2006
HSC COURSE
MID YEAR EXAMINATIONS

Mathematics

General fustructions

s Reading time — 5 minutes

« Working time — 3 hours

« Write using black or blue pen

« Starta new page for each question
« Approved calculators may be used

C

Total marks - 86

Question 1 - 20 marks
Question 2 - 20 marks
Quaestion 3 - 20 marks
Question 4 - 20 marks
Question 5 - 6 marks

Allow approximately 27
minutes for questions 1 to
4 and 12 minutes fof

question 5

Question 1 (20 Trarks)=Start a igw béokiet—

a.

g.

Differentiate each of the following

i 3%’ —Tx

. -5

ii. (2x- 7)

i 6Vx

. 2x

. o
3x° —7

Givenrthat f (x)=(x+1)(#~1)’ find the valies of a and b
stich that £ () = (ax + B (%~ 1)’

_ Solve the equation: X+ dx=1 . Leave your answer in surd forimn.

For the quadratic equation x* —x—m=0

i, Tind the discriminant, A

il ‘Using your answer to part i. or otherwise, find the values of m
for which this quadratic equation has no real solutions

If or 2nd B are the roots of the equation 252 — 5x +1=0, without
solving the equation find

i a+f
ii. aff

2 2

i A

a B

iv. a'+p




Consider the function f (x) =3x% %’
i Find the values of x for which f'(x)=0

ii. Find the coordinates of the tuming points of the curve y = f(x)
and determine their nature

iii.  Sketch the graph of the curve y = f(x) showing these turning points

iv, Determine the values of x for which 77 (x) z0

Sketch a graphi of a continuous fariction £ (x) witli the following propetties:

o f(x)isodd

o F(3)=0and F(1)=0
o fx)>0for x>1

o f(x)<0for 0<x<1

“A Ithough the woild’s population continues to increase,
the tate of population growth is décreasing.”

i

Draw a graph of population as a function of time that fits this description.

_ A transport company runs a truck from Batemans Bay to Sydney, 2

_d X Tom Laten s
Jistance of 250kim, af a constant speed of v KI/b. For & given speed v, Lhe COSt
per hour is 6400+ cents.
i If the trip costs C cents, use the formula time= dlstan;:e to show that
spee
C= 250(6400 +v)
v
il Find the speed for which the cost of the trip is minimised.
it. Find the mininium cost of the journey
e. The curve = f (x) has gradient function % =3x +4%-1.

" The curve passes through the point P(1,0). Find its equation




e _ d

~Question 3 (20 marks) — Start a new booklet

a. The graph below is of a quadratic fimction. Determine what the function is, and 2
write an integral that could be used to evaluate the shaded area below.

e.
i Let P be the point where the line y =x—4 touches the
parabola ¥ = x* ~5x+ 5. Show that the normal to the parabola at
b.  Bvaluate Pis y=-—x+2
L. ' . ' it Find the area of the region enclosed between the
i % —x+1)dx : 2 arabola and the line y = —x+3
p

i Ix Jx e 5 f. A cone of height % and radius 7 is generated by rotating the line y = —[Ex
‘ : between x =0 and x = & about the x axis. Show that the cone has valume 1zr*h
. . . k .
c.  Find the value of kif [3 =18 2
2
g. Use the trapezoidal rule with five function values to approximate the

6 .
imtegral f—l— dx .Give your solution correct to 3 decimal places.
2 X

[OF]




Question 4 (20 marks) Start a new booklet
a. A letter is chosen from the word TASMANIA. Find the probability that it is
i the letter A

i a vowel

iii. a letter from the word HOBART

b. Comment on the following argument, Identify any fallacies in the argument

and if possible give some indication of how to correct them.

“On every day of the yeat it either rains or it doesn’t: Theérefore the chance that it will rain

, .1,
tOmMOITOW 18 —?:

' A coin is tossed three times. Find the probability of obtaining three heads.

ii. A coin is tossed » times. Find the'prob'abilﬁy of ¢btaining 7 heads:

d. John has an exciting job checking light balbs in a light bulb factoty.

John selects two light bulbs from a large batch in which 5% are defective.
i Find the probability that J ohn chooses two bulbs that both work

i Find the probability that John chooses at least one working bulb.

Prom a standard pack of 52 cards, a card is drawn from the pack at random, Find the

e.
probability of drawing
1. a black or a picture card
it. is neither a jack nor a ten N
£ Sixty five kangaroos were tagged and released int6 a national park known to contain
uptagged kangaroos,
i Letting n be thé mmiber of untagged kangaroos in the park, derive an
expression for the proportion of tagged kangaroos to the entire kangaroo
population in the park. . -

-Some time later a sample of 32 kémgaroos were captured from the

park and released back: Tt was noted that of the 32 kangaroos captured;

S were tagged: Using this informafion estimdte the total number of kangarods
-in the park. State any assurmiptions you neéd to make in calculating this..

il

~—Qiiestion 5 (6 marks) Start d few BOOKIet

On =z dark night, two ships, Saga and Hero, sail parallel to a straight coastline on
which there are two lights of equal brightuess, 16 kilometres apart..

8.0 o &0 *

Subpose. the coastline is represented by the x axis where the origin'O is chosen

o be the midpoint of thé light soutces. It is kniown that the (total) brightness

from the lights on a ship at point 'P(_‘x,b) is
| I= L = 1‘ —
»* +(x+8)' ' b2+(x-—8)

L Show tha a =—2£ where
& 0
Pl - ) # (e ) ans
Q=(b2+_(x+s)2)‘(bz+(x_8)2)z

To answer parts (if) and (iii), you may asseme the following factorisation, given

. by a computer package, that

P=2x(x2+64+b2+16' 64+b2)(x2+64+b2-16. 64+bz')

Saga sails parallel to the coast at a distance 15 km from the coast.

By considering %xz— show tha{, as Saga sails from left to right, the
brightness on Saga increases to a maximum when x = 0, then decreases.
i Hero sails parallel to the coast at a distance 6 km from the coast.

Describe how you're arie brighthess on Hero changes as Hero sails from left to right.
Give clear reasons for.you're answer.

End of paper




222 =543 =2(x—2) +3(x=2)+1 |

~
1+4m<0
dm< -1
1
) m <~Z .
If o and £ are the roots of the
equation Zx? ~5x+1=0,
‘without solving the equation
find
& * +lé a+Bf=—= 3
] . ) 1 correct answer
fi o afi = 2 1 cofrect answer
2 2 :
L4l
x B
_Aa+h)
" 2.2 ap
i - +E 5 5 1 correct answer
-\
L
2
=10
&+ fr=(a+p) ~208
2
| e
By | atep >
v +8 25 2 cotreét answet
=2
4
)
4
2% ~5x+3= a(x-—Z)1 +b(x—2)+e
salz ~drsdj+bx-2b 42
' 2 . | .
=’ —dux+da+bx~2b+c 1 a(x_.z.)l +b(x—2)+c
= +(da+b)x+(4a-2b+c) correctly éxpanded
equating coefficients gives:..
- ) s 2
.| Bxpress 2x* —5x%+3 inthe a=2 )
g form a(x~2) #b(x-2)+c —da+b=—5 23 ~5x+3=2(x~2) +3(x-2)+1 or
1 —8+b=-5 5
a=2,5=3¢6=1
b=3
4g-2b+c=3 1 was surprised at how many eorrect answers
§-6+c=3 i got here when.go many ‘ad difficulties
- with fhe easier parts of question 1.
c=1
Therefore..

. N
- -Que.sti_l-an Solution . THdas
i Differentiate each of the Rubric
following .
i 23 e .
:ln z;x ;xs 9x% 7 - 1 . -correct dnswer -
i | (@x7) 10(2x—17) 1 comect aiiswer
4, - i
~{s%)
d .
=L (525
aut | 6/ dx(x ) 1 35705 ori
: =35 —\/;
R
¥
4, ( 2x .
de\ 35" 7
(2 <7)(2)~(22)(6%)
NPT E— 1 comrect expansion of derivative
siv L. 2x (Sx - 7) .
3x' =7 _6x* 14124 2 68
JOF T ATex —
(32 -7) (322 =7)"
- —6x" —14
(3xz - 7)2
f(x)=(x+1)(}c—i)s ) i ;
. oo . P
Given that . F(5)=5(5+1) (- 1)4 (o 1)5 e Derivative correctly rmine
B f(x) ='(x+1)(x—~I) find the 4 . L. 4
=(x-1) (5(x+1 -1 fx) = (-
[ values. of a and b such that (x 1)4 ( (x )+ (x )) 2 7 (x) p (:Ji; )(x 1)
f’(x)=(ax+b)"(x—1)‘ =(x—-1) (5x+5+x-—1) ora=50=
=(6x+4)(x —-1)‘ | No one got this correct.
La=6b=4
A=t ‘
2P +ax-1=0 1 :grrei;l:al;ésf':ubs‘ﬁmtea into
e rafic formula
x;—b.iw[bz'—Alac q
N 2530 : -
N = IENE or —2£245
Solve the equation x” +4x=1 _ —4E41614 9 o 5
d Leave your answer in surd - 9
| form. many had great difficulties with this
= /20 quiestion because of the ‘uniisual format. You
2 piust be able to spot a quadratio and then
A% 245 manipulate it into the right forntat 0 work
T2 with.
R =245 - . -
For the quadratic equation
1 x2—x—m=0 - = -
] * x~m=0 I . comectamswer =~ .
ei | Find the discriminant, A ¥oxmm= Meany had great difficulty with this band 2
. i A=1tdm . | question: Learn the forula.
Using your answer fo part ier )
ottierwise; find thie values of m . 2 1+4m<0
eil for which thiis quadratic For o real selutions A <0 ) R
equation hasno real-solutions 13 . ixn’recg answetr -




m ™
A transport cotapany runs a truck from
.Batemaris Bay to Sydney, a
| distance of 250km, at a constant speed of v

kmi/h. For a given speed v, the cost
per hour is 6400+v* cents.

A -

; Time taken= 4 ‘ce

velocity
250 1 finding time

| of tizie that fits this description

2 : . ;
a | Consider the function f (x) =3x" —%*
’ T Correetly finding
h2 ( x) —3xt derivative
ai | Find the values of & for which /"(x) =0 fi(x)=6x-3"=0 ?&fﬁesﬁly" .
- %)= g derivative
3x( x) 0 but solving for
x=0o0r2 fl(x)=0
L L x=00r2
Cobrdinates of turning points are 1 Finding x vatnes
(0,0) and (24 or caordinates of
A X T
- N both turning
Find the coordinates of the turning poiats I (x)=6-6x poins
aii | ofthe cuxve y = f (x) and determine their | f*(0)=6 —6(0) = 6 which s positive .
nature . . L 2 Finding both
. (0;0) is & mipimum tuniing point furning points
£#(2) = 6—6{2) =6 which s negative aod determining
. . . their nature
- (%:4) is a maximum fuming point
\ s i Graphhassight
) . \ i shape and
it Sketch the graph of the curve y = f(x) \ ‘ N | comect intercepts
| showing these tuming points 1 \ 2 Comest graph
\ T with turning
\ / \ points shown
n@ K
. | Determine the values of x for which The gradient is positive ?Jét’weei'i ) < x<2 . ot answer
= '(x) =0 therefore f'(x)20for0<x<2 corree
- . - 1 1 criterion correct
Sketeh a graph of 2 continuous function L .
(%) with the following propetties: . / . W 2 2 eriteria correct
. 7 (x) igodd A B 3 3 eriterfa correct
b |s F(3)=0ad f/{{)=0 L
. X oo
o f'(x)>0forxz>1 / N 4 ggﬁ‘fé:my
o F(x)<0for0<x<t 7 / T
i ] B This question was not
i done well.
R . 1 axes cortectly
- T e 1abelled or
“Although the woild’s population pasitive
continues to.increase, the rate of exadient
population growth is decreasing™
: o - 2 graph must
¢ |Diawa graph of population as & function g:;ggtsﬁ?be

concave down

This quesﬁoh was done
| well — goad job!

i | Find the mifomm cost of the journey

At80.1 1wk 2= >0
dv

A1 79.9 ii% <0
Sb v = 80 km/h will miniroise the cost of the journey’

Cc= 250(-——6400 +v)
v
50 490, so)
80
=160% 250 cents

| 16ty trip cdsts C Gents, stiow that v ke 250
: L 2\ en ——
,C=250(6400+v) Costof trip = (6408 ++* )x time v
v 250 1 minor exror in
=(6400+v*) x=— working
= 250[-——6400 +v)
v .
—]
c =250(@3+v) .
v
- 1600000, 555,
v .
1 correctly

dc_ 1600000, 550 determining

dv v derivative
, L . ~1660000+250v* =0
F%nc! the.. sggeefi for which the cost of the 6400 +9% =0 You must show that
trip is minimised. s v = 80 is a minimum

. v = 6400 turping point. It is not
y =80 km/h good enough just to

assume this.




DE

m '

Let P be the point wherethe ling y =x—4

First, we need to fiod P, This Is dons by
solving these two equations simultanesusly:..

¥ ~Sx+5=x—4

L & _,a '
The curve y=f(x) has gradietit function ;_37‘ +ax-1 |
&_ 357 4 dx—1 11,  correctly finding
e & ronh fhe poi y=2 428 =x+C “ primitive fanction
] ":asu.rve.pasies Imfgh e point 0=142-14C e v2t —x+C
P (1-, D) . Find its equation
- s C=-2
Iy=xa + 25 ~x—2
o -
1
! 4= J'xz -1 d"l 1 " determining the correct
Wt steoral 1 e -l fuaction
b | ot e e e vl | 1 comeotintegral but
-7 i 1 forgot the absolufe
A=2 jxl—'ldxl + value
0
1
'[(xa -x+ 1) dx
3
4 2 1 1 cotreet initegration
R {LLH]
b I (x = +1) & 4 2 - |1 incorrect infegration but
N 11 711 comrect evaluation
={2-Z41 —(—————1)
4 2 4 2
=2
j'x«/::_c dx
L .
= _[xx & 1 recoguising that
bii Ix\/;dx = x x=.Jc2
R =% H4C 1 forgetting the constant
5
2 e +C
5
£ N
fpax=it '
2 i correct integration
3] =18
% [ 1z . :
N y - . 1 an equation in &
o - | Find the value of £if I3 =18 (3") - (6) =18 obtained but incorzectly
: 3E-6=18 solved
k=24 .
k=8 b
y=12~ x—-x*
3
A= jlz—x—‘x2 dx ]
4 1 carrect integral
] | 2 2T expression
i . . . T T |
d- | Findthe exact area of the shaded region. [ * 2 3 :L 1 minor error in

=(35—,;9——9) —(—48—8 +§i)
2 3

= 57% squate units

evaliation

o iéuchesthq?arabolay:f —5x+5. # =6x+9=0 1 funds P
S —3¥ = ; .
| Shiow that the nermal to the parabiola at (z-3) =0 2 finds gradient at x =3
Pis y=~-x+2 »=3
When x=3 y=-3+3=~1
) ] Thersfore 2 is the peint (3,-1)
.. [ find the 1 th ion betw . .
et twoc;vacrse:ao e region between these ; . Tihink T made this top hard
k - 2 =
V= —x} dx
ﬂD {h x}
) . N 52
A cone of height / and radius r i3 —r r_z_xz &
generated by rotating the line y = %x He
£ between x =0 and x =4 aboutthex axis: | = ,;Lz_[i] |1 comect integration
Show that the cane has volume {77 B3
4 A X
=g | [~(0
2|&)-o
=iz’
8 1 . RS
{[J’ dx“f[()’o +y4)+2(3'1 +3 +y3)]
.. . _b=a
wheze /= width of each trapeznum=—n— -
Use ttie frapezoidal rule with five fonction | here b= &2 ; 2.y
6.
5 . . 1
¢ -values to approximate the integral I; dx 5= 1 1 finding function values
2 x

| Give your solution correct to 3 decimal
| places.

1 1, i 1.
J’.s=.z$%='3“,}’z=z,73—5:74.—g

P iff1.1 (1 1 1)]
= [ 2 o
,Iydxgz[(fs) 3735

7 R
= 1-— squate upits
g0

=1:117 (comect 1p 3 dscimél places).




m M
4. - . .
a A letter is choseri from the word
' TASMANIA. Find the probability that it is
ai | the letier A %
- 4
ail | avowel —or —
i 8 2 - _
s aletter from the word HOBART P(aletter from the qud HOBART) == +—;— = % ’
Commen;: o the following argument.
Idextify any fallacies in the argument
and if possible give some indication of .
how to correct th
| o to corect Taem. Although there are only two possible ontcomes here; they
b | «Op every day of the year it cither rains or: | 2° not equally likely. Therefors the probability shown is
it doesn*t. Therefore the chance-that it will not necessarily correct.
‘r_ain tomorrow is —;— ?
. I Acoinis tossed three times. Find the 1 1
¢ | brobability of Gbtaining fxes heads, P(BEH) = (g) =5
" Acoin is tossed a times. Bind the Pin heads)= 1 o1
i | probability of obtaining r heads. (nheads)=| 2} =
T 7ok ias & oxciting job checking light
| bulbs in a light bulb factory. .
d John seleots two light bulbs from a large
batch in which 5% are deféctive:
. P{defioctive) = 0.05
. | Rind the probability that Joln chooses two ing) = 0.95
4 [t that both work P(working) v
. P(two bulbs working) = 0.95x 0.95 = 0.9025
" P{At least one working) = P(1 wotking)+ P(2 warking)
... | Find the probability that John chooses at 4
& ot one Worhng bulb =3x0.95%0.05+0.95x0.95
= 0.9975
From a standard pack of 52 cards, a-card is
¢ | deawn from. the pack at random. Find the
- probability of draving
P(black) ==
16
i g} =
P{pictare card) =
8
i : d black)=—
‘ P (picture card and blax ) =
ei |[ablack or a picture card P(picture card or Black)

= P{black)+P (pictuge card)— P {picture card and Black)

I ™

ei

is neither a jack nor a ten

P(is neither a jack nor a ten): 1-P(jack) _p (te'nj '

Sixty five kangaroos were taéged and

((x+8)(b2+(x 8))—2(x yl + ("‘f“)))

(bl+(x+8) ) (bz+(x 8y’ )

f | released into a national park known to
coitain untagged kangaroos.
ll[c,:ntﬁng n be the number of untagged : )
garoos in'the park, derive an Proportion of tagged kan; ire karig
fi | expression for the proportion of tagged " e taggz i gra00s o theenie Kaneroo
kangaroos to the extire kangaroo population = 65
population in the park. i
- | The proportion of tagged kangaroos to infagged should
Some time later a sandple of 32 kangaroos f:?hghly beteo i. This is an assnmaption. Giver: that this
were captured from the park and released o case..
back: It wis noted that of the 32 kangaroos 65 5.
5 captured, 5 were tagged. Using this — =
“ information estimate the total number of n+65 32
Hanga.roos in the park. State any 5(n-+65)=2080
asmmpnons youneed fo make in 1325 =
| Smmptionsyo Sn+325 = 2080
5p=1755
n=351
i
i
5 — 1
1 it
B+ (x48) B +(x '—-g)z’
g (P rGrdf)ro-1x(2(:+8)] (& -8 )x0-1%(2(x-8))
—_——= ¥ 2
& (7 1oy (t+-97) ,
. i i Younged
Show that % =—E where = _Z(IH.;? 5 Z(x S)A 7 o real s:e
. Q . 5 (b‘"+(x+3)z) (bz*'(x—s)z), thatb 52
. P=[(x+8)(b1+(?:—8)2) +(x—8)(b2+(?5+8)1) ] R 2\ " 22 ;(;?:aa‘t_
—2(:_:4—_8)(,17 +(x—8) ) —2'(’“'—8)(1" +(x+8) ) variable
L 2 2\t = . = ¢ '
wad =5 +(x48)") (57 +(x-2)) - et 5 e8] xis the,
‘ , (v +(x+8)) (v +(x-87) Vaziablé




'S§_ga_ sails parallel 1o the coast at a distance 15 km

from the coast.

[ By cosidering % show that, as Saga sails from left

1o right; the brigﬁmgss on Saga incregses to 2

| makimium when x = 0, then decreases

L x =0, then decreases.

»_2((_”»3)(1?2 +(x—*s_)2)’ ‘—?(x—é):(b_z +(x+x)’)’J

| (# +(x+8)2)2 (-9

P25 46445 +'1v6\/64+b“)(xf’ 6440 1664177
a {65 116l G +644Tb2_—1_6«/64+b2)

GHIS

& (zri’fiu(ws)")2 (» t(_.x-—'x)z)l
=0 when x=0
Now when 5 =15and x=-0 ] §<.0
When x=0.1 fl—l->0

) dx

Therefore x = 0. i a maximun turding Iioi_nt_ for I Therefore as Saga sails
from left to right, the brightness on'Saga inicredses to a maximum when

Hero sails parallel to the coastata distanqe 6 km from
the coast. Déscribe how the briglitness on Hero
changes as Hero sails from left to right.

Give clear reasors for you’te answer.

Sohere b=6.
1,-1.'="¢1'-A11

I=b1+(x+8)z ‘ B+ (2= 8) 36"’(""‘8)1 36+{x-8)

—4x(x1+64+_b‘+15J64+h;)(x2+§4+b1—16\/64+bz)
= - ; o - 2\?
e ey

. —4x(fx1+250)(35.2 .—:60)

ot st

=0 when .

—4x(x* +260)(+* ~60) = 0

B[

Solving...

—4:1:(3:2 +260)(x2 - 60) =6
x=0o0r :‘cm

az=—E" Lo

At x=—/80* g‘ko

Therefore Hero has maximuin brightaess at % = -f60

drl.

~odl .
At x=( ;<0 and at x = Q* Z>0 so the brightness is minimised at

x=0

_dr - —s ¢ -
Atx= V80" 250 and a2 VG %«) 56 therefore the briglifness

at x =~/60 is & maximum for Hero at x = /60




