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HSC Mathematics Ex ion 2 Trial E ination

HSC Mathematics Extension 2 Trial E

Total marks 120
Attempt Questions 1-8
All questions are of equal vaiue

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
Consider the function g(x) = 4.0z 2x.
(a)  Write down the domain of g(x). 1
(b)  Find the x intercepts of the graph of y = g(x). 1
(c)  Show that the curve y = g(x) is concave downwards for all x > 0. 1
(d) Find the coordinates of the stationary point and determine its nature. 1
(e)  Sketch the graph of y = g(x), clearly showing all essential features. 1
(f)  Hence, by consideration of the graph of y = g(x), sketch each of the following on separate
diagrams, showing all essential features:
@ y=Ilg 2
) y=g(x-2) 2
(i) y=g(lx) 2
) bl=g® 2
1
4] 2

o)
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Question 2 (15 marks) Use a SEPARATE writing booklet.

57 1 jsin ) (cos 32 + isin31)
@ sl (coslzﬂsm12 cos4+zsm4
a) implify
cosz—3—”+isin2?ﬂ

, giving your answer in the form a + bi.

(b)  Find real numbers p and g such that

(p+gi)(1-2i)=(1-p)—qi.

(¢) By considering the complex number z = x + iy in the Argand plane, sketch the locus of the
folowing on separate Argand diagrams.

[63) argz=7t

() argz=

wila Wi

i) arg (~0)=%
(d) Letw=r(cos¢ +ising) where ¢ is an acute angle.
With the aid of a suitable diagram, or otherwise:
(i) show that the distance between w and W in the complex plane is 2rsing

@) find (w+W).

(e) If z=x+iy is any complex number, use only a labelled sketch to illustrate that

le-2/=z-2l.

()  Sketch the region of the complex plane for which the complex number z = x + iy hasa

positive real part and |z + 31 < 2.

Marks
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Marks
Question 3 (15 marks) Use a SEPARATE writing booklet.
()  Ifp, g, and rare the roots of the equation x3 + 4x2 = 3x + 1 = 0, find the equation whose 3
roots are
11,41
p4q r
(b)  Find the roots of 3x° — 26x° + 52x—24 =0, given that the roots are in geometric 4
progression.

©) (i) Letkbe a zero of a polynomial F(x) and also of its derivative F ‘(x). Prove that k is 2
a zero of F(x) of multiplicity at least 2.

(i) Show that y=1 is a double root of the equation 2

where ¢ is a positive integer.

(d) Consider the polynomial k() = frar+ b+ at + 1, where a and b are real numbers.

(i)  Show that if @ is a zero of k(¢), then é is also a zero of k(¢). 2

(i) Hence, or otherwise, write down all four zeros of k(t), given that (1 + i) is a zero of 2
k(t). (There is no need to calculate a or b.)

4 TENMEZ_0_ 06 FM Copyright © 2006 Neap
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Question 4 (15 marks) Use a SEPARATE writing bookiet.

(@

(b

@

©

x5
Find J.ex(l +e) dx.

Find j——i—.
NT + 61— 15
. N 6
Using the substitution ¢ = tani, find

2 O
j4 + 3sin0d9'

5 2
Find J.y——————‘zy *8 4.
y -8

k
U, = J.(k2—x2)md,x formz1,
0

2m
show that U,, = Il 1Um_ I

Marks
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Marks
Question 5 (15 marks) Use a SEPARATE writing booklet.
(2) The diagram below shows achord PQ of the circle x2 + y? = a2. The coordinates of P and
Q are (acosa, asina) and (acosf, asinf) respectively, where a and B are parameters.
O is the centre of the circle and M is the midpoint of PQ.
yl\
Q
M
p
B
a
> X
\ 0
(i) Write down the coordinates of M. 1
(ii) Write down a relationship between  and §, given that PQ subtends a right angle at 1
the origin.
(iii) Express the coordinates of M in terms of a. 1
(iv) Find the equation of the locus of M. 3
(b) The ellipse E has the equation
457 +9y* = 36.
(i) Write down:
(a)  its eccentricity 1
(B) the coordinates of its foci S and S’ 1
(y) the equation of each directrix 1
(6) the length of the major axis. 1
(ii) Sketch the ellipse £. Show the x and y intercepts as well as the features found in parts 1
(B) and (y) of part (i) above.
Question 5 continues on page 7
6 TENME2 OA_08.AM Copyright © 2006 Neap
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Marks
Question 5 (continued)
(c) The diagrafn below shows the hyperbola xy = ¢*. The point P(c t f) lies on the curve,
where ¢ #0. The normal at P intersects the straight line y =x at N. O is the origin.
y
A N .
xy=c? y
Il
!
!
! ~~ g P (ct)
| ol L
|
(i) Prove that the equation of the normal at P is 1
y=rx+<-c3
t
(ii) Find the coordinates of N. 1
(iii) Show that triangle OPN is isosceles. 2
End of Question 5
)
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Marks
Question 6 (15 marks) Use a SEPARATE writing booklet.

(a) The region enclosed by the parabola y = %(Zx -5 )2 and the straight line y = 6211- is rotated 4

about the y-axis.

Use the method of cylindrical shells to find the exact volume of the solid formed.

(b)  The region bounded by the parabolas y =6 — % and y= %xz forms the base of a solid.

Cross-sections by planes perpendicular to the y-axis are semicircles, with their diameters in

the base of the solid.
(i) Find the points of intersection of the two parabolas. 1
(ii) Find the volume of the solid. 4

(¢) Consider the complex number z = cosc + isinc.

() Prove that z" — l =2isinna. 2
z
3
(it) Expand (z - l) , and use the result from part (i) to show that 2
z

.3 3. 1.
sin"a = =sina — ~sin3c.

4 4
(iii) Belowisasketchof y= sin3a, for0<a<2m. 2
A
14
—
.4 2
1t

Find the area of the region between the curve and the a-axis, for 0 Sa < 2z7.

8 i TENWIE2 QA 0651 Copyright © 2006 Neap
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Question 7 (15 marks) Use a SEPARATE writing booklet.

(a) The diagram below shows a cyclic quadrilateral PQRS circumscribed by a circle. The
diagonals of this quadrilateral meet at H.
K is a point on S such that angle SPR equals angle QPK.

(i) Show that the triangles PQK and PRS are similar.

(it) Show that the triangles POR and PKS are similar.
(iii) Hence prove Ptolemy’s theorem:

“In any cyclic quadrilateral, the sum of the products of the lengths of opposite sides
is equal to the product of the lengths of the diagonals.”

That is, prove that in this cyclic quadrilateral PORS,

POX RS + PSx QR = PRx 0S.

(b) A body is projected vertically upwards from the ground with initial velocity v, ina
medium that produces a resistance force per unit mass of kv2, where v is the velocity and
k is a positive constant.

Take acceleration due to gravity as g m 572

(i) Prove that the maximum height H of the body above the ground is

2
1 kvy
H= 2k10ge[1 + ?J

(ii) Show that in order to double the maximum height reached, the initial velocity must

be increased by a factor of
1

(%M +1)2,

Copyright © 2006 Neap TENMEZ QA OBEN
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Marks
Question 8 (15 marks) Use a SEPARATE writing booklet.
(a)  On aracetrack for go-karts, a circular bend of radius 10 metres is banked at 45° to the 5
horizontal. Given that the maximum frictional force R (up or down the bank) is at most é
of the normal reaction N, find the range of speeds (in exact form) at which a go-kart of mass
m kilograms can safely negotiate the bend.
Take the acceleration due to gravity to be 10 m 52,
® () Provethat—— +—1 5L forail p>o. 2
2p+1 2p+2 p+1
(i) Consider the statement 4
1 1 1 .37
. ==L
Hm) g 2t P im 2 60
Show by mathematical induction that y(m) is true for all integers m 2 3.
(iii) The diagram below shows the graph of x = % for t>0.
A
» !
0 m m+1l m+2 - 2m-1 2m
(@) By comparing areas, show that 1
m+1
J lalt > 1 .
t m+1
m
(8) Hence, without using a calculator, show that 3
37
log,2 > &
End of paper
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STANDARD INTEGRALS

Ix”dx =Lx"+1, n#-1; x#0, ifn<0
n+1

1

j—dx =ix, x>0

X

J-e’”‘dx =le“", a#0
a

Icosaxalx =lsinax, a#0
a

J sinax dx =—lcosax, a#0
a

Jseczaxdx =ltanax, a#0
a

J.secaxtanax dx = lsecax, a#0
a

1 dx =ltan_1)—c, a#0

a? +x2 a a

I 1 dx =sin’”—c, a>0, -a<x<a
2 _ 2 a

J‘ 1 dx =In(x+x*-a2), x>a>0

[Z_ a2

J‘—l—dx =In(x+

Nx2 +a?

Note: Inx =log x,

Jx2+a?)

x>0
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Question 1

Sample answer

Syllabus outcomes and marking guide

(®

g(x)= 4x-2x ?6

The domatn of g(x) is x> 0.

Correct domain . . AP |

(b)

E6

Let g(x) =0 for x intercepts
4r-2x=0
x=2.x
)c2 =4x
A dx=0
x(x~4)=0

x=0o0r4

Correct intercepts. .. = ............ 1

©

1 E6
g(x)=4x2-2x .
_1
g'(x)=2x 2-2
12
g”(x)=2><—§x 2

8" =-—%

N

1
Now ~=—= >0 for x>0
i ‘
Hence g"(x) <0 forx>0

..y = g(x) is concave downwards for all x>0

Correct working. . ............... 1

@)

For stationary points E6
g'(x)=0 )
2 _2=0
x
Jr=1
x=1 and g(1)=2
(1, 2) is a maxinium because the curve is concave downwards.

Correct sofution . ... ............. ... 1

(e)

E6

.

y=g(x)

Correctgraph . ....... .. . ........ 1

Copyright © 2006 Neap YenmE? 55 0650
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Question 2
Sample answer

Syllabus outcomes and marking guide

Question 1 (Continued)
Sample answer Syllabus outcomes and marking guide
®  © y=l@I y E6
z‘r o Correctgraph. . ......oovvvnvnnnen.. 2
*  Substantially correct but missing one of
intercepts, tarning points or correct
1 behaviour at end points.. ............. 1
> X
0 1 2 3 4 5
R E6
(i) y=g(x-2
y=g(x-2) ;‘F * Correctgraph...................... 2
* Substantially correct but missing one of
intercepts, turning points or correct
1 behaviour at end points .............. 1
> X
o 1 6\
E6
Correctgraph. .. ................. 2

i) y=g(lx) m .
» X

Substantially correct but missing one of
intercepts, turning points or correct

behaviour at end points ... ......... 1
5 zé 321011 2 5
. E6
= y
) bl=g 2 ‘} - ¢ Comectgraph............. ........ 2
|
1 || \ « Substantially correct but missing one of
' intercepts, turning points or correct
: > behaviour at end points ..........., .. 1
0 12 3 /4 5
-1 I
|
I
2L
1 E6
™y 2(x) SyA X » Correctgraph.................. L2
4 |
3 : » Substantially correct but missing one of
2 i intercepts, turning points, asymptotes or
N : correct behaviour at end points . .. ... .. 1
i > X
4]0 2 3 &
-2 |
-3 !
I
-4 |
_5 (
!
]
o 3

5o 57\(. 3w 37 El
(COSE +isin 12) (005"‘ +isin= ) « Correctanswer.............. . .2
(@ :
(cos 23 +isin== 237[) « Substantially correct . ... ............ 1
= cos(s—”+—3—7—[—2—ﬂ) +zsm(§z-r+3ir—2—7-t)
12 4 3 12 4 3
= cosg + isinzz-[
=0+
(b) (p+giy(1-20)=(1~p)—gqi El
) 2 » Correctsolution:.................... 3
p-2pi+qi-2qi"=(1-p)-gqi .
P +29)+(-2p+qi=(1-p)—qi +» Correct method with no more than one
X L mistake in the working. ............. 2
Equating real and imaginary parts
¢ Obtains one of the two simultaneous
+2q=1-p=2p+2¢g=1..(1
preq » P @ equations,
—-2p+q=—-q=2p-2¢=0..2) OR
« Makes a reasonable attempt. ... ....... 1
4p=1
Solving (1) and (2) simultaneously,
p= 1
4
L g=l
. q b
E3
s T Imz
© O agz= 3 + Correctdiagram................. Sl
z
3
o Rez
i =T I E3
() Iagz=3, e *+ Comect diagram. ... ......... . .1
then arg z = —%[ R
0 ez
z
3
_x Im E3
() If arg (~z) =3, then z « Correctdiagram........ ........... 1
b4
arg(—l)+argz=§. 5 Rez
agz=Z
3 2
2 3
3
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HSC Mathematics Extensien 2 Trial Examination Solutions and marking guidelines

Question 2 {Continued) Question 3
Sample answer Syllabus outcomes and marking guide Sample answer Syllabus outcomes and marking guide
@) Imz w a X +4x*—3x+1=0 hasroots p, g, . B4
Ar @ 74 111 ¢ Correct solution . . . . .. 3
To find the equation whose roots are -, =, =-
pagr * Correct approach with no more than one
r p d Lety= %C Since x=p, g, 1, y =§’ é % algebraic error ... ............... L2
K. 1 « Reasonable attempt at solution . . .. 1
P 7 —>Re 2 Put x == into the above equation.
4] 5 w4+ W y
) 4 1,4 3,120
37 2
y oy Y
W 1+4y—3y2+y3=0
5 Hence the required equation in xis: x°— 32" + 4x + 1 =0
(1) w=r(cos¢ +ising) c i ) 3 2 5
. orrectsofution ....... ... ...l _ _94 =
The distance between w and w=2 xd : () 3x7-26x"+52x-24=0 o COmECLTOON «vvveenenann nn. 4
=2 x rsing + Correct diagram but no attempt at showing Let theroots be <, a, ar, where @ is a root and r is the
. the result. r ¢ Correct approach with no more than one
= 2rsing OR common ratio of the geometric progression, algebraicerror ........... .. ... L 3
¢ An incorrect diagram with a reasonable a 26 N _
attempt at showing the result. ......... 1 Sum of roots: yratar=s= *  Correctly forms the pair of simultaneous
equations ........ .. )
G) wemi ted by OF El (241 5w
i) w+ W is represented by . al 2+ +r)=—.‘,
__ Correctanswer ................... 1 r 3 + Porms an equationin @ and7.. .. 1
w4 =2t
Product of roots: Exa x ar=8
©  Img 4 2 E3 . r
A *  Corsect solution . e 2
, a=2 .2
z-2 ' I . . .
(z-2) | ! Correct diagram but no attempt at showing Substimte into (1): L1414 r=13
| 7 1 the result. r 3
: : OR 2
0 R » Anincorrect diagram with a reasonable 3r°-10r+3=0
0 5 : : > Rez attempt at showing the result. . ...... .. 1 Br-1)(r-3)=0
I | 1
Z ! r=3or;
I K ! 3
(z-2)\_ ! I 2
! ! When r=3 the roots are 5‘, 2, and 6.
B -2 1
AO = OB (by symmetry) = lz—2| =|z—2| This will reverse for r = 3
H  z+3i<2 E3
Part of the boundary is a circle: centre (0, —3) andradins r= 2. +  Corect diagram with shaded region .. .. 2
Tmz *  Substantially correct diagram . ........ 1
5 Copyright © 2606 Neap Texwez, 5 05 3
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Question 3 (Continued)
Sample answer Syllabus outcomes and marking guide
(c) (i) By the factor theorem, since k is a zero of F(x), E4
» Correct reasoning. ........ e 20

F(x)=(x-k)Q(x) for some polynomial O(x).

Differentiating, F'(x) = Q(x) + (x - k) Q' (x)
50 F'(k)=Q(k) + 0
and since k is a zero of F'(x),
2(k)=0
Again by the factor theorem, (x - k) is a factor of
Q(x), andso (x—k)? is a factor of F(x).

« Correct approach with poor reasoning. .. 1

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 4

Sample answer

Syllabus outcomes and marking guide

(a) I= J.e"(l + eXdx

Letu=1+e*

E8
» Correctsolution........ ..... L2

G 2l e E4
) . 4 1)’ 4 ¢ Correct reasoning. . . .. .o.vvvunnni. s 2
y-ntenTio1=0
» Correct approach with no more than one
21 r+1 1~1
Let P(p)=y" -ty " +1ty -1 algebraic emor - .. v et 1
P(I)=1-t+t-1=0
Py =297 a(r 4+ 1)y e (- 1)y
P(1)=2—F—t+/—t=0
So y=1 is azero of P(y) and P'(y).
Hence it must be a double root of P(y) =0.
@ @ k=f+al+btrart1 E3, B4 ,
* Correctsolution................ .2
Since 6 is a zero, k(6) =0.
That is, 6%+ a6+ b6% +ab+1=0 .. M * Substantially correct ....... . ..... 1
1 1 a, b a
Hence k(—)=—+—-+—+—+1
0/ gt o° o 0
! +06 +b6° +ab’ + 6
= _...__._9_‘{_.____
=0 (by (1))
(i) Since (1 + i) is a zero, then using part (i) E3,E4
¢ Correctsolution.................... 2

1.
—— is also a zero.
1+1

L . 1—1. .
Realising the denominator, N is also a zero, since all
the coefficients are real numbers.

Thus by the conjugate root theorem the roots are

. L1 1 i
1+z,1—z,§+2and2—2,

« Substantially correct

Copyright © 2006 Neap
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du_
I= J-u5du ax « Appropriate substitution done correctly
OR
_ut +C du= erdx Correct modified primitive. . .... .. o1
3
! 6
I=Z(1+e96+C
ar E8
) 1= J‘——— e Correct SOIUHON « ..o vv e nnnn 2
JT61—12
dt + Reasonable attempt to use the method of
I= j‘—m compléting the square . ... .... o 1
16-(r—-6r+
I= J-___EE__
42— (r-3)2
I= sin“l(t—i—B’) +C
2 9 E8
© I= fma@ Lett= tanz e Correctsolution.... . ..... 3
2 ) dr_1. .0 +  Correctly applies the +-formulae and
Now 4 +3snb 2 d6 2 2 attempts to complete the square with no
4+ 3(51_t2) P more than one algebraic error . ........ 2
2d1={1+n25) a0
201+ 2 »  Makes a reasonable attempt to apply the
T4(1+2)+ 61 =(1+12)db t-formulae. ...l 1
21+ 2t _ o
20282+ 31 +2) 14122
__ 1+
20243142
Hence [ = J‘#
217+ 3t+2
3.9 ) ( 9 )
2 ol 2 o2
Now 2¢ +3t+2_2(t +2t+ 7 +2 -2 i
3)\? 9
=1+3) +2(1-3)
T U1
A
Y]
[ t+3) o L
Hence J= I‘f 5 a
Ny 3\2
() +(+3)
I=—tan!| —|+C
£ J
4 4
4 -1(4)? + 3)
I=—tan +C
JT 1
Copyright © 2006 Neap TENMEZ S5 _05.FM 8
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Question 4 (Continued)

Sample answer

Syllabus outcomes and marking guide

2 Trial E ination Solutions and marking guidelines

HSC Mathematics Ex

@ . J’y —7y +8
y—S

sz_md, #
(-2)0" +2y+4)

= J’y G —8)+(y +8), &y
»-2)6" +2y+4)

E8

Correctsolution . ............... 4

Correctly applies the method of partial
fractions with no more than one algebraic

error . . e e 3

Correctly applies the method of partial
fractions to find values for A, Band C . 2

Makes a reasonable attempt to simplify the

integral .. ... . .. ..........0. 1
Let ),Zj 8 - A BytC
-2 +2y+4) 2 3 ioy+4
This identity gives A=1, B=0 and C=-2
1= J‘( 2 + L )
Y- y + 2y + &
I= J[yz L %}d)y
y-2 (f) +O+1)
fy+1
L+ Injy-2|~=tan I(L—) +C
f 3
# Note: sometimes it can be more judicious to perform long
division first.
9

Copyright © 2006 Neap TENME2_SS_05.FM

Question 4 (Continued)
Sample answer Syllabus outcomes and marking guide
& E8
(e) U,= J-(kZ —x2)ndx, m20 « Correctsolution.......... e 4
X « Substantially correct solution using the
_ 32 method of integration by parts with no more
U,= f(k x2) x 1dx than one algebraic error.. .. ..... .3
0
* Correctly forms the following integral but is
2_ 4 2ym 2y 2yme 1y b
Letu=(k*-x?) = m(k? - x%) X -2x unable to simplify further .. ... L2
&
=-2m(k?—x2)m-1x
( ) 2m J‘xz(kz-xz)”‘“dx
andletv'=1=v=x o
K
=[x x (k%- xz)"']g - '[ ~2m(k2 — x2)m~1x x xdx = Makes a reasonable attempt to apply the
: 0 method of integration by parts. ........ 1
k
U, = [k(k*—k?)m ~0(0% - 02)"] + 2m I x2(k? — x2ym-1dx
0
k2,2 am 2 2 _ (k2 x2
Uﬂ_sz'x(kz—x)dx 2x 2=k gk 2Jc)
K -x k2 —x k2 x
=&
“ma
k
U, =2m (k2~x2)2( B _1)ar
" k2 —x2
2L 52)2
U, =2m J %——Qd —2m J' (k2 - x2)mx
0
X ]
U, =2mk? J’ (k2—-x2)"=1dx - 2m J- (k2 - x2ymdx
0 0
U, =2mk?U,,_,~2mU,
U, +2mU, =2mk?U,,_,
U, (1 +2m)=2mk?U,, _,
2mk?
Un= 31 Un-1
Copvriaht © 2006 Neao Tenmez 55 e 10
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Question 5

Sample answer

Syllabus outcomes and marking guide

ES
X X1 +X; Y1ty
(a) @ M= (sz’ "12—2) «  Correct coordinates R |
_ acosa + acosf
=
2
yy = asing + asinf
2
() B-a=90° E9
o Correctanswer. .. .........c.ouven.. 1
(i) B=90°+a E9 )
_ acosa + acos (90° + @) * Correctsolution ......... s 1
Xy = 2
2
_ acosa — asing
2
_ asina + asin (90° + )
Yy=— g
2
_ asina + acosa
2
(iv) 2x=acosa —asina .. (1) E9
« Correct solution . ........ . .3

2y = asina + acosa ... (2)
Squaring both sides of (1) and (2) and adding,
4x?% + 4y? = g?(cos2a +sin%a -~ 2sina cosar) +

a?(sin2a + cos?a + 2sina cosar)

¢ Correct approach with no more than one
algebraicerror ........... ... .. 2

+ Makes a reasonable attempt at solving the

simultaneous equations .............. 1
4x2% + 4y? = g2(1 - 2sina cosa + 1 + 2sina cosa)
4x% + 4y* =242
2
x24+y2= as
=2
Note- the required locus is a circle with centre (0, 0)
and radius a__2_,/§‘

TENMEZ_S5, 06.FM
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(Continued)

Sample answer

Question 5

Syllabus outcomes and marking guide

®) ® .
(@ ax*+9y°=36 B4 N
s s » Correct eccentricity . ... .. .......... 1
X L Y o
LY e
9 4
a=3,b=2
bV =d(1-¢%
4=9(1~¢")
4_ 1-¢*
9
g2 = §
9
e=~‘é—§,sincee>0
; E4
Foci (Zae, 0) = (/5,0 L .
® ¢ ) ([ ) » Correct foci (using answer from part (i)). 1
. . a 9 E4
) Directrices x= to=x= iﬁ +  Correct directrices . ................. 1
(6)  The major axis is 6 units in length. E4
o Cormrect anSWer. .......veuunneneinn, 1
(i) y .
: o2 ‘r r=2 : ¢ Correct diagram showing all necessary
i NG 2 Nl information. ............... .. P |
I I
I
; 14 |
[ AN
> X
—éll -3 2 -1 O 1 2 4}
l -1 I
| I
! H
I -2 I
| i
I |
12
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Question 5 (Continued)
Sample answer Syllabus outcomes and marking guide
) ) c E4
© @  xy=c"and P(CI, ;) » Comectsolution ... ......c.o........ 1
1
y=cx
dy -2
=—c'x
dx #
2
=&
T2
x
At F, gradient of tangent, m,:
=L my =
1 (,‘212 1 t2
The gradient of the normal at P is #2.
Hence the equation of the normal is
Y=y =m(x=x)
Y- % = tz(x —ct)
y=t2x+§—ct3 . (D)
# Note: parametric differentiation is an alternative here.
(i) Puty=x . (2) E4
Solving (1) and (2) » Correct coordinates of N.. .. ....... 1
x=tx+S-cf
t
4
Prox=t=C
2 2
X(P-1)= ot~ 13(t +1)
¢ 2 .
x= ;(t + 1) provided ¢ = +1
Hence N is (f(r2 +1), f(:z + 1))
13
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tion Solutions and marking guidelines

HSC Mathematics Ex

Question 5

(Continued)

Sample answer

Syllabus outcomes and marking guide

(i)

Show that OP = NP for triangle OPN to be isosceles.

E4

Correct solution . ... ...

Using d° = (x, —JC;)2 + (2 —J’1)2
oP? =(cz)2+®'

2.2 2
0P ="+ 5

11

opr= cz(tz + l)
t2

oP2= Cz(t‘t_+1)
2
1
oP= er“ +1
NP2—[9(t2+1 Ve 2+[9(t2+1)—£]2
L _‘ t t
2 2 2
NP2= cz(Li—l—z) + S 1-1)
t £
st s
NP2== +=(1)
N
NP= %/1 +

Hence NP = OP and so triangle OPN is isosceles.

Substantially correct with no more than one
mistake e P o1

Covvriaht © 2006 Neap
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Question 6

Sample answer

Syllabus outcomes and marking guide

1 2 1
b= =(2x— )= 6
(@) y 4(_x 5)and y 64

A(x)

2mx
Alx) = 27m(6l - )
- 4
~ 1 )
AV~2:tx(64~y Ax

1 )_E_l _s5)?
Now,(64— =3 4(2x 5)

}1[25—(4;:2-20”25)]
1

=505 — 45" + 20x - 25)
1 2
=5(20z-4x)

2
=5x-X

5
V= lim N 2mx(5x - 17)Ax
Ax— 0,

x=0
5

Hence, V=27 J‘ (5:c2 - xa)dx
0

3 4.5
V:2n[§f——£J
o

3 4
v=2a] 23 625]
3 4
V= 6265”: cubic units

E7

Correct solution e 4

Correctly uses the method of cylindrical
shells with no more than one mistake . .. 3

Writes the expression for AV in terms of x 2

Writes the expression for A(x) .. oo 1

Cnnvrinht @ 200R Naan

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 6 (Continued)
) Sample answer Syllabus outcomes and marking guide
b i =6-x". (1 E7
® & 7 W » Correct coordinates of the two points of
y= %xz . (2) intersection. . ..... . U |

Solving simultaneously,

%x2=6—x

F=12-2x
3x°=12
=4

x=%2

2

At x=1%2, y=2 in both cases.

P e iahak A DONE Rlmne

16
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Question 6 {Continued)

Sample answer

Syllabus outcomes and marking guide

HSC Mathematics Extension 2 Trial Examination Solutions and marking guideiines

Question 6

(Continued)

Sample answer

Syllabus outcomes and marking guide

(i) Area of a semicircular disc:

E7
+ Correct solution . ... . ... e 4

¢ Correctly uses the method of cross-sections
with no more than one mistake .. ... . 3

@)

Now z—1=2isin9 (n=1)
z
3
1o} ( - l) =8i%sin’0
z

2
~8isin’f =7~ 3z2(— 1) + 3z(— 1) + (-1
z Z Z

3_
z

(-8sin°0)i=7" -3z +

1
=(#- ) 3(. ‘g)
=2ism39—3(2isin9),by part (i)
=(25in38 ~ 6sinB)i

By |

Hence — 8sin’0 = —6sinf + 2sin36

L3, 3. 1.
sin 6-45m0—25m39

y

E3, B4, E9
¢ Correctsolution. ... ....... e 2

¢ Makes a reasonable attempt to show the
result. ... 1

Ay
1 +  Writes the following definite integral to
y=6-x2 y= ixz determine the volume of the solid . . ... 2
1 6 2
N
A=mx "2 A:nxzx% V=%[j(6—y)dy+nfydy
Volume of discs® : ’
Nz _ o’ * Makes a reasonable attempt at using the
AV~ 2 8y AV~ 2 Ay method of cross-sections . . ........... 1
6 2
o 6~y . 2y
V= Hm 7! Ay+ lim Zn =] Ay
Ay—9 2 Ay, 2
y=2 y=0
6 2
V=3 [@-nayx [5ar
2 o
v="ey- Y1 s a[L]
=3lo-5] 5],
7 4
=Z[(36~18) — (12— -
v=2[(36-18)-(12-2)] +n[2 }
=Z(18-10) + 2%
2
V = 67 cubic units
. no 1 s an R E3
© o z- Z_" = (cosa + isina)” ~ (cosa + isina) e Correct SOIUHON . ..o vvvveii it 2
= cosna + isinna — (cosna — isinna) «  Substantially correct ................ 1
= COSnA + [Sinng — cosn + isinna
=2isinna
17

(iii)

area = 2 x {area between 0 and 7)

.4

E9
* Correctsolution............. el 2

=2 J. sin’ada * Makes areasonable attempt to determine the
AFEA. v i e 1
73 1
=2[(251na—2sm3a)da
0
=2 3(- _l(l)_ "
—2[4( cosa) i3 cos30{|0
3 F:3
=2[ cosa+—-cos3a}
4 o
3.1
(v hn-(3+5)]
[ D 12( )= i1
z(é,i 3__)
4 12 4 12
= 2:;2) square units
18
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HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

(Continued)

Sample answer

Question 7

Syllabus outcomes and marking guide

Question 7
) Sample answer Syllabus cutcomes and marking guide
@ 0O P E9
« Correctsolution ..... ........... 2
«  Correct approach with poor or incomplete
TEASOMING .. .vvvivv wunevnannan von 1
Pl
/ !
S
Let £SPR=ZQPK=6
In the triangles POK and PRS
ZQOPK = Z/RPS =0 (given)
ZPQK = £PRS (angles in the same arc PS)
Hence triangles PQK and PRS are equiangular and
hence similar
(i) In the triangles PQR and PKS E9
e Correctsolution ......... ...... ..., 2

ZPRQ = ZPSK (angles in the same arc PQ)
ZQPR=/KPS=6+ ZKPH

« Correct approach with poor or incomplete

Hence triangles POR and PKS are equiangular and TEASOMAg .. ..o 1
hence similar.
(i) From part (i) 22 = 2K - CK E9
p PR PS RS + Correctsolution ........ ........... 3
So PO xR§=PRx QK +  Correctly shows results (i) and (Gi). .. . . . 2
i P PR R
From part (ii) Q—IQ( =35" % . l\(/iliclets a reasonable attempt to prove the 1
TESUIL. . . . v i i i e e e,

So PR x K§=PSx QR

Hence POxRS+PSxQR=PRx(QK+PRxKS
PO xRS+ PSxQR=PR(QK +KS)
POxRS+PSxQR=PRxQS

(b) @ height = H

+ve

motion - "I%‘ m’l\’z

initial velocity = v,

Using F = ma, the equation of motion is:

2
ma=—mg -~ mky

Now, with m = 1 and a=vd—; and g =10

d
vj—; =—(10 + kv?)
dv_ 10+k°
dx v
dx___ v
v 104k’

de 0
—dv:—j Yoy
J-dv ,, 10+ kv

0

H 1 2kv

ly =5 I 2
2k, 10+ kv

__ 1 2470
H=—[In(10+ k)],

H= —zik[lnlo — (10 + &3]

el (10+kv§)

=2k 10

E5

Correct solution . . ..

Correct approach with no more than one
algebraicerror............. .. .....3

Writes the following equation .. ....... 2
di___v
dv 10+kv?

Draws a correct diagram and finds the
equation of motion . .. ... ... ....1

1a
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Question 7

(Continued)

Sample answer

Syllabus outcomes and marking guide

(b}

10+ kvg)

(i) 2kH = m( -

10+ kvj 2
10

10 + kvi = 10e

2kH

ki=10e-10
=21

Now, if an initial velocity of u generates the maximum.
height of 2H,

W= I?O(e”‘“’)— n.@

(2)+(1)

4kl
_e " —1

[ 2kd
u=vgde +1

Hence the need to increase the initial velocity by a

factor of 1
€™+ 1)2.

ES

Correct solution .........ooveeeo... 4

Correct approach with a reasonable attempt
to solve the simultaneous equations. .. .. 3

Writes the correct pair of simultaneous
eqUationS. . ..o vvveit e i .2

Correctly forms one of the equations . . .. 1

wirchd P INOE Rl e

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 8

Sample answer

Syllabus outcomes and marking goide

(@) R =I_V’ f=45°, r= 10 metres, mass = m kg.

9
For downward movement:
R N
mg
7

Resolving vertically:

Resolving horizontally:

E5
« Correct solution

.5

+  Substantially correct with no more than one
4

« Correctly solves one pair of simultaneous
equations . ..

« Correctly forms one pair of simultaneous
equations . ......

« Makes a reasonable attempt to form one of

mg =Ncosf + Rsing Nsin6 — Reos8 = 2 the equations of motion .............. 1
m % 10 = 9Rcos + Rsiné "2
i =
(but cosf = sinf = 1 ORsind - Roosd = r
since 8 = 45°) -§—R='ﬂ—2
10m =128 V2o 10
7 W2
R_ R _J2v?
o= J2 (D C=Yg )
2y
Solving (1) and (2): 0 =22 v=4./5ms!
For upward movement:
N
R
mg
7]
Resolving vertically: Resolving horizontally:
2
mg = Ncos# — Rsind Nsing + Reos =22
¥
10 = 9Rcos6 — Rsinf mv?
9Rsind + Rcosf = —
8 10
10m=—R
2 p_ m?
N/ 10
R_1042 3 R_.Lv
m 8 m 100 77
. v 102
Equating (3) and (4): 100 - %
v2 = 1000
8
- 10410
2.2
v=5/5mst
Hence 4./4<v < Sﬁ
a9
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Question 8

{Continued)

Sample answer

Syllabus outcomes and marking guide

() (i)

(@)  Considering the diagram,

m m+1

shaded area > area of rectangle

m+1

J. 1a'l‘>1>< L
t m

+1

E9

Correct solution . ........., . .1

(8) Asinpart(a),

1 1

~dt>

t m+2
n+l

m+31 1
;dt>m+ 3

m+2

2m 1 1
=dt>—
,[ t 2m
2m-1
Adding these inequalities together
m+11 m+2 2m
j —dt+-[ Loy . +J Lis
t t t
m m+ 1 2m—1
L PR SR
m+1

m+2 T 2m

2m
1 37 .
So j tdt> P from part (i)

m

2m 37
log, ], > 2.

60

37
log,2m - log,m > 0

o) > &

37
Iog,_,2>6—0 asm>0

E9

Correct sOlution . .....ovvvneuinnn. . 3

Correct approach with poor or incomplete
TEASOMING . ..o iee e ceiiian

Makes some attempt at the summation of the
integrals ...

HSC Mathematics Ext 2 Trial E ination Solutions and marking guidelines
Question 8 (Continued)
Sample answer Syllabus outcomes and marking guide
(b) (i) Forp>0,2p+1<2p+2 E9
1 1 « Comectsolution.................... 2
— >
2p+l 2p+2 + Substantially correct solution. . ........ 1
RO S | oo, 1
2p+1 2p+2 2p+2 2p+2
1 1 2
>
2p+1 2p+2 2p+2
S S 1
2p+1 2p+2 p+1
. . 1 1,37 E9
() x(m}is smg ot 52 + Correct solution . ................. .4
for all positive integers m > 3 + Substantially correct with no more than one
Igebraic error ... ... iii e 3
1.1,1_37.37 . 2
oo =t>Io =
x(3).4+5 + E 86280 © true for m = 3.
« Forms the statementfor m=k+1 . ... 2
If (k) is true, then
+ Shows theresult true form=3........ 1
N S 1,37 A)
k+1 k+2 2k~ 60
now on considering m=k + 1:
x(k+ 1)'L+L+ +i+L+ 1
k+2 k+3 2k 2k+1 2k+2
S (2 U PO 1 S N H
k+1 k+2 2k/  2k+1 2k+2 k+1
= %% (from (A) above) + 0 from part (i), as
1 1 1 1 1 1
— Sy D e >
2k+1 2k+2  k+1 " 2k+1 2k+2 k+1
Thus y(k + 1) is true whenever y(k) is true, and x(3)
is true.
Therefore y(m) is true for all integers m 2 3. ) s
23
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