ....... ... 0L 1
= u
0
z
_1fun+l 4
B Z[n + Jo
(”)n +1
=1
2 n+l
1
- 1 y (E)n +
2n+1) \4

A
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Question 6 (Continued) ) ok . Question 6 - (Continued)
Sample answer Syllabus outcomes and marking guide Sample answer Syllabus outcomes and marking guide
Gy JoxIyxDpyxIyxly..ly, EES Correct solution 2 (¢) (i) Downwards gravitational force = mg ES5
OITECE SOIUOM, - v ivvvveeereeeee e Upwards resistance = 1,2 + Bothanswerscorrect. . . .............. 4
. i T 10
_(m 1 )2 1 )3 1 C°‘.‘ec“’?’ obtaining the product, but unable ¢ One answer correct and the other
T X e XS X=X | Xz X tosimplify. ... 1 12 :
4) 2x1 \4 2x2 \4 2%x3 Hence downwards force = mg — Emv substantially correct . ................ 3
2n T
(’:{) X 5 x12 Using F=m# *  One correct answer with the other
n i 2 substantially NOT correct
2 3 4 2n k=g——=v ‘OR
=(% ] b3 T T g
= (Z) X (Z) x (Z) X (Z) XX (Z) 10 Both substantially correct . . ..., ....... 2
1 1 and with g=10 -
<X B ¢ Only one part substantially correct. . . .. . i
22 (2n)! r=i0-1?
10
q\I+2+3+44 420 1)\2n 2
=] = X - ¥ = -
g 5 .. o
1,1 Let #=2Y.
22 )l 7
dv _ 2
cmasn L Then 1057 =100~ v2= (10-v)(10+v)
=[2 -1 X
(4) (2) @n)! 10‘;—;’:(10—v)(10+v)
=(.£E)n(2n+1)>< 1 . _‘_11= 10
4 228(2n)! dv (10-v)(10+v)

o)

11 1
'2(1o-v+1o+v)

Integrating, ¢ = %(—lnl 10- v+ |10 +v])) + ¢

10+v
-V

When t=0,v=0
O=Inl+¢
c=0

2t=1In +c

0+v

10+y

10-v

Hence 2¢t=1n

10+v
10-v

it can never be zero and varies continuously.

So 2= 1n(]°+")

Now

is initially 1,

10 ~v

0+y_ 2
10-v

4 2
. v= 10(5———)
. e+ 1

e
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Question 6 {Continued) .
Sample answer Syllabus outcomes and marking guide
s dv
LetX=v=
vdx
Then 10v2Y = 100 - 12
dx
dx _ __10v
dv 100 -2

@=_5( -2y )
dv 100 ~ v2
Integrating, x =~5In(100 - v2) + ¢,
Whenx=0,v=0.
0=-51n100 +¢,
¢, = 51100
Hence x=5In100 - 5in(100 - v2)

- 5]n( 100 )
1002

(i)
When ¢ = %1.199

b= 10le™0=1)_10(99-1)

e L1 9941

ES
* Bothpartscomect ...................

¢ One part correct or both substantially

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 7
Sample answer Syllabus outcomes and marking guide
. 1 H5, HE7
@ @ LHS= E(Cos(m —m)x = cos(m + n)x) ¢ Comrect proof. .. ..oveiii e 2
= l[cosmx cosnx + sinmxsinnx — ) * Partially correct proof . ............... 1
2\( cos mxcosnx — smmxsinnx)
_ ](cosmxcosnx + sinmxsinax — )
2\ cosmxcosnx + sinmxsinnx
= %(ZSinmxsinnx)
= sinmxsitnx
=RHS
(ii) sm3xsinx=2cos2x+ 1 H5, HE7
¢ Commect answers. . ...........eove.... 3

%(005(3 —Dx~cos(3 +1)x)=2cos2x + 1

c082x — cosdx =4cos2x +2
cosdx+3cos2x+2=0
cos4x =2c0s?2x - 1

cos4x +3c0s2x+2 =0

» Applies (i) correctly but fails to get the
correct answers
OR

+ Recognises that cos4x = 2cos?x — 1 but
fails to get the correct answer .......... 2

* Transforms the equation using (i) but goes

=10x 28 = -1
=10x ]00-.9.8 ms
x= SIn——l-QO— = SIn(m}) metres
100 - (9.8)2 99
(iii) After the parachute disintegrates, only gravity is acting,

so =10
dv
— =10

de
dx_ v
dv 10

ing. x= Lp2
Integrating, x = 5 Ov +¢y
2500
Whe =98, x=In=—+
en v X n 99
2500 _ 9.8°
LSIn== e 222

T

cz=51n%g—0—4.802

1 2500
H =-—p24 5=l - 4.802
ence x 20v +5In 99 80

‘When x= 100,
1 2500
100 = -1v2 4 5102500 _ 4 g0
2" "5

vE42ms-!

ES
* Corectsolution. .............veeu...

2c0s?2x +3c0s2x+1=0 nOfUrther. ... .ovvveie i, 1
(2co82x+ 1)(cos2x+ 1)=0
cost:—% or -1
2x=360°n + 120° or 360°r~120° or 360°n + 180°
x=180°n + 60° or 180°n~60° or 180°2n + 90°
® G fx)=x-In(l+x2) H3, PE3, E2
3 ¢ Correctproof. ........oviiiiiiian., 2
fay=1-—% .
T+x + Differentiates correctly, but fails to finish
1 4+x2-2x the proof correctly..........oviin.. 1
1+x2
=1=x)?
1+x2
Since the square of a non-zero number is positive,
F(x)>0,forall x#1
(i) Hence f(x) is strictly increasing for all x exceptx = 1. H3, PE3, E2
o Correct proof. . .. .vuui i 3

But  A0)=0-Inl

=0
Hence f(x) >0, forall x>0, because the curve slopes
upwards from (0, 0). .

Thus x—In(1 +x2) >0, forall x>0
x> In(l +2%), forall x>0
Taking powers base e of both sides,

e*> 14 x2, forall x> 0.

* Shows f(0) =0, f'(x) 2 Oleads to f{x) 20
but fails to complete the
Proof ..o 2

+  Shows that any one of the results
mmediately above ... 1
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Question 7 (Continued)
'Sample answer Syllabus cutcomes and marking guide
(¢) (@ Itfollows from (a) and (b) by mathematical induction that the FIE2
result is true for all positive integers . ¢ Correct solution wncluding verification of
theinitialcase ...................... 3

n
Theorem: for all integers r, t,= 3@) —1.

Proof:
1. Whenrn =1, LHS = 1 (given)

RHS=3><§—1

=1
=LHS

So the result is true forn=1,

2. Suppose the result is true for some positive integer k.
X 2)¢

Thatis, £, = 3(5) -1.%*

‘We now prove the resultfor n =k + 1.

2\k+1
That 1s, we prove that £, | = 3(5) -1.

LHS =7, ,

=2(24,~ 1), by the formula for 7, |

1
3
= 1(2 x [3(2)k- 1} - 1) by induction*

3 3 )

cax 25 (2Y
_3><3><(3) !

a2 k+1
'3(3) !
= RHS

So if the statement is true for n = %, then it is also true for
n=k+1.

+ Establishes the induction step using
induction as outlined in section 8.2 of the
syllabus but does not verify n = 1, or
equivalent . ..., 2

o Verifies at least n = 1and makes an -
appropriate induction hypothesis .... ... 1

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Qnuestion 7

(Continued)
Sample answer

SyHabus outcomes and marking guide

HS, E2
G) & ‘= 1 (3 (2)’ ’ ) * Correct answer ............cvove..... 2
L= £
3
r=1 r=1 « Applies (i) correctly but fails to complete
. n the solution
=3 (g)r - 1 OR
o 3 A Demonstrates use of geometric series
= = correctly. ... 1
2
$0-6))
=3 3 3 n
- 1- 2 , using the formula for sum of 2 GP
3

21

P miraiat /A BANARIEA D

£

Canurinht @ 200A RIFAD




~

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 8
Sample answer

Syllabus outcomes and marking guide

@ @ 1+0+x)+Q+x)2+.. +1+x)"

is a geometric series with ratio (1 + x) and containing

(n+ 1) terms.

5

e Correctsolution, ... .........o.on... 2

* Attempt to use a geometric series

Hence LHS = (@ +nm*l-1) approach ................. ... 1
T+x-1
(10" -1 pyg
x
(ii) The co-efficient of the term 1n 2 on the LHS in (i) is given PE3, E2 .
by * Cormrect SOMLON. ..o\t vvvvvne i, 2
(2) + (3) + (D + (5) PR (") (A) |* Recognising that the coefficient of 2
2 2 2/ 2 needs to be equated and a substantial
Consider the expansion of the RHS AHempL. . ... 1
(Lexynti_1
x
(n+1) (n+l) (n+l) 2 (n+1) 3
+ x + x2 + %3+ ...
_\ 0 1 2 3
- X
The co-efficient of x2 is (n ; 1) (B)
From A and B:
GRG0
+ T+ et =
2 2 2 2 3
2 17 18 E2, E4
i) bo+bywtbyw™ .o 4 bypw " bygw * Correct sOlution. ...........oueuin... 2
2 3 18
=l-w-D+w-1)-(w=-1)"+...+(w-1) +  Substantial attempt . ................. 1
sl w=D+ -2+ w=11+.+w-1)®
Coefficient of w” on RHS
= 2 3 18
r—0+0+(2)+(2)+...+(2)
=(%) by part i
(19
Hence, b, = ( 3 )
=969
22
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Question 8 (Continued)
Sample answer Syllabus outcomes and marking guide
: ¥, n3  on-1 HS, PE3, E2
& @ ;i—l o no1)? ¢+ Correctsolution. .................... 3
L1 ( n )3 *  Substantially correct with ene error . ....2
2\n~1
s * Simplification of ratio and some attempt
Let f(n) = l(—_” ) L 1
2\n-1 .
2
Thenf'(n):é( n ) =Dx1-nx1
2\n-1 (n-1)2
=3 n
2(n-1)%
Clearly f'(n)<0fornz5
s0 it is decreasing for n> 5 (A) N
. a decreasing function.
3 27 32
N 2)=4, f(3)== and ==
ow f(2) f(3) 7 and A4) 7
so f(n)>1 forn=2,3and 4
125
Al S)===<1
so f(5) 128 <
Soby A, fin)<1fornz5,
. _ 125 HS, PE3, E2
(i) We know that f(5) = 128 * Comectsolution............., e 2
<098 * Reasonable attempt at solving. , . ....... 1
Since f(n) is decreasing for n = 5, it follows that
f(n)<098,forn=5.
H5, PE3, E2
@ Yn_ In xInzly 26, s * Bothpartscorrect . .................. 2
4 Iuot Yn-a. ys 4
< (0.98)n-4 ¢ Onepartcorrect, .. .....oovvvrvnen.. 1
Yy <4x(098)1-4
Also (0.98)" % 5 0as n— o

50y, =4(0.98)"_4 ~>0asn— o

Alternative solution:
The sequence y,, ys, Yg -+ decreases more quickly than a
GP with ratio 0.98.
50 y,<y, % (0.98)" %= 4% (0.98)"~*
Since lim 4% (0.98)" %= 0,
n—e

itfollows that ~ lim y,=0
n—o0

Caonvriaht @ 2004 NFAP
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Question 8 (Continued)
Sample answer Syllabus outcomes and marking guide
H5, PE3, E2
e Correct SOIUHON. . .. vvvv v v ... 2

o 4 =
) % SZ4(0.98)"-4
1 n=1

¢ Bstablishing the 200 as part of the answer or

n
1,8,27 1 1,8 27_47
S‘_+_ iy - w®= R e
2 4+8+4(1—0.98) that 347+ T =% !
<4+15+27+4><L
8 I
50
<474 200
8
Copvright © 2004 NEAP [ o4




