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HSC Mathematics Extension 1 Trial Examination

Total marks 84
Attempt Questions 17
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (12 marks) Use'a SEPARATE writing booklet.
N

F —_
(a) ind 12508 5x. 2
(b)  Calculate the size of the acute angle between the lines y = 2x— 7 and 3x + 2y=S§ 2

(Answer correct to the nearest degree). .
(c)  Determine the coordinates of the point P that divides the interval joini i

val

and (4, 9) externally in the ratio of 2 : 5. Joining the points (1, 3 g

@ Solve ~>->3
x=-5"7 3

(e)  Use the substitution u = cosx to find f6 sinx(1 — cosx)3dx. 3
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Question 2 (12 matks) Use a SEPARATE writing booklet.

(a)
Z
Y ‘
A X B

In the diagram, O is the centre of the circle that passes through the points ¥, Z and X. Line

AB is a tangent to the circle at X and ZOXZ=0.

Prove £ZXB = /LXYZ.
®

Q

In the diagram points A, B and C lie on the circle. Line PQ is a tangent to the circle at A.

Line QD is parailel to AB, meeting BC produced at D.

Prove that ACDQ is a cyclic quadrilateral.

(©) (i) Show that there is a root to the equation x3+x=9 between x=1.5 and x =2.

(i) Starting with x, =2 as the first approximation to the root of x3+x=9, use one
application of Newton’s method to find a better approximation to the root.
Express your answer in simplest, rational form.

(d)  Use mathematical induction to prove that 4 x 2% + 337 ig divisible by 5 for all

integers n, n = 0.

Marks
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. Marks
Question 3 (12 marks) Use a SEPARATE writing booklet. o
(a) What is the coefficient of x® in the expansion of {2x — 5)7? 2
(b)  The polynomial P(x) = 2x3 + 6x% - 8 has three roots: 1, -2 and « . Determine the value 2
of a, and explain the geometrical significance of this value.
(¢) A ballis projected from the top of a 60 m vertical cliff with a velocity of 10 m/s at an angle L
of 30° above the horizontal. Take the origin as (0, 0). Assume g = 10 m/s?. i
y ‘}
60
5 > X
(i) Show that x=5,/3¢ and y =~ 5£2 + 5t + 60. 3
(i) Find the maximum height of the ball above the ground. 2
(iii) Find the time that elapses before the ball hits the ground. 1
(iv) Find the Cartesian equation of the trajectory of the ball. 2
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Question 4 (12 marks) Use a SEPARATE writing booklet.

(a) Ihave 5 notes: one $5 note, one $10 note, one $20 note, one $50 note and one $100 note.
By choosing the $5 note and the $20 note I can make a total of $25.

How many different sets of money with a value greater than $0 can I make by choosing any
or all of the notes?

(b)  Karen is a member of a 9-player softball team. s
(i) In how many ways can they bat if Karen bats in the 9th position?

(i) There are two left-handers in the team. If the batting order is randomly selected,
what is the probability that the left-handers will be in the 1st and Sth positions?

(iii) Every time they bat, each player has a probability of }‘ of getting out. What is the

probability that, at most, 2 of the first 5 batters will get out?

(¢) By expanding the expression (x — 1)(x% + x* + x3 + x2 + x + 1) or otherwise, determine

the number of real solutions to the equation x% + x* + x> + 2 +x+ 1 =0.

(d) The points P(2ap, apz) and Q(2aq, ag®) lie on the parabola x2 = 4ay.
(i) Show that the coordinates of the mid-point, M, of the chord PQ are

[atp+ 0. 502 + 4]

(ii) The chord PQ is a focal chord, i.e. pg=-1.
Find the equation of the locus of M and describe the locus of M geometrically.

Marks
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Marks
Question 5 (12 marks) Use a SEPARATE writing booklet.
(@ Find J.Zsin24xdx. 2
A 415 P
(b) (i) Prove = ey 1
(ii) The speed, v cm/s, of a particle moving along the x-axis is given by 2
vZ=72-12x-4x2,
Show that the motion is simple harmonic.
(ii1) Find the period and the amplitude of the motion. 3
(¢) Anice cube tray is filled with water at a temperature of 18°C and placed in a freezer that
has a constant temperature of —19°C. The cooling rate of the water is proportional to the
difference between the temperature of the freezer and the temperature of the water, 7.
That is, T satisfies the equations
‘%: k(T +19) and T=— 19 + A,
(i) Show thatA =37. 1
(i) After 5 minutes in the freezer the temperature of the water is 3°C. Find the time for 3
the water to reach —18.9°C. Answer correct to the nearest minute.
6 TENMEL_0A 06 FM Copyright © 2006 Neap
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Question 6 (12 marks) Use a SEPARATE writing booklet.
3
12
(a) Evaluate 5 dx 3
x*+9
B
® Prove — 3040 _4singcoso. 2
cos @ -sin"0
. . e n! e e o+l B A
©) (i) Use the formula "C, = m to simplify Cex C,_s. 2
. Al
Express your answer in the form of BICD
(i) Hence, or otherwise, find the number of different values » can take. 2
(d) Find all solutions to the equation 3
$inf — cosf= 2 for 0<g<27.
7
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Marks
Question 7 (12 marks) Use a SEPARATE writing booklet. STANDARD INTEGRALS
(@ The volume, Vm’, of usable wood in a tree of radius R metres can be modelled using the j‘x" dx e I, n®-1; x=0, ifn<0
formula n+l
log,V =3log,2R-0.81
'fl dx =lny, x>0
(i) Determine the value of ¢08! correct to 3 significant figures. 1 *
(ii) Using your answer to part (i), and working with 3 significant figure accuracy, show 3
3
that the formula log,V = 3log,2R ~ 0.81 can be expressed as V= -?% Ie‘” dx = %e‘”‘, a0
(iii) The radius of the tree is increasing at a rate of 0.02 m/year. At what rate is the usable 2
volume of the wood in the tree increasing when the radius of the tree is 1.2 m? cosax dx _1 singx. a0
Answer in m3/year to 2 significant figure accuracy. “a ?
- - ; 1
(b) (i) Show that sin Lewcos = 7-25 2 J‘smax dx = cosax, a #0
(ii) Given sin"l(-%) - cos"l(—2 =k. 4
5 _1
By starting with expressions for sin~!(~x) and cos™!(—x), or otherwise, find an Jsec axdx = atanax, a=0

expression for cos™! @) in terms of k.

J‘secaxtanax dx = lsecax, az0
a

1 _
-—2———dx =ltan IE, az0
a’ +x2 a a
1 . -lx
dx =sin =, a>0, -a<x<a
a2 _ 2 a

End of paper

L g =In(x+Jx2=a?), x>a>0
[ 2

1 - (I a2
dex = In(x + 4/x% +a?)

Note: Inx =log,x, x>0
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Question 1
Sample answer Syliabus outcomes and marking guide
d gy “1 . 5 HE4
@  (cos5x)= T Gnt x + Correct answerinany form... . ....2
- =5 d osip .
Ji-252 «  Uses formula for d-—e(cos ) P .
5 -3 PE2
my =2, my= a5 = Correct answer, ignore accuracy .... .. 2
243 «  Uses formula for angle between two lines
tanf= |2 OR
1- (2 N 3 + Finds both gradients correctly ......... 1
6 =60° to nearest degree
©  (1x5-2x43x5-2x9 PE2 . )
3 4 3 » Correct numerical expression ......... 2
=(-1,-1
( ) (173, 3:?) from internal division
OR
» Makes some progress with external
division........... I |
(d) 2 PE3
x—3 23, x# 45 ¢ Correct answer; accept answer displayed on
(x=5)x2-3(x=5)220 thenumberline ....... ... ......... 3
=-5)(17-3x)20
=732 - 5% xs52
-} 1 } 1 1 3
< 1 t } >
1 2 3 4 5 5%6 OR
2 Significant progress.. .............. 2
5<x<52 : -
3 ¢« x®5
OR
¢ Progress with a correct method ... ... 1
(e u = cosx HEG . :
d e = Correct answer, with or without +¢. .. .. 3
1 = —sinxdx
* A correct expression in terms of u
= [-6(1 <13
I= .[ 6(1 - 1)3du or
6 * A correct answer in x from a non-trivial
= Z(l —uyt+e incorrect integral in . ............... 2
_3 (1-cosx)*+c * Acomectexpressionfordu ......... .. 1
2
2
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HSC Mathematics Ex

Question 2
Sample answer Syliabus outcomes and marking guide
(a) OX 1 AB (angle between tangent and radius PE2 PE3 PE6
« Clear, logical proof with reasons. .. ... 2

4t the point of contact is 90°)
LZXB=90-8
X0 =0z (equalradii)
Z0ZX =6 (base angles of an isosceles
triangle are equal)

ZX0Z=180°~2¢ (angles in a triangle
add to 180°)

ZXYZ=90°-8 (angle at the centre is twice the angle
at'the circumiference standing on the

same arc)

. £LZXB=/XYZ (both equal to 50-8)

Proof without reasons

HSC Mathematics Ex ion 1 Trial E

tion Soiutions and marking guidelines

(by  Let LPAB=6
. £ZBCA =8 (alternate segment theorem)
ZBAP = ZDQA =0 (corresponding angles BA || DQ)
. ZBCA=ZAQD (both 9)
ACDQ is a cyclic quadrilateral as the exterior angle is
equal to the opposite interior angle

OR
¢ Two relevant facts with reasons R
PE2 PE3 PE6
» Clear logical proof with reasons ... .. .. 3

Logical proof without adequate reasons

OR
Significant progress towards a valid

One relevant fact with a supporting

Question 2 (Continued)
Sample answer Syliabus outcomes and marking guide
(d)  Toprove 4 x 27 + 337 is divisible by 5 for integers n>0: HE2
Correct proof including all steps . . ... .. 4

. Testfor n=0.
4%204+30=5
. truefor n=0.

¢ Assume 4 x 2% + 33k jg divisible by 5 for intergers &£ > 0.
. 4 x2k+ 33k =5M for an integer M.

* Required to prove 4 x 2k+1 4 33+ 1) = 5], for an integer J.

Proof
4 x Qk+1 4 33G+1)
=4 x2x2k433 %33k
=8x 2%+ 33 x [5M -4 x 24]
=28 27 x 4] +5M x 33
=—100 x 2%+ 5M x 33
=5[-20 x 2k + M x 33]
As M is an integer, K is an integer, then
[-20 x 2% + M x 33] is an integer also
. 4 x 2k+1.433k+1) =57, for an integer J.
. The expression is divisible by 3.

« Ifthe expression is divisible by 5 for a value of n, then it is
divisible by 5 for the following integral value of n. It has
been shown to be divisible by 5 for n =0 and so is divisible
bySforn=1,n=2 etc.

Significant progress towards a proof

OR
A ‘correct’ proof with a minor fault .. .. 3

Some progress

OR
A ‘correct’ proof witherrors ... . ..., 2
One part of the proof correct . . ........ 1

TEASON. . vveneinrennnens e 1
© 0 fx)=r+r-9 PE3
» Correctanswer.... ................. 1
|15 | 2
fix) ‘ —4.125 I 1
f(x) is continuous and has a change of sign in
1.5<x<2
thereisarootin 1.5 <x<2
G) A =x+x-9 PE3
Fx)=F(2) e Correctanswer..................... 2
X)) =
=1 » Correct answer not in simplest rational form
OR
frx)=3(2)%+1 + Correct use of Newton’s method with either
=13 an algebraic or arithmetical error. ... ... 1
P f,(x])
I
=2-.L
13
12
=1=
13
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HSC Mathematics Exti 1 Trial E tion Solutions and marking guidelines
Question 3
Sample answer Syllabus outcomes and marking guide
(@) (2x— 7)7 PE3
Term = C,(2x)3(=5) « Correct answer: either 2° x 5% x 7C3 or
S 175 000 or equivalent. . .............
="Cyx 8x 625x3
. in 33
Coefficient =2%x 5% x 'C; or 175 000 g"R"e“ ferm in x
« Significant progress
(®) —d PE3  HE7
Product of roots = — R
a e a=-2 and a correct geometrical
1x-2 ><a=§ significance ... .. . . ...
2 o
a=-2 voa=-2
OR

. two roots are the same

The x-axis is a tangent to the polynomial at x = —2.

Correct geometrical significance from an
incorrect valueof @ ........ ......

HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines
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Question 3 (Continuved)
Sampie answer Syllabus outcomes and marking guide
N HE3
© ® J.C_ 0 » Correct derivations. . ................ 3
x=C -
« Significant progress . .......... ...... 2
*  SOme progress . ... ....... .. o]
10 5
ya [
543
x= 5.3 from initial conditions
Starts at x=0, . 0=0+C,
x=531
y=-10
y==10t+Cs
Whent=0,y=5 = Cy=5
y=-10t+5
y=-52+5t+C;
Whent=0,y=60 = C,=60
y=~52+51+60
- . o PE3
(i) Max. height when y =0 o COMect aNSWET. ..\ vvvvrrennrnn ones 2
-10:+5=0
1 1
== ¢« (==
- 2 2
. N2 (1 OR
. Max. height =5 @ +5 @ +60 + The height from their value of ¢ for
—6125m 2 |
(i) Ball hits ground when y = 0. FE3
5245046020 o Correctanswer.......... ........... 1
-5+ =
2-t—12=0
(t~4)(t+3)=0
Since £ =0, t =4 seconds.
(v) X HE3
x=5.31= t= 5.3 +  Correct Cartesian equation. . .......... 2
x \? x
y==5{—"= +5—-)+6O . g X
5 ﬁ) (5 J3 53
X OR
T * 3 +60 ¢ Other progress towards a solution . ..... 1
Convriaht © 2006 Nean - [
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Question 4
Sample answer Syliabus outcomes and marking guide
(a) I can take notes: HE6
1 at a time 5C1=5 » Correctanswer. .. ...............2
2 at a time SC7 =10 ¢ Attempts to use appropriate strategy . .. 1
3 atatime SC3 =10
4 at a time 5C4 =5
5 ata time 5C5=1
Total =31
(b) i 8 IPE3
e CorreCt answer . ................. 1
HE3

a [2]7]6]s[4]3]2]1]1

Number of ways left-handers can be in 1% and 9

+ Correct answer in any form,
2x7! 10080 1

positions =2 x 7! ©& Tor > T o1 v ag e . 1
Probability = 2X.7!
9!
(ili) Binomial expression = (out + not out)? HE3
* Correct numerical expression . . . .., 2

Pr(out) =i Pr(not out) =

RN

Need (0 out + 1 out + 2 out)

= Q) e @ @)
_ 2434405 +270
1024

459
512

¢ Correct approach using binomial probability

OR
v Tree diagram . ..... e PP |

(c) (x-D(F+x*+x3+x2+x+ 1) =x6~1

x% -1 =0 has 2 real solutions x = ~1, +1

HE7
¢ Correct expansion and 1 real solution . . . 2

(x-S +xt+ P+ x2+x+ 1) =x6—1 « Correctexpansion .................. 1
has 2 real solutions x=-1, +1
Brxte B +x2+x+1=0
has only 1 real solution, x=-1
7
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Question 4 (Continued)
Sample answer

Syllabus ountcomes and marking guide

(d () PQap,ap®) 0(2aq, ag?)
_(2ap+2aq ap®+ag
M _( 2 > 2 2)

w=(atp+9), 552+ )

PE3
¢ Correct demonstration .. .....

@ r=apre) y=(507+q)
y='2—l{cv+q)2—2pq}

y=5{(p+qP+2}

2
afx
7=§(;2+2)
52
==+a
4 2a
x2:2a(y—a)

which is a parabola with vertex at (0, a)

and focal length %a

PE3 HE7
»  Correct equation and geometrical
description . ... ......... ...l

+ Correctequation...... . .............

* Progress towards the solation .........

Canurinht © 2006 Nean
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Question 5
Sample answer

Sylabus onicomes and marking guide

@ Psinzélxdx =2x % x fu — cos8x)dx

=xh%sin8x+c

HE6
« Correct answer (with or withoutthe C). . 2

= Attempts to make use of double angle (26)
results. . ... P |

n Al 1 v
R dx(2v) =5 X2xvx
dv

=y—

dx
_dx, v

dt dx
_dv

dt
_dx

dr?

HES5
« Acorrectproof . ............. o1

) y2=72-12x-4x2
1v2 =36 -6x—2x2
)

Xx=~6-4x

:—4<x+1%)

It is SHM as it is in the form

x=~n2x

HE3
« Correctsolution. ................... 2

. 4a(1 2)
UseOfdx(Zv

(iil) n=2 = period =x
Centre of motion of x = —1% .

It stops when x2 +3x- 18 =0
when (x - 3}{(x+6)=0

It stopsat x=+3 and x = -6

From —6 0 +3 is 9 units.

2 x amplitude = 9

" amplitode = 4%

HE5
« Period =, AND amplitude = 4% .3

» Either period =7

OR
¢ Amplitude = 4% ................. 2 i
«  Some progress toward a solution, e.g. puts

v=0

OR
«  Finds centre of motion. .. ............ 1

Copyright © 2006 Neap TENME1_S5_06.5M
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(Continued)
Sample answer

Question 5

Syllabus outcomes and marking guide

© (i) Whent=0, T=18.

HE3

L 18=-19+Ae° . 18=-19+4c" orequivalent......... 1
A=18+19
A=37
@ r=5 T=3 FHE3
sk = Correct answer (ignore rounding of final
3=-19+37¢ ANSWEL) . . v e e e 3
-5k 22
€ =3 « Finds the correct value of k
1, 2 o b tiog 2 ,
b=-tiog 2 iie. k=—glog, 22, 0r 017329 ... 2
When 7'=-189, =7 +  Makes some progress (e.g. attempts to find
189 =—19+37¢™ thevalue of k). . ..... v iiiin, 1
= 3706 =1
7
B loge(37
: k
f = 57 minutes (correct to the nearest minute)
10
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Question 6

Sample answer

Syllabus outcomes and marking guide

(a) 3
;

:4[

12 12, 27
dy = | ~Ztan-1%
49 [3“’“ 3L§

1
tan-11 - tan“l—}
J3

7_‘_’_?]

HE6

» Correct value 4[;—5 - %t:' ............. 3

. 4tan“1§ or equivalent

= 4[4 6 OR
» Correct evaluation of their integration
= 7—3? (provided it is non~trivial) .. ........ .. 2
+  An expression of the form
Atan-tZ, or Atan1Bx 1
B ..............
(®) 2sin20c0s20 PE2
LHS ===—"5% o Acomect proof. ... evieieiiiit in. 2
= 2sin20 »  Uses either of the sin 28 or cos 26 results
= 2 x 2sinfcosf correctly . .. ... o AP |
= 4sinfcosh
=RHS
() o nle 8o PE3, HE3
8% Ca-s o COIECtanSWer. . ..... .voeevevneo.. 2
(D! 8!
T8ix(n+1-8) (n-3)'x[8-(n-3)]! «  Makes significant progress towards the
_ (n+ 1) SOIMHOM. « v v vee et i 1
T (n-Din-3)(11-n)! v
G) n+120 (1-7)20 PE3’CHE3
7-320 (11-n)20 . OITECt ANSWEE . . .. vt v vee e iana s 2
nz-1, n27, n23, n< 11 « Theconceptthat 7€n<11 .......... 1

sonzT7andns 11
ie.n=7,8,9 100r 11
i.e. n can take 5 values

11

HSC Mathematics Ext

1 Trial E tion Solutions and marking guidelines

Question 6 (Continued)
Sample answer | Syllabus outcomes and marking guide
(d) Let a beacute. HS
«  Correct solution by any method. . ...... 3
1. 1
—sinf——cosf=1
2 2 e Makes significant progress towards the
Leté:cosa a:%r solution. ....... e 2
»  Attempts to use an appropriate method .. 1
sm( —7—[)=1 6-T=Z
4 4 2
m0<0<2x 6= 3_25
Alternative solution:
sinf — cosf = ﬁ
2
Let t= tanQ, o sinf = 2t 5> €086 = 1- t2‘
2 1+1¢ 1+¢

2
. _ﬂz_l_:if 5
® T+ 1+f
2—1+F=2+.2F
(L2-1)F =214 2+1=0

tzziA/4‘—4(A/§—1)(A/§+1)

22-1)
_ 220
2(2-1)
=1
J2-1
=ﬁ+1
..tan%:ﬁi—l
.0 ° o
.‘5=67.5 or 247.5
. 6= 135° or Not in domain
0= in0<0<2s

TERME1 SS 0658
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Question 7
Sample answer SyHabus cutcomes and marking guide
(@) (i) o8 =323 (to 3 significant figures) H3
« Correct value with 3 significant figures. . 1
(i) Jog,V =log,8R> 0 81 H3, He, HE7
» Comect answer —anymethod . .. ..... 3
but > =225
* Makes significant progress . ...... ...2
]ogeeo'“ =log,2.25 ¢ prog
= 0.81 = log.2.25 ¢ Makes some progress.. ... ... ...... 1
. g,2.
log,V =log,8R’ ~ log,2.25
1 3
log,V = og,8R
2.25
3
8R
V=225"4
3
32R
Ve =2
9
(iii) dR _ HES
ar s 0.02 metres/year + Correct answer — ignore rounding . .. . 2
dv _dV _dR
o E S X e dv _dv _dR L .
dt dR" dt ¢ —==—x—
o i i Sl similar correct equation
dV _32x3R OR
dR 9
. 4R 002 1
. dV _32x3x(12)°x0.02 dr o
Codr 9
% =0.3072 or 0.31 m3/year

Copyright © 2006 Neap
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Question 7
Sample answer

Syllabus outcomes and marking guide

) 6] dix (sin""x + cos”'x)

(]

12 =2

HE4
* A correct demonstration. .. . . ......... 2

. (%C(sin"lx + cos_]x) =0

=0 OR
- - . . .-l -1
. sin”\x + cos™x has & constant value Evaluation of sin "x+cos x ......... 1
Letx=0.
= sin'0+cos ™0 =]§[
" sin”x+cosx=Z
2
e L=l . -
G)  sin”'(—x) =-sin”'x HE4, HE7 .
+ Correct valueinany form . ........ ... 4

cos_l(—x) =g —cos™1x

sin-l(-%) - cos~1(—§) =k
(D]

= cos-l(g) =k+m+ sin-‘@)

From (i):

i Q) {3 ]
R

Zcos—‘@) =k+m+=

N

2
4 -1 ] =
= 4c0s (3) =2k+3m

. Cos_,@) _2k+3x
4

« Substantial progress as well as values for

sin_l(~x) + cos'l(—'x) ........ .3

« Bothexpressions for sin_‘(—x) and

«  Either sin”(-x) = ~sin"'x
OR
e cosx)=m—cosTx..... ........ 1
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