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HSC Mathematics Extension 2 Trial Examination

Total marks 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
I
(& Find J 7dx, using the substitution u = x*. 3
4+x
(b) Find J‘e“/;dx, using the substitution u = /X and integration by parts. 3
© () Showthar [8=¥X-_4-x 4 2

X

==t 2
N8x—x2 Jf8x-x2

2
(ii) Hence evaluateJ. ludx. 2
x
0

. 1 . A B
-1 = 2
@ (i) Express % 5543 in the form T + 3
.y e _ X . dx
(if) Use the substitution ¢ = tan-z- and your answer from part (i) to find I e 3
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Marks . . Marks
Question 2 (15 marks) Usc a SEPARATE writin ¢ booklet. Question 3 (15 marks) Use a SEPARATE writing booklet,
. . 2
(a) A function f(x) is defined by f(x) = Ioge(x—_ﬁ (@ Leta=5-3iandf=2+i.
. (i) Find a + 8. 1
(i) State the domain of f(x) 1
- ) (i) Find £ in the form x + iy, 1
(i) Write down the equation of any asymptote to the graph of y = f(x). 1 B
(iii) Find the x-intercepts of y = f(x). 1 (iil) If z=x+ iy, sketch the region defined by Im(za) < 3. 2
(iv) I the function increasing or decreasing? Justify your answer 2
(v)  Use your answers tg the above questions to sketch graphs of the following. (b)  The complex number z= 1+ 2i is a oot of the equation Paiztb= 0, where a and b
@ y=fx) 1 are real numbers.
® =l 1 (i) Find the values of 2 and b. 2
) y=log 2 ' 2 (i) Find the other root of the equation. 1
‘le=1
2 2 (c)  Sketch the region defined by 1 < lz -1+ iﬁ)l <2 and 0<argz< %[ 3
(b) Theellipse x_2 + Xi =1 cuts the x-axis at the points M and N.
a b
A tangent drawn to the ellipse at a point P (acost, bsint) meets the tangents at M and N at _ .
the points Q and R respectively. @ Letz=2/3+2i.
(i) Prove that the equation of the tangent at P is xcost + }i—;n—t =1. 1 (i) Express zin modulus-argument form. 2
a
(i) Hence solve the equation a*=2.3+ 2i, giving your answer in modulus—argument 2
(i) Hence prove that, for all positions of P, MQ x NR is a constant. 2 form.
(© (D Show that 2 is a root of the equation x° + 3x — 14 = 0. 1 (iii)  Find the side length of the square formed by plotting the solutions to part (ii) on an 1
Given that the other roots of the equation are ¢ and 8, show that & + 8 = -2 and find Argand diagram and joining them together.
the value of .
(ii) Find the numerical coefficients of the equation whose roots are 5, a + 3 and § +3. 2
Copyright 52007 Neap — - 3 4 YEHMEZ 0 07.F18 Copyright © 2007 Neap
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Marks
Question 4 (15 marks) Use a SEPARATE writing booklet.

(a)  Show that the equation of the normal to the curve xy = c* atthe point P (cp, I%) is given by 3
P’x—py=c@p*-1).

(b)  The position of a particle moving in the Cartesian plane at a time £is given by the
parametric equations

y=12sint
(i) Eliminate ¢ from the two equations above. 1
(i) Sketch the path of the particle in the x—y plane. 1
(iii) Without using the area formula for an ellipse, show by integration that the area of 4

this ellipse is 60 square units.

«©) (i) I a,p andy are the roots of X emx nx— p =0, find the following in terms of

m, nand p

(@) a+f+y : 1

B o’+p+y” 1

@ @By 1
(if) Using the above results, find a solution of the simultaneous equations 3

ut+v+w=35
2 2 2
v +v +w =13

3,3 3
w4y +w =35

Copyright © 2007 Neap TENME2_ QA O7.FM 5
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Marks
Question 5 (15 marks) Use a SEPARATE writing booklet.
(a)  The binomial theorem states that the expansion of an expression of the form (x + )",
where n is an arbitrary integer, is given by the equation
n
=3 (e
k=0
1
where (’;) SR L -
! Ki(n K]
(i) For the case n =0, we see 4
0
0 0-k & 0! o0
0= - -
)= E (k)x Y =orxor? <!
k=0
Proceeding from the case n =0, apply the method of mathematical induction to
prove that the binomial theorem holds for arbitrary positive integers .
(1) A game of chance consists of » independent trials, each of which may be won or lost. 1
The possible number of wins (W) and losses (L) in each game ranges between
0 and n. The binomial distribution can be used to characterise the expected
frequency of wins and losses in a sequence of such games.
The expected frequencies of wins (E(W)) and losses (E(L)) are the same. What
conditions (if any) must be satisfied by the probability of a win (P(W)) or a
loss (P(L)) in each trial for this to be the case?
(i) Another game of chance also consists of » independent trials, each of which may be 1
won or lost. The outcome of a game depends not only on the number of wins and
losses that occur, but also on the order in which they occur.
What is the niumber of distinct possible outcomes of this game?
(iv) When a binomial expression is raised to a positive integer power, an expression 1
arises of the form
¥ =a) +ax" Y e B e,y vay”
where a, = (Z) for k=0 to k=n.
Consider now the relationship between the binomial expansion and Pascal’s triangle.
The first row of Pascal’s triangle has a single entry (1). The second row of Pascal's -
triangle contains two entries (1, 1), corresponding to the case where n =1 in the
binomial expansion, and the third row contains three entries (1, 2, 1), corresponding
to the case where n =2 in the binomial expansion, and so on.
Show that the sum of the entries in the (n+ 1)th row of Pascal’s triangle
corresponds to the number of distinct possible outcomes of the game described in
part (iii) above.
Question 5 continues on page 7
6 TenmER anarew " Copyright © 2007 Neap
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Marks Marks
Question 5 (continued) Question 6 (15 marks) Use a SEPARATE writing booklet.
. L. . - 2 2. .
(b éa rciggiz ;c)zrilrtlrteg ‘(1; th;;’“ﬁi‘; :flﬂlleequatlon x+y"=r" is shown below, along with the 3 (a)  Let o beacomplex cube root of unity, where @ # 1.
,y) on irc
() Exphinwhy o’+@+1=0 1
y
J L .
() IFa=(1+20)1+0% and f=(1+0)(1+20%, show that af=a + §. 3
) (i) Given that z= cosf + isin8, show that 7" +z " is real for all positive integers #. 1
[ (ii) Hence or otherwise, solve the equation 274+ 37 +52°+3z2+2=0, 4
Give your answers in the form z = x + iy.
1
() Letl,= .[x(l —xs)ndx, where n 20 is an integer.
Use the method of slicing, and the diagram above, to show that the volume of a sphere of 0
radius 7 is é7rr3 i Sn
3 (i) Show that 1"=5n_T21"“’ fornz1. 3
(i) Show that 7, = S'n! forn>1. 2
TO2XTX12X ... x(5n+2)
(¢} Aprojectile is launched from a point 100 metres above ground Jevel at an angle of elevation : Gi) H luate 1 1
of 60° to the horizontal and with a speed of 20 metres per second. Assume that the 111 ence evaluate fy.
acceleration due to gravity is g = 9.8 ms™ downwards and that friction (or air resistance)
is negligible.
Draw a rough sketch representing this situation.
(i) Determine the time of flight of the projectile. 1
(i) Determine the impact speed of the projectile at ground level. 2
(iit)  On solving a quadratic equation to determine the time of flight of the projectile, both 2
a positive and a negative value for the time of flight may be obtained. What is the
significance of the negative value, and how can it be used to verify that our previous
answers are admissible?
End of Question 5
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Marks . . Marks
Question 7 (15 marks) Use a SEPARATE writing booklet Question 7 (continued)
) ) o ] (b)  Inthe case of turbulent flow, the resistive frictional force on an object travelling through a
(a)  Let f{x) be asmooth, continuous function. The shaded region in the diagram below shows fluid is often modelled as being proportional to the square of the travelling velocity.
the area between the graph of y = f(x) and the x-axis for x values between 0 and a.
In the case where a particle is falling vertically through the atmosphere, gravity is providing
downward acceleration and the resistive frictional force is effectively acting upward, since
l Y friction always opposes motion. The situation is represented diagramatically below
s
‘I T
j friction (%)
I
-5t x
I
: gravity (mg)
1
! \
Expressing the object’s net acceleration in terms of its velocity and a positive coefficient
Rotating this cross-sectional area about the line x =—s (s> 0) generates a solid of volume V. yields
(i) Express the differential volume of the shell (dV) arising from rotating an arbitrary 1 may,=mg— av?
ne
strip of width dl, such as that indicated on the diagram, about the origin of rotation
x=-s, interms of 71, f(x), s, xand dx. According to this representation, the net acceleration of the object is therefore given by
(i) Formulate an integral which expresses the total volume V as the sum of all such 1 Ay = 8 — ﬂvz, where fi= g
differential volumes. m
The coefficient # depends on the surface profile and mass of the object.
(iii) Suppose that the function f(x) is symmetric about the vertical line x=0 between 2 B dep ° ce profile an Je
the ordinate values x=~a and x= +a. Also suppose that the region enclosed by () Show that setting the initial height of the object as x = 0 and assuming that the initial 3
J(x) and the x-axis between the ordinate values x = @ and x = —a has a total area A. velocity is also zero yields the following equation of motion.
As in parts (i) and (ii), a solid of revolution can be generated by rotating this region
about the origin of rotation x = —s. . In(g~ ﬁvz) =-2fx+Ing
Show that there exist at least some values of a for which the total volume of this solid (i)  Show that this allows the velocity to be written as a function of position in the 2
of revolution is given by Vi ., = 27s4. following way.
i it i i = ? / _
(iv)  What condition must be imposed on a in order that V,,,, = 27rsA? 1 Vx) = /% (1-¢ Zﬂx)
(v) If asatisfies the condition in (iv), what other constraint could be imposed on f{x) to 1
obtain an identical total volume V,,; = 277sA? (iii) By using the result from (ii), state the object’s terminal velocity (i.e. its maximum 1
possible velocity).
—(iv) Calculate the terminal velocity of a table tefinis ball in frée fall through the ) 1
atmosphere. Take g =9.8 m s and £=020 m™, and give your answer in
A 5 kilometres per hour.
Question 7 continues on page 10
(v) How far will the table tennis ball fall before it reaches 80% of its terminal velocity? 2
End of Question 7
Copyright © 2007 Neap TENME2 QA OTFM 9 10 TENMES.QA7FH Copyright © 2007 Neap




HSC Mathematics Extension 2 Trial Examination

Question 8 (15 marks) Use a SEPARATE writing booklet Marks
() A
B D
e
7\
F
In the diagram above, two circles intersect at X and ¥, The tangent to the larger circle at Y
meets the smaller circle again at B, and BX is produced to meet the larger circle again at E.
A point C is chosen on the smaller circle to make a cyclic quadrilateral CBXY, and the
straight lines CBA, CPXD, CY, EDA, EY and YOD are joined as shown.
Trace or copy the diagram into your answer booklet.
() Let ZBCY=6 and LEYD =q. Show that ZEYF=8 and ZBYC=a. 3
(ii) Show that YD || CA. 2
(iii) Show that ¥, D, A and C are concyclic. 1
(iv)  Find a fourth set of four concyclic including Y in the diagram. 1
(v) If BP=XP, show that BCYQisa parallelogram. 2
. 2 3 In ;~2"+l 1 . s .
(b) (i) Provethat 1 —r4r —r 4. +r "= ———, where »n is a positive integer 1
and r# -1, r+lor+l
xr?.n +1 x?, x3 x4 x2n +1
ii - 1 Sx- - 2
(ii) For x> -1, deduce that J. r+1dr+]n(l+x) x 5 + 3 + +2”+ 1
0
where 7 is a positive integer.
X
an +1
(iii) For 0<x<1, find lim J P dr, giving reasons for your answer. 2
n->ea
[
(iv) Hence find an infinite series with a limiting sum of In2. 1
End of paper
11
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STANDARD INTEGRALS
J‘xn dx - 1 xn + 1’
n+1
1
I— dx =lnx, x>0
x

ax

. 1
e dx ==¢", a
a
cosax dx = lsinavc,
a
j sinax dx =—Zcosax,
a
2 1
sec”ax dx = -~tanax,
a

1
j secaxtanax dx = >secax,
a

1 -
I 3 2dx =ltan IE,
a“+x a a
J- 1 dx :sin_”—{,
[2 2 a
a”—x

az0

a#0

a#0

a#0

I L x =hG+di-dd,

- dt

J. 1 dx =In(x+ N az)

«))CZ + a2

Note: Inx =log,x, x

>0

—a<x<a

x>a>0

n#-1; x#0, ifn<0
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Solutions and marking guidelines
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HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Question 1
Sample answer Syllabus cutcomes and marking guide
e ‘ E8
(a) _[4 sdx Letu=x. e Correctsolution........ ........... 3
+x
Then du=4x>dx. » Correct solution withoutc ......... .2
3 3
J X dx= 1[4 dx » Correct substitution to give i_[ du 5 1
440 4lg4 58 4+u
1¢ du
= ; [ 2
T4ty
1.1, -1y
==Xt =
3% tan 3 +c
4
= %tan—l% +c
Jx E8 )
® j Vdr Let u=x « Correct solution (disregard omission of ¢) 3
Then x =i, » Correct use of integration by parts, leaving
and dx=2udu. answerintermsofu.. . ............ 2
jeﬁ'dx = J & X 2udu *  Correct substitution of # . ............ 1
=e2u— '[Ze"du
=e2u~2e"+c
= Ze[r(ﬁ -1)+¢
E4
X /3 — /8 —
© ® I % A/S—x « Completely correct process . ....:..... 2
X -x
_ 8-x —
= 5 - Multiplies by & B—x . 1
8x—x R —x

__A-x . 4
J8x—x A8x-x*

e 2 8 —x Z( 4-x 4 )
T = || = ——— g
@ “:) x J:) M8x—x"  8x-i> )

2, 4
=[ 8x_x2]0 N J;A/ls —(X*4)2dx
=2./3+ [4sin“ (’iii‘)]:

~2f5+4(-Z+7) -

=2J§+4?7[

E8
« Correctsolution.................... 2

« Correct integration and evaluation of one of
the fractions
OR
+ Correct integration of both fractions with
) wrong or no evaluation .. ........... 1

Copyright © 2007 Neap TENMEZ S5_07.FM
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Question 1 (Continued)
Sample answer Syllabus outcomes and marking guide
. 1 _ 1 ES
@ ® 25— 5242 - @x—D(x-2) ¢ Correct values for A and B, using either
method . ......... ...l 2
Lol . A, B A
2 -5x+2 2x—1 x-2 + Either A or B correct
OR
Then Alx~2)+B(2x-1)=1 e Correct process with one error. . ....... 1
Putx=2: 3B=1, soB=%
'Putx:l; —Ezi, S0 A=—=
2 2 3
1 1 2
Hence = -
2x2-—5x+2 3(x-2) 3(2x-1)
OR
Ax-2A+2Bx-B=1
Equating coefficients, A +28=0, A=-2B
—-2A~B=1
Substituting in A = -2B gives 3B=1.
1 2
H B=>andA=-%
ence 3 an 3
. _ox E8
& Let 1= tani » Correct solution in either form (ignore
omissionof ¢). . .....ovt i 3

Then % = tan's

2
-1
x=2tan ¢
dr= 211'72
1+7¢
2
4 5sing = H1+1) - 107

2
1+7

((dx _ g _1+F 24
JaSsine Y42 10144 144

_ di
- J'2t2—5tt+2
5wt

= %(In]t—Zl —In|2t~1))+¢

= %(ln tang—zl—ln Ztang— ID +c
1 tanZ — 1
=§ In_z._ +c
2tanZ - 1
a3

+ Finds correct integral in terms of ¢

(following from previous error). ... ... 2
; 2dt R
* Findsdx= 5 and the correct equivalent
1+1¢
expression for 4 —~ Ssinx . ... . o1

Copyright © 2007 Neap TENMEZ_S5_07FM
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Question 2
Sample answer

Sylabus outcomes and marking guide

. 2 E2,E6,E9
® O fw=log) " Conectdomain ... ....1
. 2 . i
J(x) exists when i positive.
2
—=—>0 whenx-1>0
x-1
Thatis, x> 1
Hence the domain is given by x> 1.
" 2 2 E2, E6, E9
() Asx— 17, 7 e, S0 loge(:i) > oo, » Correctanswer ................... 1
So x=1 is a vertical asymptote to y = f(x).
. 2 E2,E6, B9
(i) For an x-intercept, IOge(xj) =0 ¢ Correct x-intercept . .. ... ....c........ 1
2 .
x—1
x~1=2
x=3
There is only one x-intercept, (3, 0)
X 2 E2, E6, E9
) y=flx)= IOgE(;__l) «  Correct derivative
AND
y=log,2 ~log,(x-1) *  Correct justification . ..., .......... .2

.
Y x-1
Since x> 1, y'<0.

Hence y = f(x) is always decreasing.

¢ Correct derivative
OR »
« Correct justification..... ............ i
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Question 2 (Continued)
Sample answer Syllabus outcomes and marking guide Sample answer Syllabus outcomes and marking guide
E2, E4

@ ™) (@) y=flx) E2, E6, E9 ] ] R
+ Correct graph . . . R | (b) ( LetP (x;,y,) beapointon the ellipse = + 5 =1 » Correctsolution ... .......co..ou.u... 1
a

Question 2 (Continued)

Differentiating, 2—’; + Z—Zy' =0
a b

,_ b
Hence at P (x;,¥,), y =“—2ﬁ
ay;

1 3 So the equation of the tangent at P is

b
y-n=-——52x-x)
1
azyly - azyT =— blex + b2xf
22
E2, E6, E9 Pax dyy bx 2y
* Correctgraph................... ... 1 J O PO I A

2 2
)—O—C—I+)-Iy—'=£+X-=1,sincePisontheelIi se
& b 2 P

t

|

i

h : 2
: So the equation of the tangent is
! XX,

i =+ )12‘ =1

: x a b
1

i

|

|

i

I

1

@B y=1fx)i (dividing by a*b%)

Substituting in x; = acost, y, = bsint gives

xcost , ysint_,
a b

E2, E4

(i)
* Correctsolution................. ... 2

¥ y=log,

Q *  Makes the correct substitution with no more

] E2, E6, E9
thanoneerror. .............. N |

¢ Comectgraph .. ............. .....2
}’Ar

x—

x=4a

! 3 Let point P have coordinates (acost, bsint).

Equation of the tangent at P is Xeost )%"Z =1 (1)
a

The point Q is obtained by substituting x = a in (1).

cost+ Y30 ¢
b
sin#

y= (1—cost)

Hence MQ =

b
sint(l — cost)

In a similar way, NR = Ifnt(l + cost)

b b
MQXNR-]E(I ~—cost)xﬁ(l + cost)

2
%—(l - coszt)
sin’t

2 . 2 .
=b’, since 1 —cos’t = sin’t
Hence MQ X NR is a constant.
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Question 2 (Continued)
Sample answer Syllabus ontcomes and marking guide
© ) P+3x-14=0 EI, E2, B4
¢ Correctsolution.................... 1
When x=2, LHS =8 + 614
=0
=RHS

So x -2 is aroot.
Leta and § be the other two roots.

Then 2+ a +,3=—§
= 07
Hence ¢+ f=-2
Also, the sum of the products of the roots taken two at a
time equals 9, S0
a
2a+28+af=3
2a+pB)+af=3
2x(-2)+af=3
af=17

@i

To find the coefficients we substitute y —3 for x.
-3 +3(y-3)-14=0
Y =9y +27y-27+3y-9-14=0
3 ~9y* +30y—-50=0

El E2,E4
» Correctequation. . ....... ..........2

» Correct substitution for x with no more that
ONEEITOL. . .ivvvnnn un. P |

Gopyright © 2007 Neap
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Question 3
Sample answer Syllabus outcomes and marking guide
(a) (i) a=5-3iand f=2+i E3
a+f=7-2i = Correctanswer. ........ cee 1
o o _5-3i 2-i E3
@) /3'2+1X2_l e Correctanswer.......... . . .1
=1 1
5 5
i) z=x+iy E3 )
. . » Correct region, showing intercepts and
za=(x+)(5-30) dotted tine ... . .... L2
=5x+3y~3ix+5iy
Im(za) = 5y —3x * Correct expression for Im (za)
. OR
Hence Im(zz) <3 is given by Sy -3z <3. ¢ Correct region following from incorrect
y Jy-3x=3 Im(z@) .. e 1
X
TN
5 '\\
BREPRNAN —x
X \ \
N
\\\\\&
b ) z=1+2i isaroot of the equation 2%~ aiz +5=0. |
® 0z 21 Isaroot of the equation 7 - aiz +5=0 s Correct values forgand b .. .......... 2
(1 +20)—ai(1+2)) +b=0 — -
L + Correct substitution and expansion in
—3+di-ait+2a+b=0 original equation
Equating real and imaginary parts, as g and b arereal: |QR
2a+b-3=0 * Onecorrect valueonly... ............ 1
and 4-g=0
Therefore a=4 and b=-5
So 2*—4iz-5=0,
(i) The equation is >~ 4iz~5 =0 E3 Correet .
Let the other root be a. OITeCEAnSWET . ... ... v v iv s e eann
Then a + (1 +2i) =4i
a=-1+2i
So the other root is — 1 + 2i.
©) E3

» Completely correct region, including
showing that the point (1, ,\/5) lies on the

diameter. ............. ... .. .3
« Correct regions, but circles not dotted
OR
+ Correct regions, but points of intersection
not marked with open circles.. ... ... 2

+ Correct region between dotted circles

OR
« Correct regions between the lines y =0 and

y;ﬁx .......................... 1

Copyright © 2007 Neap
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Question 3 (Continued)
Sample answer Syllabus outcomes and marking guide
@ O z=2J3+2i E3
e Correctanswer. .... ........... .2
ld=4, Argz=Z
6 ¢ Correct modulus
R T, . T OR
= 4(C°S€ * ‘S"’g) « Correctargument .. ............ 1
1 E3
(i) As at= 2.3+ 2, a= 2. « Correct solutions following from previous
ANSWEL . .0\ e e i 2

- e YN A
SO one soluttion 1is given by @ = J2| cos— 4 ISin—
glvenby @=/2{ cosp +ising )

« Finds one answer

The spacing of the solutions around a circle on an OR
* Determines spacing of solutions .. ... 1
Argand diagram is _ z
4 2
Hence all solutions for & are given by
a= A/i(coszi4 +isin2£4),
ﬁ(cos%+isin% s
Nz, .. ~llx
{eos i +1sn=317)
J2| cos i Tisin—2= )
ﬁ(cos _i‘z” + isin'iin)
' I _ ﬁ d th . £ th futi T E3
() la] = 2 and the spacing of the solutions is 2" *  Correct side length following from previous
ANSWEL ...t e 1

By Pythagoras’ theorem, = (A/i)2 + (ﬁ)2.
Hence s=4/2+2

=2 units
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Question 4
Sample answer Syllabus outcomes and marking guide
_2 E2,E3,E4
@ w=c ¢ Correctsolution.........cocovune . 3
d
—(xy)=0 -
dx + Correctly finds the derivative and the
x[% +y=0 gradientof thenormal .. ............. 2
¢ Comectly finds the derivative. ......... 1
&y
dx  x
<
AP (cpf), o2 L
P dx cp  p?
So the gradient of the normal is p2
The equation of the normal is
c 2
y-==p(x—cp)
p
3 4
py—c=px—cp
3 4
px—py=cp —c
psx ~py= c(p4 —1), asrequired.
(b) @) x=5cost E2,E3, B4 .
+  Finds the correct Cartesian equation of the
=X R
cosi= 3 ellipse.... .. .. .. ..., Ce e 1
y=12sin¢
; ¥y
sing =<
)
2 2 X ?
Since sinr +cos’t =1, Eiﬂﬁ: 1, which is the
equation of an ellipse. )
‘ 2 ZZ. E2, B3, B4
ii) The Cartesian equation of the ellipse is 2= + =1. f.
(i) an equati ¢ cliipse 1s ETREYY) Correctgraph..............coounen. 1
Hence a=5,b=12.
Hence the graph is as below
YA
(12
=5 o 5 *
-12
10
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Question 4 (Continued)
Sample answer Syllabus outcomes and marking guide
E2,E3, E4
¢ Correct solution........ . .. 4

S
() (i) Area=4 j ydx
(]

S
=4J‘lg 5 —xdx
s

» Correctly expresses the area and makes
the right substitution with no more than one

BITOT vt iiinive e 3
5
12 f
=% x4 J- 25 - x*dx « Correctly represents the area . . . .. 2
0
. i R ¢
- lg X257 Correctly expresses y in terms of x
5
5
since 4 j 25 - x*dx = area of a circle of radius 5
¢ =257
=607
11
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Question 4 (Continued)
Sample answer Syllabus outcomes and marking guide
(c) @ (@ X-mitnx—p=0 E2,E4
a+f+y=m ¢ CoOIrectanswer....... . ..oeverenn. 1
2, 02 .2 2 E2, E4
a"+B +y =(a+f+y) -2 +hy+u g
® Frar=( ) By @B+ fy+ap ¢« Corectanswer ..... .............. 1
=m —2n
@) F=mxi-nx+p EZ’CEA' i
Substituting ¢ach of the roots into this equation OIFECE ASWEL. ..o et
gives
o’ =ma®—na +p 1)
B=mf’-nf+p @
Vem'-ny+p
Finding (1) + (2) + (3) gives
a3+ﬂ3+y3=m(a2+ﬂz+y2)—n(a+/3+y)+3p
=m(m2—2n)—nxm+3p
=m3—2mn~—mn+3p
=m’—3mn+ 3p
(ii) Letus consider the two sets of equations E2, B4
Utv+w=S5 a+Bry=m e Correctsolution.................... 3
Wi +wt=13 and 2* + ,Bz + y2 =m’~2n * Correctly identifies the similarity between
P w’=35 & +ﬁ3 + y3 = —3mn + 3p the two sets if equations and finds the correct
. valuesof m,nandp . ... .... e 2
By comparing the two, we see that u, v and w are roots
of X ~mx’ + nx— p=0, where * Recognises the comparison between
_ the two sets of equations and attempts to find
m=5
m,nandp. ... e P |
n=6 (from m”* - 2n = 13)
p =0 (from m® = 3mn + 3p=35)
So u, v and w are roots of x° ~ 5x° + 6x = 0,
2P —5x+6)=0
x(x-2)(x-3)=0
x=0,2,3
So asolutionis u=0, v=2 and w =3,
Copyright © 2007 Neap TENMEE 56_07.FM 12
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Question 5
Sample answer Syllabus outcomes and marking guide
(a) (i)  Assume that the binomial relationship holds for an E4, E8, E9
arbitrary positive integer n = m, ¢ Correctly demonstrates the result
m+ 1
. - and proceeds with a statement of inductive
If it is true for n = m, we now aim to prove it is true for BIOOE. . oot ettt 4

m+l
_ . LES mA+ 1 me1-k &
n=m+1, thatis (x+7y) -Z( p )x y
k=0
Proof:
G = )y
=x(x+y)" +y(x+y)"

m m

_ m\ m-k_k m\_m~j_j

==y (st oy (e
k=0 j=0

_ M\ mt1-k_k my m-j_j+t

=Y (e )y
k=0 j=0

Now let k= j + 1 in the second summation

m
:xm+1 + Z(m)xmﬂ—kyk
k.
k=1

n
] +z(m)xm+l—kyk
k.
k=1
n
+Z( ml)xm+l—kyk+ym+l
k-
k=1

m+1 i+l
=x""" 4y

" i[(r]g)x"H. 1=kt (k’fl)x'n+l_kykJ
k=1

=Xm+l +ym+l
m
m n m+l—-k k
+ Z[(k) +(k— 1)]" Y
k=1

m
= e +Z(m; I)xm+l—kyk
k=1

Question 5 (a) (i) sample answer continues on page 14

.

Correctly demonstrates the result

m+]
(x+y)m+l=z(m]':l)xm+l—kyk 3

k=0

Proceeds with a correct (m + 1) substitution
to obtain an expression of the form

mEl i
X +y

. i [(I]?C’l)xm+l—kyk . (krfl)xnw i —kyk]
k=1

Substitutes the case (m + 1) correctly, but
does not proceed correctly any further. . . 1

Copyright © 2007 Neap
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Question 5

(Continued)
Sample answer

Syllabus cutcomes and marking guide

(2) ®

(continued)

m
. N[ m—k_k
Soif (x +y) -Z(k)x y* then
k=0

m+1
mel_ m+l) mal-k_k :

(x+y)"" = Z( P y" as required

k=0
We have now proven that if there exists an » for which
the binomial relationship holds, then it also holds for
n+ 1 and all subsequent integers.

0
Since we have shown that (x +y)’ = Z(@xo_kyk, we
k=0

have now proven that the binomial relationship holds for
all n.

(i)

P(4)=P(B) =]

E2,E4, E8,E9

Correct answer. .. ................ .1

(iii)

Since there are » trials and each has a distinet pair of
possible outcomes, the number of distinct possible
outcomes as a whole is 2".

E2,E8, E9

Corréctanswer. . .......0.c.o.vu.... 1

(iv)

The binomial expansion (x +y)" yields the (n + 1)th
row of Pascal’s triangle when we set x =y =1

On setting x=y=1, we obtain (1 +1)"=2", whichis
the number of distinct possible outcomes in part (iii).

E2, E8, E9

Correct answer. . . ................. 1

Copyright © 2007 Neap
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Question 5 (Continued)
Sample answer Syliabus outcomes and marking guide
() Vg = Aggdx where Vg is the surface area of the disk and E7 .
. . « Obtains a correct answer via a correct
dx is the disk’s thickness. method oo 3

2
Vg = Zrigdx
[2 3.2
=a(Jr -x") dx

= Jz(r?‘ —xz)dx

r
2 2
Viphere = J[ 2(r" —x")dx

-r

* Determines the integrand as Jz(rz —xz) and
sets it in an appropriate integral with correct
limits ................. e 2

+  Writes the volume of the disk as

2
Vi = FrggedX oo .. 1

Copyright © 2007 Neap TENMEZ_S§_07.FM
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Question 5 (Continued)
Sample answer Syllabus outcomes and marking guide
©) ® 20m s E4, ES, E8
y ms *  Obtains a correct solution via a correct
method e 1
100m
x
Letus define s, v,, a,, Sy V), 4,88 displacement,
velocity and acceleration in the x and y directions
1espectively.
The time of flight, 1 is then a value for which 5,=0.
at
sy =ty =5t + 100
a
0=+ uytp+ 100
a
gk ful—4x 5 %100
=
aY
Now u, = sin60° X 20 m 5™ and a,=-98m 7
=17321 ms™
L= -17.321£/(17.321)° + 200 % 9.8
! 08
=6.6183, -3.08
Taking the positive value gives
4;=6.61835=~66s
(i) v, =20cos60° E4, E6, E8 ) .
* Correctly performs a vectorial addition to
= 10 metres per second determine impact speed .. ..... ...... 2
vy=u,+at; X .
L * Correctly determines the horizontal and
=20sin60°—9.8 X 6.6183 vertical components of velocity. ... .... 1
= 173205 ~ 64.85934
=—47.53884 metres per second
speed = ,/vf. + vf
= WJ(~47.53884)% + 107
=48.58 metres per second
(il)) The negative value for the time of flight corresponds to | E4, E6, E8
the time at which the projectile would have had to have |+ States the significance of the negative time
been launched from ground level in order to trace out the of flight value
same path. AND
To verify our present calculations, we can check that the |* Qbsef" es that these values should give
launch and impact speeds at ground level would have identical speeds at ground level. .. .. per 2
b f itud a
values of the same magpitude as one another. » States the significance of the negative time
of flightvalue...................... 1
Copyright @ 2007 Neap TenmEz 55 070 16
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Question 6
Sample answer Syllabus outcomes and marking guide
(a) () P©-1=@x-1)P+x+1) E3
So the cube roots of unity come from either x—1=0 or * Comect explanation . .. e
Lx+1=0
Asw#l, 0 +0+1=0.
() a=(1+20)1+a?) E2.E3
clt0’t 20 +20° + Showsthat a + 8 =af with full reasoning
s 2 3 throughout .. ........... ... .ol 3
=20 +20+2~(1+0")+2w
= 2(w2 +w+1)+ 20° - (1 +w) « Finds expressions for ¢ and § with full
=1-w? sincew’=1andw’+w+1=0, reasoning . ............ e e 2
p=0+ a))2(1 * 2w2)3 » Finds expressions for & and 8 with no
=1+20"+w+20 Teasoning .......... .. . : 1
=207+ 20 +2 - (1 + @) +20°
=2@* +o+1)-(1+w)+20°
=l-vasw’=lando’+w+1=0
a+f=2-0-0"
=3-(1+o+0%)
=3 asl+o+a’=0
af=(1-0)(1-w)
=l-v-0'+o’
=2-(1+o +w2)+a)3
=3 asl+w+o =0ando’=0
Soa+f=af
(b) (i)  z=cosB +isinb E3
2" = cosnf + isinnf by de Moivre's theorem * Comeetproof . o.ov e 1
27" = cos(—n8) + isin(-n@) by de Moivre's theorem
= cosnf — isinnb
Z"+z "=2cosnf, which is real for all positive integers
) 2t +327 452 +3z42=0 E3,E2 )
2 1 ™ L ,* Correctsolution.... .. ............ 4
277432+ 5437 +27 =0(dividing through by z*)
2(z2 + 2_2) +3(z+ z_l) +5=0 « Correct values for cosé .. ............ 3
2(2c0828) +3(2c0s8) +5=0
4¢0520 + 6030 +5=0 * Arrives at 4cos20+ 6cos6+5=0 .... 2
4(200526——1)+60036+5=0 . 2
2 « Divides through by z* correctly .. ... .. 1
8cos"0 + 6cosf +5=0
(4cosf +1)(2¢cosf+1)=0
cosf =—=, 1
2
JB I\ 1 cosﬁ:—}‘ :—/_—3 1 cos0=—%
¢ siné =i@ 2 sin0=:t£
i 4 1 2
4 2
Hence z = —%t%i, —%ifi
17
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Question 6 (Continued)
Sample answer Syllabus outcomes and marking guide
I n E2,E8
© @) 1,.=IX(1~X)4X + Correct solution ... ..... U |

o

2 n ! ! n-
= I:X_(I -x) ] -1 St (-2
2 o2,

o3 fs 5,1-1
—0~2J;(~x)><x(1—x) dx

Snl, +21,=5nl,_,
I(Sn+2)=5nl,_,
5n

+ Correctly determines the constant outside
the remaining integral
AND

*  Uses the step [(1 —xs) B 3 2

+ Correct first step of integration including
evaluation of the first part of the integral 1

= e gtem
| E2, E8
(ii) 10=J‘xdx » Correct solution . ... .... . e 2
0
2! « Correctevaluationof I,... .. .. ....1
-[5],
=1
2
W 1
h=5i+3%2
. _5(2) 51y 1
L=35y72%5m)+2%2
__5@3) 5(2) 5() 1
L=3ay 350+ 2 52 2
Sol = 1X5(1)X5(2) X 5(3) X ... X 5n
" 205(1) + 21[5(2) + 2115(3) + 2] X ... X [5(n) + 2]
__ 5"1x2x3%..xn)
2xTx12% ... x[5(n)+2]
. 51
T2XTIXI2X . . X [5(n) + 2]
5% 41 B2
(i) IFW%&‘Z e COITect anSWer. ... ............ o1
_ 625
2618
Copyright ® 2007 Neap [T 18
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Question 7
Sample answer Syllabus outcomes and marking guide
(a) () dV=|fm))2(s +x)dx E6,E7,E9
e ComectanSwer. .. ... . ....coeveiunnnn 1
a E6, E7,E9
@) V=j|f(X)]27r(s+x)dx + Comectanswer ........ ol
(
a
=27 j [0l + x)dx
0
. E6, E7, B9
(i) Vg =27 _[ | Fo) (s + x)dx * Demonstrates a fully correct answer, having
—-a

=2n:j |f(x)|:dx+2nj' | FC0)xdx

=2nsr | Aokdx+ 0

a
shown that .‘- | f(x)|xdx vanishes......2

»  Correctly writes the volume as the sum of
two integrals and recognises that

= 2nsA J' [f(¥)\xdx vanishes ... ... ...... 1
-a

(iv) s2a, orequivalently, a<s E6, E7, E9
» Correct answer . ... . . |

(V) f(x) could be an 6dd function (ie. f(x)=—f(—x)) |E6E7,E9
. * Comectanswer .................... 1

over the region x=-a to x = a.
19
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Question 7 {Continued)
Sample answer Syllabus outcomes and marking guide
. 2 ES5, B9
b =g— i
® o Boer =8 =B * Reaches the comrect answer by a logically
v@ =g— ‘5‘,2 and algebraically correct method .. . ... 3
dx .
Y _dv=dx *  Correctly evaluates an appropriate integral to
3 PP
g—fv obtain In(g—ﬁv2)=—2/3x+C.‘ 2
[Fdv=
4 —2 Bv ¢ Recognises that acceleration must be written
-~28v
[P =2 [ux ) dv
g ~/3v2 f in the form Ve e e 1
In(g-pv*)=-28x+C )
Cis a constant of integration whose value can be
determined from the initial conditions x =0 and v=0
In(g~0)=-2x0+C
C=lng
So In(g~pv) =— 28x + Ing.
(i) In(g—pv*) =—2Bx + Ing E5, B9 .
5 * Reaches the correct answer via a correct
In(g—pv") - Ing=-2px method ...t 2

ln(kfv—l) =-2fx

¢ Correctly converts the equation into an

2 exponential form. . . ............... .1
1n(1 -BY) - gy
8 2
Mg oy’
2 8
By _q_ o
g2 g 28
Vi =2(1-2"
B
- '5 ~2Bx
v= [2(l—e)
B8
E5,ES
(i)  v,=lim /5(1 ) = Correctanswer. . ............. S |
X = oo ﬂ
=J5_1im J1- 7
ﬂ x—>oe
b
B
ES, E9
) _ 9.8
(iv) = [== o COmECtanSWer . ... .....oovvern..... 1
02 .‘
=7 metres per second
=3.6 x 7 kilometres per hour
= 25.2 kilometres per hour
™ 2Bx=Ing— In(g—pv> E3, E9
Bx=Ing—In(g-pv") »  Substitutes appropriately for v and obtains a
correct answer via a correct method. ... . 2

e ()

1 1n( 9.8 2)
2x02 98 02x(08v,)
9.3
=25 —22%
(9.8 -02x0.64% 72)
=2.55 metres

= Uses the correct equation to solve the
problem, and adapts it to a correct form. . 1

Copyright © 2007 Neap TENMEZSSOTFM
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Question 8
Sample answer

Syllabus ontcomes and marking guide

(@ @®

E2,E9

» Correctly proves that the angles are equal
using the facts that angles in the same
segment are equal, that the exterior angle of
a cyclic quadrilateral equals the opposite
interior angle, that the angle between a
tangent and a chord equals the angle in the
alternate segment, and that vertically
opposite angles areequal. . ........... 3

«  Correcily uses any ihree of the properties
listed above .. ......... e 2

» Correctly uses any two of the properties

Let ZBCY=6 and LEYD=qa listed above ............, PRI |
ZEXY=/ZBCY=0 (exterior angle of cyclic
quadrilateral BCYX equals
opposite interior angle)
LEYF = ZEXY=0 (angle between tangent and
chord equals angle in alternate
segment)
LEXD=ZEYD=qa  (angles in the same segment
are equal)
ZBXC=L/ZEXD=a (vertically opposite)
ZBYC=4ZBXC=a (anglesin the same segment)
So £BYC=q and LZEYF=6.
E2, E9

(i) Let ZPYD=8.
Then t +8 + 8 =180° (straight angle PYF)
So LACY + £ZCYD = 180°

* Comrectly shows that a + 8 + 6 = 180°
(or equivalent), then uses the fact that
co-interior angles are supplementary. . .. 2

So CAllYD (co-interior angles are —
supplementary) * Makes significant progress towards proof 1
(ili) ZEDY=/ZEXY=0  (angles in the same segment) E2, (]:39 :
. { statement. .. ... . e
Hence ¥, D, A and C are concyclic, as exterior ZEDY orrect statement
equals opposite interior ZBCY.
(iv) A, E, Y and C are concyclic, as exterior ZEYF equals |E2, B9
opposite interior ZCAD * Gives any correct set of concyclic points
including Y. .........o il 1
(V) ZLXBP=/PXB=a (base angles of isosceles E2,E9
» Complete correctproof .. ............ 2

ABXP are equal)

SZXBP=q
So BQ Il CY and BCYQ is a parallelogram, as both pairs
of opposite sides are paraliel.

» Shows that ZXBP = ZBYC

HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Copyright © 2007 Neap TENMEZ_55_07FM

21

Question 8 (Continued)
Sample answer Syllabus ontcomes and marking guide
) 2 3 R 1 |E2,E9
() (i) Toprovethat 1—r+r —r 4. .+ "= o1 a1 |* Comectproof ... ... .1
The left-hand side is the sum of a geometric progression
with first term I, common ratio — and 27 + 1 terms
a(r"~1)
§ =ar —1)
" r—1
2n
Las = LEDT 1)
—-r-1
i
~I(r+1)
2n+1 1
=L 4.2 -RHS
r+l1 r+1
Alternative solution:
LHSX(L+ ) =1=r4r = 44 r-r s+
=1+r2n+l
=RHS X (1+r)
(ii) To show that E2, E8, E9
3 4 2n+1 x anet |* Correctproof ....... ...... ...... 2
In(l+x)=x-2 4% %, +x———-—_[ LA
3 4 241 S+l Tages integrals of both sides
2n+1 OR
. 2 3 2 1
From (i), 1 —r+r —r +...+r"=';Jrl t= ¢ Rearranges........................1
2n+1
R S DU S
r+1 r+1
X x, 2+ )
J‘ dr =J-(1—r+r2—r3+.‘.+r2"—r )a’r
b7+ r+1
X r2 r3 r4 2n41 ox xr2n+l
Sir——=+=-—-—+..+ - di
[1”(”1)]0 [-5+5-% 2n+1]0 J.Or+1 d
xz ¥ x4 x2n+l xr2n+l
In(x+1)=x-=4+=—-=+ ..+ ~J. d)
=T33 FTTR N A
s 2ns 5 2m et E2, E9
(iii) Ir+1dr< I = dr for x>0 «  Correct result with reasoning (it is essential
0 0 toinclude 0<x<1) .,....... e 2
2n+1 .
L ! Since 0<r<1
r+1 ’ ' » States initial inequality and establishes equal
¥ 2wl x limits ........... B 1
Hence J. L_ar< j Ay
h T+ 1 o
n+2
< X
2n+2
JCZM»Z
2n—+—2—>0 as n~»ce since 0<x< 1.
r2n+l
Hence r dr— 0 as n e,
r+1
22
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Question 8 (Continued)
Sample answer . Syllabus outcomes and marking guide
R 2n+1 x 2wl E2
b iv) In(x+ D=x-2+>-=+ ————I drie
® @) (x+1)=x >T377 il e r | Correct answer. ... . 1
Letx=1:
1 2n+1
1.1 1 1 r
m2=1-24+-~>+ +-——_ d)
PRI T L
Taking the limiting sum as n - oo,
. 1,11
In2—1—5‘+§—1+.‘,

since the integral approaches 0 as n — o,

23
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