HSC Mathematics Extension 2 Trial Examination

° Total marks 120
Attempt Questions 1-8
. All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing bookiets are available.

HSC Trial Examination 2008 : ar
Question 1 (15 marks) Use a SEPARATE writing booklet.

Mathematics Extension 2

2
(@ () Find I = —dx. 2
1+4+x
1
(i) Use integration by parts to evaluate J. 2xtan” xdx. 3
0

This paper must be kept under strict security and may only be used on or after
the morning of Monday 11 August, 2008 as specified in the Neap Examination (b) Complete the square to find J‘L 2

Timetable o 6x+7 .

20x"-4x+30 __ax b

(c) (i) Find constants a and b such that 5 =— . 2
P+3)(5x-2) xX+3 5x-2
1
2
(i) Hence show that '[ 20 —4x 430 4o g3, 2
x"+3)(5x-2)
[+ Ed
9 2 »
d)  Using the substitution ¢ = tan=, find the exact value of | —————. 4
General instructions Total marks — 120 @ & 2 _[) 5 +4cosf
Reading time — 5 minutes Attempt Questions 1-8
Working time — 3 hours All questions are of equal value
Write using black or blue pen End of Question 1

Board-approved calculators may be used

Atable of standard integrals is provided at the back
of this paper

All necessary working should be shown in every
question
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HSC Mathematics Extension 2 Trial Examination

Question 2 (15 marks) Use a SEPARATE writing booklet.

(@) Y

The diagram shows the graph of y = f(x). On separate axes, showing the x-intercepts a and
b and the y-intercept 1 as indicated on the diagram, sketch graphs of the following.

@ y=Ald)
- 1
) y=-=
f(x)
i) y=e™
A+l
(b) (i) By using polynomial division, or otherwise, express = in the form
x+1
Lem+ 2” , where m and n are integers.
x +1
£+l
(ii) Hence describe the behaviour of ) as x —> teo,
x“+1

(iii) Without using caleulus, and given that (0, 1) is a maximum turning point, sketch

the graph of

4

+1 . .

x2 on a number plane, showing any intercepts and asymptotes.
X

+1
(¢)  The roots of the polynomial equation © -2 +3x+1=0 are , B,andy.
(i) Find the monic polynomial equation with roots o, [32, and yz.

(i) Find the value of o+ ﬁ3 + y3.

End of Question 2

Marks

HSC Mathematics Extension 2 Trial Examination
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Question 3 (15 marks) Use a SEPARATE writing booklet.

(a) Letz=4-3i and w=2 +i. Find the following in the form x + iy.

(i)

® Leta=-J3+iandf=1-i.
(i) Express @ and f in modulus—argument form.
(ii) Find @8 in modulus—argument form.

R ¥4 -
(iii) Hence, or otherwise, find the exact value of tanlﬁ. Express your answer in its
simplest form.

(c) Sketch the region defined by 1 <]z~2+3i/ <3 and i—: <arg(z—2+3i)< Z?n

(d) The complex number zis such that z#i and |zl = 1, and w = %—-k;

(i) Find an expression for z in terms of w.
(i) Explain why |w + 1] =|w + 2i].

(iii) Hence, or otherwise, find the locus of w and describe it geometrically.

End of Question 3

Marks
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HSC Mathematics Extension 2 Trial Examination

Marks

. . Marks
Question 4 (15 marks) Use a SEPARATE writing booklet. Question 4 (continued)
@ (D Show that sin(A + B) + sin(4 ;B) =2sinAcosB. 1 (¢) Two circles intersect at P and Q as shown. The smaller circle passes through the centre, 0,
4 of the larger circle. )
(ii) Hence or otherwise evaluate r sin7xcos2x dx. 2 The tangent to the smaller circle RPT cuts the larger circle at T
0 . PQ bisects ZRQO.
2 2 .
(b)  Pis apoint on the hyperbola x_z - )—75 =1. T P R
a b
a
A tangent drawn at P meets an asymptote of the hyperbola at Q. Perpendiculars drawn from
0 meet the x- and y-axes at X and Y respectively.
0
YA
~ Q
e
Let ZPTQ=q.
(i) Show that APQT is isosceles. 3
(ii) Show that P is the midpoint of RT. 2
(i) Show that the equation of the tangent to the hyperbola is xsect Xt;ie =1. 2 End of Question 4
a
- . a b
(i) Prove that Q has coordinates woch + @nB '~ 5000 + and’ 2
(iii) Show that P lies on the line XY. 3
Question 4 continues on page 6
Copyright © 2008 Neap TENMEZ, OA_03.EM 5
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HSC Mathematics Extension 2 Trial Examination

Marks
Question 5 (15 marks) Use a SEPARATE writing booklet.

(a) In 1832, the great French mathematician Evariste Galois was shot and killed in a duel. 3
According to some sources, his opponent was a superior marksman.
Suppose that, on each shot he fired, the probability of Galois inflicting a mortal wound on
his opponent was 0.4, while on each shot his opponent fired, the probability of inflicting a
mortal wound on Galois was 0.6. If Galois fired first, calculate his probability of surviving
the duel.

(b)  Anengineer is working on an experimental internal combustion engine, shown in
cross-section below.

The casting of the cylinder head is hyperbolic and its cross-section is described by an
2 2
equation of the form )—7-?-_ - =

2
a

The region between the cross-sections of the cylinders is shaded in the diagram below.

1 YA 1 b2~a_2=1

(8]

I
—

Sl
]

QIH
©

@) Show that the area of this region can be determined by evaluating the integral 3
a
A%b J' Ja* +xtdx
0

(ii) By applying the change of variables x = atan8 and explicitly evaluating the integral 3
above, show that this area is equal to 2ab[ﬁ + ln(ﬁ +1)] square units.

Note: jsec30d9= %[sec@tam‘) + In(sec@ + tanf)]

Question 5 continues on page 8

HSC Mathematics Extension 2 Trial Examination
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Marks
Question 5 (continued)

(iii) The volume of metal in the cylinder head between the two cylinders can be found by 3
2

rotating the region bounded by graphs of the hyperbola }—’—2 —=—=1 and the lines
b

2
X
2
a
x=ra about the y-axis, thus generating a solid of revolution.

YA

Using the method of cylindrical shells, or otherwise, show that the volume of this

4mbd’ N N
3 [2~42 — 1] cubic units.

solid of revolution is equal to

(c) The following diagram shows a vertical cross-section of a square-based pyramid. Its height 3
is h and the length of the sides of its base is w. A thin horizontal slab centred about the
y ordinate is also shown meeting the arbitrary point P (x, y).

YA
h

thin horizontal slab

_/P (x, )

_w w
2 2

By reference to the diagram, or by other means, derive the formula for the volume of a
pyramid of arbitrary height & on a square base of side length w.

End of Question 5

8 TENME2_ QA 0550 Copyright © 2008 Neap
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Question 6 (15 marks) Use a SEPARATE writing booklet.
(a) Consider the rectangular hyperbola xy = %, where ¢ >0.
(i) P and Q are points on the parabola with coordinates (cp, 127) and (cq, 121) respectively.
Prove that the equation of the chord joining P and Q is given by x + pgy = c(p + g)-

(ii) The chord PQ cuts the x- and y-axes at M and N respectively.

Prove that PN = OM.

(b)  The roots of the equation #-2t+2=0 are @ and B.

” n .
Prove that & +a) —(x+B)" _ Sl‘nne

, where cotd =x+ 1.
a-f sin”6

(¢) The complex numbers u and v are such that v = —%(1 —i)u.

(i) Plot the points A, B and C on an Argand diagram, where A and B represent « and v
respectively, and C represents u + v. Mark in the size of ZAOB and indicate other
key features on your diagram.

2
(i) Show that ‘i:% =3+2.2.
Jue + |

End of Question 6

HSC Mathematics Extension 2 Trial Examination
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Question 7 (15 marks) Use a SEPARATE writing booklet.

Consider a particle falling through a fluid as shown in the diagram below.

When the particle’s velocity is within a certain range, the resistive frictional force on the particle
is proportional to its velocity. That is, the resistive force may be written as Fy. = kv, where

-1, . Lo, s -1
kkgs 1) is a constant and the particle’s velocity is v (m's ).

(@)  If the particle falls vertically from rest, show that its terminal velocity, v,, is given by

v = i, where g (m s_z) is the acceleration due to gravity.

(b)  If the particle is projected vertically upward into the resistive fluid with speed v,, show that

after ¢ seconds its speed, v (m s_l), and height, x (m), are given by:

Q) v=v(2eM-1) :

~2kt

(i) x= %‘(2—1(:_25» )

() Hence show that the greatest height that the particle can reach is x,,, = %(1 —1n2).

(d) A ball bearing falling from rest through castor oil reaches a terminal velocity of 1.8 m s

(i) Determine the value of k in this sitnation. Take g = 10.0 m s

(ii) What is the maximum height that this ball bearing could reach if it were projected
vertically upward into the castor oil at speed v = v,?

(iii) Explain why the ball bearing is not at its maximum height halfway through its time
of flight.

End of Question 7

Marks
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Question 8 (15 marks) Use a SEPARATE writing booklet. Marks
z
4
(@) Letl,= J' sec"xdx, where n=0, 1,2, ...
0
n
2E n
@) Provethat[n+2=n+l+n+lln. 3
(ii) Evaluate Iy, 2
d
(iii) Prove that aln(secx + tanx) = secx. 1
(iv) Evaluate /5. 2
(b)  Two sequences of positive integers, x|, X,, X3, ... and y;, Y5, Y3, -:-, are defined by x, =2,
y; =1 and by equating rational and irrational parts in the equation
Xyt A/§y,l+l =(x, + ﬁy,,)z forn=1,2,3,...
(i) Prove that an equivalent definition is x, =2, y, = 1 and by equating rational and 1
irrational parts in the equation x,,, | — /3y, ., = (%, — ﬁyn)z forn=1,2,3,...
(ii) Prove by induction that x,f— 3 y,,2 =1, for all positive integers, n. 3
X, 3, - -
(iii) Prove that — and n tend to the same limit from above and below, respectively, 3
n n
and find the value of the limit.
End of paper
Copyright © 2008 Neap TENMEZ_OA_0BFM 11




HSC Trial Examination 2008

Mathematics Extension 2

Solutions and marking guidelines

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 1
Sample answer Syllabus outcomes and marking guide
@ I,f e [ 1 E8
1+ 14X 1+x « Finds J.(] - )dx and reaches the
; T+x
=J-(1“ 2)11’( COITECt ANSWET . ..o vvve e e 2 2
1+x 1
. - Finds KI - i
=x-tan x+c¢ 1+x
OR
« States the correct answer . . .. .. o1
(i) 1 L2 E8
J. 2xtan” xdx = [x° lan_]x]o - J. = 5dx « Correct use of integration by parts technique
0 ol +x AND
-t -1 .t Correct application of (a) and substitution of
=tan (1)~ [x—tan "zl (from (2)) limits in first integral
= (] - V_Z) AND
4 4 « Correctsolution......... e 3
= %[ -1 ¢ Anytwooftheabove............ L2
* Anyoneoftheabove................ 1
® = [ ”
J 3 J 2 « Correctly completes the square on the
S —6x47 A[(x -3y -2 denominator
letu=x-3 AND
cdu=dx « Correctly applies the standard integrals to

get the correct answer (use of uas a

J.__‘ix._ = '( du substitute is not neécessary) ........... 2
N —6x+7 "Nt -2
¢ Oneoftheabove ................... 1
=nfu+ m] +c
=Infx-3+ A/x2—6x+7] +c
. 2 _ _ 2 E8
(c) () 20x" —4x+30=ax(5x 23+b(x +3) . Findsa=2andb=10
=(5a+b)x"~2ax+3b AND

¢ Correctly writes RHS in general

sa=2and b=10

form, or correctly uses two substitutions
of X .o e 2

* Oneoftheabove ................... 1

] 2 1 i E8
” 20x"—4x+3 2 0
(i) J zx—x-}odx = I S dv+ I Sl—idx » Finds two correct integrations
o (x" +3)(5x-2) ox +3 (S AND

= [In(x*+3)), + [2In]5x-2{];
=m4-mn3+2In3-2In2
=3

= Correctly shows four subsequent
expressions following the substitution
oflimits ................ .. ... 2

Neap Trial Exams are licensed to be photocopied and used only within the confines of the
school's students only. They may not be placed on the school intranet or otherwise ref
with Neap. No Neap Trial Exam or any part thereof is to be issued or
teachers, coaching colleges, tutors, parents, students, publishing ag
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school purchasing them, for the purpose of examining that
produced or distributed. The copyright of Neap Trial Exams remains
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(Continued)

Sample answer

Question 1

Syllabus outcomes and marking guide

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 2

Sample answer

Syllabus outcomes and marking guide

Y]
d Letr=tan-
(d) e an3

2
I"Izandafezﬂt—7
1471 1+1

scosf =

When Gzy—r,tztanj—r=1
2 4

0=0,1=0
2dt
! 2
_[ il =J' 1+1
o 5 +4cosd 05+4(]1;§z)

ML

:I] 24t
b5(1+ 1) +4(1 =)
o[ 2a

0O +1°

()]
()

E8

» Finds correct exchange of limits
AND

= Correctly substitutes into integrand
AND .

- Finds | 292 or CFPA

AND 09 + 1

Reaches correct subsequent evaluation of
integral, as long as it has not been simplified

by previous errors . ... 4
* Anythreeoftheabove............... 3
* Anytwooftheabove................2
¢ Anyoneof tﬁe above........... RPN |

Pkt T RO Koo

E6
i y
@ ® A » Finds correct reflection of graph on the RHS
of the y-axis, in the y-axis T |
___________ - === ==
> X
a -b\O| /b
(i) A E6 :
! | » Correctly shows all three sections of the
| X curve, with correct asymptotic
1 | behaviour.................. .. ... 3
1 |
_______ l 11 _: T * Correctly shows two sections of the curve,
: : with correct asymptotic
1 | behaviour....... ...l 2
+ ;) T > X e
‘Il ‘b » Correctly shows one section of the curve,
| 1 with correct asymptotic
' i behaviour...........cooviiis ... 1
1 I
I |
I 1
A E6
(ii) 4 *  Correctly sketches both sections of the

curve and clearly indicates at least one of
(aDor, 1), 2

» Either correctly sketches both sections of the
curve OR clearly indicates at least one of
@Dor®, ). iin i, 1
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Question 2 (Continued)
Sample answer Syllabus cutcomes and marking guide
{c) (i) To find the polynomial with roots az, ﬂz and yz, make E4

]
I 3. 03 2
the substitution x —> x~ in x” —=2x  +3x+ 1=0.

ey

- Substitutes x° or «/x into the equation for x

Question 2 (Continued)
Sample answer Syllabus outcomes and marking guide
E4
® O = -1 . 2 2
+ Reaches final expression of x* ~ 1 + —
2 4 x +1
x+1| x +1 OR
4 e Findsm=0andn=2............... 1
X +x
2
—X
= -1
2
4
..x2+ 1 = 14 22
x +1 x+1
OR, alternatively
X1
P4l
_x-1+2
P+l
-Gy, 2
P P+l
=x-1+ 2
x +1
41 2 E6
. s . h _ .
(if) Since it is an even function, o approaches x"—1 |, States the approach of x*~1... ... .. |
from above as x — Leo.
E6

(iif)

« Shows correct asymptotic behaviour of
y= x*—1 on both sides of the y-axis and
shows correct shape near (0, 1) i.e.
maximum turning point at (0, 1) and two
relative minima on both sides ......... 2

« Either shows correct asymptotic behaviour
of y= x*=1 on both sides of the y-axis OR
shows correct shape near (0, 1) ........ 1

eiriald B ONAS Monn

and reaches correct answer .. ......... 2
3 1
X -2x+35°+1=0 e Gives COITeCt ansSWer .. .............. 1
ER N
[xz + 3x2j =2x-1)?
P67 +9x=4x"—4x+1
425+ 13x—1=0
Sox +2x°+13x—1=0 is the polynomial equation
with roots &, ﬁ2 andy”.
() P+p v =(a+B+y) -2 +ay +By) E4 s
—4-6 ¢« Findsa +f +y =-2
AND
=-2 « Sums the three equations to get the
3 2
a’-2a"+3a+1=0 ) expression for @+ 8 +y°
B -2 +3B+1=0 1)) AND
3 2 + Finds correct answer (or correct
V-2 3y +1=0 & answer from incorrect value of

Adding (1), (2) and (3) gives
a3+ﬁ3+y3=2(a2+f32+y2) -3a+B+y)~3
=-4-6-3
=-13

BV 3
* Anytwooftheabove................ 2
e Oneoftheabove ................... 1
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Question 3 Question 3 (Continued)
Sample answer Syllabus outcomes and marking guide Sample answer Syllabus outcomes and marking guide
(@) () z=4-3iandw=2+i E3 _ ) 7 B o _2m E3
) i o COmeCtanswer. ................. 1 (©  1<|z-2+3]<3 and 7 <arg(z-2+30) <3 + Completely correct sketch, including
z+3w=4-3i+6+3i marking open dots, dotted lines, the centre
=10 of the circles, the required region, and
> 4431 2 B clearly indicating the radii of the circles and
- Z_ i 2-i .
G1) iy X5 o COMectanswer. ... ovvomononnn, 1 > x 7 the size of thé angle befween the rf\ys 3
_11+2i ¢ Correct sketch with no more than one of the
T s above elements missing . ... ......... 2
= .15_1 + 25_’ « Either the circles or lines in the correct
-1,-3) position with the corresponding region
(b) @ 5=—J§—iand/3=1—i E3 marked ......... ... a1
Sa - »  Correct expressions forboth ¢ and § .. 2
Il =2, arg(@) ==, 1Bl = /2, arg(B) =%
» Correct expression foreither ¢ or f ... 1
a= 2(003 (—5—8—”) + isin(—éé-[)) 2,-6)
A= ﬁ(cos (-’I) +isin (—%’)) . . 24z ; _ E3
7 (@) @ w=x+iyandw=-—"/, where z2i and |2 = 1. +  Correctly rearranges to find the desired
expression .. .......... .1
= 58wy, .. Sx & E3 =%z
(i af= Zﬁ(cos(— =" Z) + zsm(— . ZD «  Correct solution Y1
OR .
_ iw-wz=2+2
=2 ﬁ(cos(—w—n) +isin (_1_3_7_7)) »  Correct solution for values of & and f ]
12 12 ivenin () ..ovvvreee e 2 (1 +w)y=iw-2
e A — — . _iw=2
= Lﬁ(cos%I +isin %T) + Correct modulus with argument either “Tiw
incorrect or not expressed as principal - -
AFGUMENL .o eee e 1 ii Iz =|iw=2 E2,E3
(i) : - .
= - - 5 T+w « Substitutes 1 for [z}, multiplies by —i to find
(i) ap=(- «/?—:}t)(l :/i) « Finds @B in the form x + iy, equates real 1= ‘iw-—Z since | = 1 the desired resuit and explains the validity of
=—1-,3+i(J3-1) 1+w thisaction......................... 1
. L . and imaginary parts of the two forms of &
Equating real and imaginary parts for &f gives N 11+ w|=iw-2|
Nz _—1-.3 iz B and correctly evaluates tan T2 e 2 We then multiply the right-hand side by i as this does not
o8 = 2.3 and Sim=o-= 2_J-2__ change the magnitude of the real and imaginary parts.
* Uses a correct process with no more than w+1]=|w+2i
tan 1T _ﬁ -1 OME EITOT .« v eeveeenvneenaneennen 1
12 341 Gii) I (=1)] = fw= (=2i)| E2,E3 A o
Hence the locus of w s the perpendicular bisector of the |*  Correct equation and description of the
_4-2.f3 . JOCUS. . vveeer e )
=" interval joining (~1, 0) and (0,~2). ) -
=32 G+ +y =2+ (y+2) e Substantial progress towards solution . , . 1
£ 4+2x+1 +y2=x2+y2+4y+4
2x —4y -3 =0 is the equation of the locus.
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Question 4 Question 4 (Continued)
Sample answer Syllabus outcomes and marking guide Sample answer Syllabus outcomes and marking guide
(a) () sin(A + B) — sin(A — B) E2 © ) Tofmdth dinates of 0, substtut b . E3, E4 b
. i 0 find the coordinates of 0, substitute y =~=x into |, : __b_ . :
= sinAcosB + cosAsinB — [sinA cosB — sinA cos B] Correct answer. ... I ! 7 Substitutesy = -7 into the equation
=2sinAcosB xsect _ytanf _ of the tangent to find the x-coordinate
a b
E2 of Q and then uses this value to find
» Correct substitution, integration and xsecd + bx X tanf =1 .
2 evaluation. ........voineeiiiae.. 2 a a b the y-coordinate of Q. ............... 2
J. sin5xcos2x dx i e xsec6+xtan9=1
0 . ¢ Correct substitution and integration. . ... 1 a «  Correct process with one error. .. . . . .. 1
109, . . a
-2 X = ——
3 0(sm7)c+sm3x)dx socO + 1and
171 H _b,__a
(i) = |:7cos7x+-0053x:|4 , Y= " Sech + tand
’ ...
=_l(lx_1__le) sec + tanf
FAC MR M
0 has coordinates ( a b )
-2 secd + tan@’ sech + tanb,
2142 E2, E3
. a g
_2 (iii)  The coordinates of X are (m’ 0)- +  Finds the correct coordinates of X and Y and
21 the correct gradient of PX and XY and draws
- -b the correct conclusion.
(b) G AtP, x= asec8, y= btanf E4 The coordinates of Y are (0, m) OR ust
X _ cecOtand {% = bsec?d « Finds % and correctly shows the equation The coordinates of P are (asec, btan8). . Cor;ec;ly shows that P lies on XY by anotthr
a8 ’ method . .. .. e
b btanf
xsec@ ytan@ _ myy==, Mpy=———————
dy _bsect tobe a b Do -2 a a5ech -l « Finds the correct coordinates of X and ¥ and
dx atan@ secd + tand the correct gradient of either PX or PY. .. 2
_ bsech o Correct proof . ....vovererinnss .1 - btanO(sech + tanb) -
For the tangentPQ, y - btanf = promy:lCo asech) T (56026 + secOan6 - 1) «  Finds the correct coordinates of X and ¥ . . 1
aytan6 - abtan’0 = bxsecO — absec’0 - b(tan’0 + secftand)
bxsecH—aytanf = ab(sec20 - lanze) a(tan29 + secOtand)
bxsecl —aytanf = ab =t
xsecf _ytand _, a
a b Sy = Mpy, $0 P, X and Y are collinear.
Hence, P lies on the line XY.

simad & AAAD Mnnw
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Question 4 (Continued)
Sample answer Syllabus outcomes and marking guide
© ()] E2
T P R - Finds ZPOQ, ZOPR and
‘ LTQP = ZPTQ with full
TEASOMING, . . ¢ eeivanie s cnnanes 3
o . ) R,
» Correctly uses two reasons but
unable to correctly show the
triangle as isosceles . .. .. .. e 2
0 * Finds one angle with correct reasoning . . 1

ZPOQ =2/PTQ =2a (angle at centre is twice angle

at circumference)

ZQPR=ZPOQ =2a (angle between tangent and

chord equals angle in the alternate segment)

In APTQ

LTQP+ LPTQ = ZQPR (exterior angle equals

opposite interior angles of triangle)

LTQP = ZPTQ

APTQ is isosceles since two angles are equal.

(i) APOQ isisosceles as OP and OQ are radii of the same |E2

circle and ZOPQ = ZOQP.

& LPQO = %(180 -~ 2a) (angle sum of isosceles A)

Showing ZLPRQ = ZPQR with full
reasoning and hence explaining why P is
the midpointof RT.................. 2

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 5

Sample answer

Syllabus outcomes and marking guide

(a) Let P, be the probability of Galois winning the duel by firing

. th
hisr shot.

E4,E8

Presents a correct series, correctly evaluates
its sum and gives the correct answer as any

=90_q « Finding the size of ZPQ0O with
In APQR, fullreasoning...........coovvinnne 1
ZPRQ = /PQO =90 ~a (PQ bisects ZRQO)
ZPRQ =180-2a~ (90 ~a) (angle sum of triangle)
=90-a=/PQR
~APQR is isosceles with PR=PQ .
But PQ = PT because from (i) APTQ is isosceles.
~.TP=PR and P is the midpoint of RT.
£ avaminkt @ 90NR Nazn [ 11

Then P, = % of a fraction, decimal or percentage ... 3
s 3N 2 6 » Presents a correct series. . ...... . 2
P. =—><(—><-)=—><—
2757\875/ 75728 »  Attempts to present an appropriate sequence
f probabilities............ ... .. ..., 1
S24(3xD)x(3x2) 2x (L)’ °
Py=5x(575)*\5%5) =5%\33
2 (3x) . x(Bx2) 2x(8)"
P,,-Sx 5><5 X . X 5%5 _5>< 7%
The probability of his survival would then be
Poiva =Py + Pyt .+ P+
= 2[1 + (E) +(—6—>2+ ]
°s 25 25
2y
570,_86
25
=10_s39,
1
V2 2 E4, E6
(b) W Z-5= 1 ¢ Demonstrates the required result via a
b" a Jogically consistent and comprehensive
oyt +J‘c‘z ‘ ana]ysis.” RRRIIRREEE R RRRERERIELES 3
a + Determines that the area above the x-axis is
3 «
H
y=% b+x_2 gfj-daz+x2dx ................... 2
a (i

= ig «/a2 +x

The area above the x-axis then resolves as

Aahove= j‘ ydx

—a

= Z I“ Nt + Xdx

~

= 2a_b.[ A/a2 +x7dx (by symmetry)
(}

The total area then resolves as

&
Ao = % J. AJa” + x"dx (again by symmetry)
(]
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Question 5 {Continued)
Sample answer

Syllabus outcomes and marking guide

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 5 {Continued)

Sample answer

Syliabus outcomes and marking guide

® G A=4a—b [at+
(]

Now let x = atanf

dx 2
= =asec 0
dé

dx = asec 0d0
Limils:x:a—eezir

x=0—-26=0

E4,E8

* Demonstrates the required result via a
logically consistent and comprehensive
analysis. .. .....o..o... e 3

+ Obtains an expression for the area as

4ab J sec’0d0 . ...... TS 2
0

« Correctly performs the substitution
x=atanf to obtain the integrand

©

The side length of the pyramid’s base is w.
Hence the area of the base is w’.
The pyramid’s height is 4.

The area of the base of a thin horizontal slab at height y is

2
W 2
Agap = ['];(h —Y)j|
h
V= IAslabdy
0

= j:[%’(h-y)]zdy

9
w) 2 2
(— (h"=2hy+y )dy
h J.o

E6, E7, E9

» Demonstrates the required result via a
logically consistent and comprehensive
analysis. .. .. e e .3

h
« Presents an integral of the form j Agapdy or

h 2
J |:];1—v(h -y)] dy and makes some attempt
0

tointegrate it ......  ...o..i.a.nn .2

» Recognises that the area of a horizontal slab

o w 2
is given by [Z(h —y)} ............. 1

z
z I
A :@J ,\ja2+a2tan29aseczed9 4b 2‘1 TR )
ad 7J.A/a +a“tan“Pasec@dd .. ..., 1
0
z
=4b .[4'\” + tan’Oasec’ 040
(]
z
=4ab J.4se00 sec?0d6
(
B3
43
= 4abj. sec”6d6
0
z
- 4ab[sec0tan0 " In{sec + tanB)]4
2 2 o
=2ab[J2+ In(J2+ 1)]
(ill) V= Vabove axis + Vbclow axis E4, E7 .
* Demonstrates the correct result via a
=2Vibove axis Jogically consistent and comprehensive
« analysis. .. ...t 3
=2 J. 2nxydy -
( « Correctly integrates to obtain

“b[3
=4njx— o+ xdx
) @

=ﬂjx a® +xdx
a4

4zxb (a2 +x2)

a

ot

a 3
0
33
:ﬂ’f[(az +a™’ —(az)z}

=470 o - o)
3a

2
=411

o

> ol BRRRRAREEETEERE. 2
o
+ Takes symmetry into account to find an
o
integral of the form 2'.- 2xxydy ... ... 1
()}

R
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Question 6
Sample answer Syllabus outcomes and marking guide
. 2 ¢ E3, E4
(a) (i) xy=c", the coordinates of P are (cp, ;) and the - Completely COITeCt Process - . . .. ...... 2
coordinates of O are (cq, g) « Finds the correct gradient ........... 1
c_¢
- P g
e e
- _clg—p)
cpq(p~q)
=-1
pg
y=E=—Lir-cp)
P Pq
pPgy—cg=—x+Cp
x+pgy=c(p+q)
i) x+pgy=c(p+q) E2,E4

AtM,y=0andx=c(p+9q)
AtN,x:Oa’ndy:Mi)

pq
PN* =Yt (9 - 9_(2_"_'_‘?_))2
P pq
2
=%t (w)
pq
2
- c2p2 + c_2
q

2
oM’ =(cq-c(p+q))'+5
g

2

= czpz + 0_2
q
=PN?
~PN=0OM

« Finds the coordinates of both M and N, finds
both distances correctly and shows that they
areequal. . .....oiiviiiie i, 3

« Finds the coordinates of both M and N and
finds one distance correctly . .......... 2

» Finds the coordinates of both M and NV .. 1

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Qnuestion 6 (Continued)
Sample answer

Syllabus outcomes and marking guide

(b) £-2t+2=0 and cotf =x+ 1
_25.4-8

2
t=1%i

t

a=l+iand f=1-i

Gra) -+ 1+ = (x+1-1)"

E2,E3,E4
* Completely correct proof. ............ 4

(coth + )" — (cotf—1)"
2i
of sinandcos...... . e 3

« Expresses interms

* Solves the quadratic equation to find & and

- T+io(1-i
@-p Z" a-a N B and then substitutes them into the fraction
_(cotd + i) —‘(COIQ—I) 10 give (cotf + )" = (cotf — )" 2
2i B YRR
_ (cosd + ising)" — (cosf — isinf)"
- 2isin"@ « Finds a and # by solving the quadratic
eqUALION . .o v e 1
_ cosnf + isinnd — cosnb + isinnd d
2isin"0
_ sinng
sin"
E2,E3,E9
© o v=(-L)a-iu ,
J2 »  Shows that |u| = [v| and argy = argu + -—Z—r
Letu=x+iy ) AND
ul = A5+ « Clearly marks u, v, u + v, the size of ZAOB
y

v=—%(1 - (x+1iy)

1
W) = {——=(1 =) X [
| Ji<
1
——(1—[);:1
¥
1 ~) 37w
arg(—ﬁ(l - 1)) =7
- argy = 3z
C.argy = argu + 7
Im
zZ A c
Be-~7 N
4 A

and AO=BO onadiagram .......... 3

*  Shows that Ju| = |v| and clearly marks u, v

u+v, and AQ=BO ona diagram
OR

« Shows that argv = argu + 37” and clearly

marks u, vand u + v on a diagram . .... 2

o Shows that |u| =|v| and clearly marks u, v

and AO =BO onadiagram ...... .1
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Question 6 (Continued) .
Sampl SyHabi tcom d marki ide Question 7
al u es and marking gui -
AmpTe answer yabus o a rng g Sample answer Syllabus outcomes and marking guide
(©) (i) OC represents u+v and BA represents u —v E2, E_3 . R 4 E5
« Finds the distances AB and OC, recognises (a) av - g—kv Gi Alid equation of motion. notes that
=0A=0B=AC= . ves a valid equ motion, notes
Let m=0A=0B=AC=EC. that they represent z—v and « + v and d dl sa quab "
AB =0B + 0A’ - 2% OA X 03.;053?7’ hence proves the result. ..... ........3 =0 (whenv=y,) d—‘:‘ =0 and obtains the required result .. 2
e e e - o gmkv
42 2 « States that OA = OB=AC = BC and that !
=2m’ +./2m — — +  Writes the equation of motion as
2 OC and BA represent u+v and u—v v=£
=2m’(J2+1) . Tk dv _
o respectively, and uses AOAB to find the =8 —kv !
ZAOB + LOAC = (co-interior arigles, AC | OB) TGN AB oo 2 y —
=z i @y
“04c= 4 «  States that OA = OB=AC = BC and that ®) o dr g—kv « Obtains the required result via a logically
5 » ) 3 — — d correct and comprehensive method ... .. 3
OC =0A"+AC —2><OA><ACcosT OC and BA represent u+v and u—v J‘ v =J"dt
respectively ...... ..o 1 gtk « Obtains an exponential equation of the form
=om’ — J2m’ In(g+kv)=-kt+c e_lu__g+kv 5
=2’ (2-1) Substituting in the initial conditions 7= 0 and v= v, g+kv,
2 2 .
fu—v]’ _ S2m'( 2+ 1) gives » Formulates and evaluates an integral to
lu+v)? S2mi(S2-1) In (L}f") =_kt obtain a logarithmic equation of the form
+ky
B+ g+ v Mg +hV)=kidc orenrainin 1
(Wf2-1)2+1) P 4 3.4
g +kv,
=3+2.2 g
+ <
ne
vty
- 2y,
v= 2vte_k' -V
=v (2" - 1)
..o dx _ E5
(i) a0 e Obtains the correct result via a logically
™ correct and comprehensive method ... .. 3
=v(2¢ -1)
x » Formulates a differential equation of motion
x= J.vl(2e - Nt and solves the corresponding integral to find
=vf(2e“”-1)dz dx_ [M—Hc] 2
\ F7inkd [peruinli] EEREERREERRER .
ke e e e e e e o
= v,[ ek -1+ c] » Formulates a differential equation and
- performs a correct substitution for v to find
S}\bstituting in the initial conditions x =0 and 7=0 dx _ " (2e-k: Y 1
gives dt
0= vl|:—2— + cj|
—k
>c==
kt
o[22
—k k
= ";‘[2 —kt—2¢7™
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(Continued)

Sample answer

Question 7

Syllabus cutcomes and marking guide

(¢)  When the particle is at its maximum height, v=0. ES . L .
. « Obtains a correct solution via a logically
v=y(2¢ -1)=0 correct and comprehensive method ..... 3
2e-1=0 ) _
» Defines 7, or an equivalent appropriately
kt =1n2

If we define x,,,, and t,, asthe maximum height and the time

and formulates an equation of the form
ki,

Y Vinax.
when the particle reaches the maximum height respectively, Fmax = 7(2 —htp—2e ) 2
then
v & « Observes that, at x,,,, v =0, and then finds
Xy = (2= Kkt~ 26 ™) .
™k ™ 2M 1=0orkt=In2.............1
_n2,
tmax
=%2-m2-1
=7 -In2-1)
v,
= ;’(1 ~1n2)
@ O v =& B
! Tk - Correctly substitutes for g and v, to find
= correctvalueof k ................. . 1
Vi
_1l0m s’
18ms”
=565
ES5,E9

. vl
Gl)  Xpax = I(] -1n2)

» Correctly substitutes the value of g and the
value of k found in (b)(iv)(@) to obtain an

= 5.( 1-In2) answer consistent with (b)iv)(@)....... 2

£ - e . IR .
-2 + Recognises the need to use the equation

10ms

=——=(1-In2) shown for x,,,, and attempts some form of
(56s) oo

substitution. ........ oL P |

=0.3189(1 -In2) m

=0.3189 x 0.3069 m

=0.098 m

=9.8 cm

(iti)  The net acceleration is asymmetric with respect to ES, E9
velocity. ¢ Presents an argument showing the

For an ascending particle Eid—‘; =—g—kv,

whereas for a descending particle % =g—kv.

Essentially friction slows the descent of the falling
particle (acting against gravity) but also slows the
ascent of the rising particle {acting with gravity).

asymmetry of the frictional force on the
upward and downward journeys. ....... 1

Question 8
Sample answer

Syllabus outcomes and marking guide

z

4
(a) (i) 1,= | sec'xdx, wheren=0,1,2, ..
0

In+2= "-
{

0

ESEY

2
sec”xsec xdx,

z z
7 1
= [tanxsec"x], —nI tanxsecxtanxsec”
()
z
n 4 9
=(J2) -—nJ. tan” xsec” xdx
()
z
a4

n
2
2 _n | (sec’x - 1)secxdx

=2

<

ENE]

p
3 2
=2°- n". (sec”*x — sec"x)dx
0

n
2
=2"—nl , ,+nl,
i

2
In+2+n1n+2=2 +n1ll

Wi

' xdx

E2, E8, E9
e Completely correct solution. . ........ 3

* Arrives correctly at

4

(J2)"-n rtanzxsec"xdx . L2
o

n+2 2 "
« Expresses sec’  x as sec xsec x and
integrates correctly. . ... 1

2 n
L= |
n+2 n+1+n+1 a
) : =
Iy=1x], +  Uses values of I, and 1, to find the
= valueof Jg. ..o 2
T4
. e Correctly evaluates Jgand [, .......... 1
)
I= sec’xdx
¢ s
= [tanx]g
=1
Using the answer for (i), with n = 2:
2.2_4
Li=%+S=—
4737373
Using the answer for (i), with n =4:
4 4.4 28
le=—+-X-=2=
757573715
2 H3
(iii) -‘i]n(secx + tany) = SCXMNX Y SC X o COMTECtANSWET . . vt eeesveennnnns 1

dx secx + tanx

_ secx(tanx + secx)
secx + tanx

= 8ecx
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(Continued)
Sample answer

Question 8

Syllabus outcomes and marking guide

(b) (ii} Prove x,,z— 3y"2= 1 for all positive integers, n.
n=1 LHS=27-3(1)" (from definition)
=1=RHS
So the result is true for n =1

Assume the result is true for n = &, i.e. xkz— 3yk2= 1.

E2

Completely correct proof...... ...

«  Using definitions to show the result is true

for #=1 and using the definitions to reach

LHS = (x4, y + o390 1)0s 1 ~ 3900

............. L2
Prove the result true for n =k + 1, iftrueforn=k%, e -
« Using the definitions to show the result is
n=k+1.
2 2 trueforn=1 ... ............... 1
LHS =x;, 1= 3y449
=X+ AE)’lm DleAE "/EYk+ 1)
2 2
= (x+ 30 (= 33
2 2,2
=(x=3y;)
=1 (from assumption)
So if the result is true for n = &, itis also true
forn=k+1.
The resuitis truefor n=1, soitistrueforn=2, n=3,
n=4 and so on. Hence, by mathematical induction the
result is true for all positive integers, n.
2 2 E2
i) x, -3y, =1
i) =3 ) » Completely correct procedure . . . ... 3
%01 e e e
== 3 « Finding expressions for both limits
I In without the value of the limit and
incomplete reasoning. ............ 2

x { ST
y_" = [3+ lz x, and y,, are positive integers
" In

x,
Y, = 00, =2 — /3 from above

n

xnz— 3y,,2 =]
3y, =x,~ 1
2
S
2 2
‘xll x"
By, [ 1
x, x(n)®
Erryy A _3_2
x x(n)
3y,
%, — 00, =2 — /3 from below

n
n

Therefore both limits tend towards the value /3, the
first from above and the second from below.

Finding expression for one limit with correct

TEASOMING oottt
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Question 8

(Continued)
Sample answer

Syllabus outcomes and marking guide

z

(iv) Iy =[In(secx + lanx)];

E8
* Correctly uses the values of /; and /3 to find /5

(@
- ln(ﬁ 1) (this need not be expanded) ... ...... 2
Using the answer for (i), with n=1: + Correctly evaluates Ij. .. ....... 1
2 1
]3 = —«é—— + §I|
B,
=% +21n(ﬁ+ 1)
Using the answer for (i), with n = 3:
3
22 3
15 = -Z + 213
242 3742 1
=2 +4[2 +3In(2+ 1)}
ST, S
8 8
. 2 E2
® @ Forx,i+ By =+

= x,,2+ 2,/3x,,y,, + 3y,,2
and %,y =%, + 3y,
Yast = 2%Yy
For X4 1 = /3¥ne 1 = (%, — «/5}’,.)2
= x,,z— Zﬁx"y,, + 3y,,2
and x, ., =x,,2+ 3y,,2
Yne1= 2%aYy
Therefore, x, . ; - ﬁy“ v = (x, ﬁy,,)z and
Xyt Va1 = (1, + ﬁy,,)z, together with x, =2

and y, =1 are equivalent definitions.

« Correct expansion of both expression and
equating of rational and irrational parts to
show equivalence.. . ................ 1

L arrinht @ 9NDR Naan

22




