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General Instructions

*» Reading time — 5 minutes

» Working time — 2 hours

* Write using black or blue pen
Black pen is preferred

* Board-approved calculators may
be used '

» A table of standard integrals is
provided at the back of this paper

» In Questions 11-14, show
relevant mathematical reasoning
and/or calculations

Total marks — 70

Pages 3-6

10 marks
o Attempt Questions 1-10
* Allow about 15 minutes for this section

Pages 7-14

60 marks
* Attempt Questions 11-14
*» Allow about 1 hour and 45 minutes for this section

STANDARD INTEGRALS

1
Jx"dx = ™ p#-1 x#0,ifn<0
n+1
1d =1
L =lnx, x>0
fe”"dx ==, az0
1.
cosaxdx = sinax, a#0
. 1
sinax dx =-—cosax, az0
. g 1
sec” ax dx =Etanax, a#0

1
secax tanaxdx = Esecax, a#0

1
—_—dx =ln(x+m), x>a>0

: .
—x =ln(x+m)

NOTE : Inleogex, '}c>0




Section T 4 ‘Which function best describes the following graph?
10 marks Y
Attempt Questions 1-10 . i
Allow about 15 minutes for this section oTTTT

Use the multiple-choice answer sheet for Questions 1-10.

1 Which expression is a correct factorisation of x*—27?

(A) (x—3)(x —3x+9) _2 2 5
®) (x-3)(x2-6x+9) .
© (x—3)(x2+3x+9)
@) (x-3)(x2+6x+9) [ il
2

2 The point P divides the interval from A{-2,2) to B(8,-3) internally in the ratio 3:2. (A) y=3sin12

‘What is the x-coordinate of P? 3
B) y=Isin"'2x

a) 4 2

B) 2

@< o

o) -1

C) y=3sin'Z
<) sm2

3
D =—si
()yzn

3 A polynomial equation has roots ¢, B and ¥ where
5 How many arrangements of the letters of the word OLYMPIC are possible if the C and

a+f+y=-2, af+ay+py=3 and afy=1. the L are to be together in any order?
‘Which polynomial equation has the roots ¢, 8 and y? A) 5!
(A) P+2x*+3x+1=0 (B) 6!
B) P+2x2+3x~1=0 © 2x5!
© xB-2x*+3x+1=0 . D) 2x6!

O P©-2x%+3x-1=0




A particle is moving in simple harmonic motion with displacement x. Its velocity v is

given by

=16(9-x2).
What is the amplitude, A, and the period, T, of the motion?
(A) A=3 and T=
(B) A=3 and T=
(C) A=4 and T=

D) A=4 and T=

Wy @iy aln eln

‘Which expression is equal to Jsin2 3xdx?
A) 1 x— lsir13x +C
2 3

x+ —sin3x [+

[r+3m)s
(o nec
® 5

SR

®)

©

N | =

x +=sin6x [+ C

N | =

‘When the polynomial P(x) is divided by (x +1)(x —3), the remainder is 2x + 7.
What is the remainder when P(x) is divided by x—3?

(A) 1
®) 7

< 9
D)y 13

~

10

What is the derivative of cos™ (3x)?

1
A) ———
341 - 9x?
(B) _71
331 - 9x?
© —
1-9x2
D —
1-9x2

The points A, B and P lie on a circle centred at O. The tangents to the circle at A and B
meet at the point 7, and ZATB= 6.

What is ZAPB in terms of 67

6
A) 5

o0
®) 90°--
©) 6

(D) 180°-6




Section II

60 marks

Attempt Questions 11-14

Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

3
(a) Evaluate J- dx. 3
0 9+x?
(b) Differentiate x* tanx with respect to x. 2
(c) Solve <2. 3
. 2 5
(d) Use the substitution u=2-x to evaluate j x(2 - x) dx. 3
1
() In how many ways can a committee of 3 men and 4 women be selected from 1

a group of 8 men and 10 women?

® (i) Use the binomial theorem to find an expression for the constant term 2

)2
in the expansion of (2x3 - ~) .
x

n
" 1
(ii) For what values of n does (in3 - ——) have a non-zero constant term? 1
x

T

Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) Use mathematical induction to prove that 23" _ 3" is divisible by 5 for n 2 1.

(b) Let f(x)=+4x-3.

(i) Find the domain of f(x).
(ii) Find an expression for the inverse function f -l (x)
(iii) Find the points where the graphs y = f (x) and y=x intersect.

(iv) On the same set of axes, sketch the graphs y= f (x) and y=f1 (x)
showing the information found in part (iii).

(¢) Kim and Mel play a simple game using a spinner marked with the numbers 1, 2,
3,4 and 5.

The game consists of each player spinning the spinner once. Each of the five
numbers is equally likely to occur. :

The player who obtains the higher number wins the game.
If both players obtain the same number, the result is a draw.

(i) Kim and Mel play one game. What is the probability that Kim wins the
game?

(ii) Kim and Mel play six games. What is the probability that Kim wins
exactly three games?

Question 12 continues on pége 9
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Question 12 (continued)

(d) Let A(0, ~k) be a fixed point on the y-axis with k> 0. The point C(z, 0) is on
the x-axis. The point B(0, y) is on the y-axis so that AABC is right-angled with
the right angle at C. The point P is chosen so that OBPC is a rectangle as shown
in the diagram.

B(0, y)

A(0,-K)

(i) Show that P lies on the parabola given parametrically by

£
=t and =—.
x y P

(i) Write down the coordinates of the focus of the parabola in terms of k.

End of Question 12

1

Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Write sin(Zcos“1 (%D in the form a\/z , where ¢ and b are rational.

2
®) (i) Find the horizontal asymptote of the graph y = 2x .
2% +9
: 2
(iiy Without the use of calculus, sketch the graph y = , showing the
x“+9

asymptote found in part (i).

(c) A particle is moving in a straight line according to the equation
x=5+6cos2t+ 8sin2t,

where x is the displacement in metres and # is the time in seconds.

(i) Prove that the particle is moving in simple harmonic motion by showing

that x satisfies an equation of the form ¥ = —n> (x - c).

(ii) When is the displacement of the particle zero for the first time?

Question 13 continues on page 11
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Question 13 (continued)

(@) The concentration of a drug in the blood of a patient ¢ hours after it was
administered is given by

C(t) = 1402,
where C(t) is measured in mg/L.

(i) Initially the concentration of the drug in the blood of the patient
increases until it reaches a maximum, and then it decreases.

Find the time when this maximum occurs.

.

(ii) Taking r=20 as a first approximation, use one application of Newton’s
method to find approximately when the concentration of the drug in the
blood of the patient reaches 0.3 mg/L.

End of Question 13

—11-

Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)

The diagram shows a large semicircle with diameter AB and two smaller
semicircles with diameters AC and BC, respectively, where C is a point on the
diameter AB. The point M is the centre of the semicircle with diameter AC.

The line perpendicular to AB through C meets the largest semicircle at the
point D. The points .S and T are the intersections of the lines AD and BD with
the smaller semicircles. The point X is the intersection of the lines CD and ST.

D

A M C B

Copy or trace the diagram into your writing booklet.
(i) Explain why CTDS is a rectangle.
(i) Show that AMXS and AMXC are congruent.

(iti) Show that the line ST is a tangent to the semicircle with diameter AC.

Question 14 continues on page 13
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Question 14 (continued) Question 14 {continued)

(b) A firework is fired from O, on level ground, with velocity 70 metres per second (c) A plane P takes off from a point B. Tt flies due north at a constant angle ¢ to the
horizontal. An observer is located at A, 1 km from B, at a bearing 060° from B.

at an angle of inclination 6. The equations of motion of the firework are
Let u km be the distance from B to the plane and let » km be the distance from

x="T0tcos6 and y="T0¢tsin6 ~4.9¢. (Do NOT prove this.) the observer to the plane. The point G is on the ground directly below the plane.

The firework explodes when it reaches its maximum height.

y

150

A

T T
0 125 180 x
(i) Show that the firework explodes at a height of 250 sin® @ metres. 2 (i) Show that r=+v1+u®—-ucosa.
(ii) Show that the firework explodes at a horizontal distance of 1 . . .
(ii) The plane is travelling at a constant speed of 360 km/h.

250 sin 26 metres from O.

(iii) For best viewing, the firework must explode at a horizontal distance’ 3 At Wh?t rate, i-n terms of ¢, is the distance of the plane from the observer
between 125 m and 180 m from O, and at least 150 m above the ground. changing 5 minutes after take-off?

For what values of 8 will this occur?

End of paper

Question 14 continues on page 14
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Mathematics Extension 1

2012 Higher School Certificate
Solutions
Mathematics Extension 1

2 2w 7
=16=4, 7=L"_ 7
SECTIONI ¢ @ neiEed 1ot
Summary A?=9, A=3
1 ¢ 4 C 7¢C 9D ", answer (A).
2 A 5D 8 D 10 B
3 B 6 A

7 (© jsin23xdx=f%(1—cos6x)dx
1 © x-27=x*-3%

=(x-3)(x* +3x+9). =%I(1—0086x)dx

1 1.
2 W xzmxx2+n><x, =E[x~gsm6x)+c.
m+n
_3x8+42x-2 8 O PG)=x+D(x~3)00)+2x+7
3+2 PB)=B+1)(3-3).0(3)+2x3+7
-2 = (4)(0).0(3)+13
5 =13,
=4,
y > 9 D) icos”l (3x)= -3
3 B) *-Xox +iepfx-afy=0 . dx 1—(3;\:)2
x ~(-2)x"+(3)x—(1) =0 I
425 +3x-1=0. o

4 (C) Ifthe domainis —2<x<2 then
y = Asin™ % and if the range is

—3—”Sysﬁ then y:BSin"li
2 2 2

5 (D) IfL and C are together then there are 6
items to be arranged, then L and C can
be arranged in 2 ways. The number of
arrangements is 2x 6!,

2012 4 Page 48
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10 (B)

A NN P
T l
B
TA=TB (tangents from an
external point are equal)
. ATAB is isosceles.

ZLTBA+ ZTAB =180°-6 (Lsum of A)

" LTBA=90° —g

ZAPB = 90°—§ (Alt. Seg. Theorem)

SECTION IT

Question 11

(a)

(b)

(©

'f 1 [1 ﬁ,x}’
7 =|—tan” —
09+x° [3 0 3
=l[£_0}
3 4

-
12

d
E(xz tan x) =2xtan x+ x” sec® x.

Method 1:

_L<2
x~-3

x(x-3)<2(x-3)’
x(x—3)—2(x-—3)2 <0
(x-3)[x~2x+6]<0
(x=3)(-x+6)<0

+x<3o0rx>6.

OR

2012 ¢ Page 49

@

©

Method 2:
Boundary or critical points occur at
discontinuities or at equalities.
There is a discontinuity at:

x-3=0

x#3
There is an equality at:
x

x=6
Test points in the following regions.

v X v
— 00—
3 0 6
Test x=0: :5<2 v
x=4: %<2 3

7
=7: —<2 v
x=7 1<

Hence x<3orx>6.

Letu=2~x - x=2—-u
du=—-dx > dx=-du

Atx=1, w=1
x=2, u=0

.[lzx(Z—x)s dszo(Z—u)uS.—du

= L:(Z—u)us du

Cy % °C, =11760.




Mathematics Extension 1

® (@) Method 1:
Each term is of the form
12Cr (erl )r (—x_l )lZ—-r

and xﬂr X xr—]Z — x4r-—12 .

The constant term is the coefficient of x°.

Thus 4r-12=0
4r=12

r=3

12C3 (2x3)3 (_x—1)9 - 12C3 (ng)(—x"g)
= 12C3 x8x—1
=-1760

OR
Method 2.

ke

By inspection, the constant term is:

R K AT

x
=-1760.

(il) Method 1:
From (i) replace the 12 with an n

ren 4r-n

XX =g
But4r—-n=0
4r=n
n=4r
Thus » must be a multiple of 4.
OR

Method 2.

12

s 1V (2 -1\ (2¢4-1)
25 ——| = = v
X X X

", (2x*) (1)

r+l n

Il

B ncr 2r x4r (__1)"_'

For the constant term, the powers of x
must be the same .. n=4r.

Thus » must be a multiple of 4.

Question 12

(a) Prove true when n=1:
-3=8~3
=15 (which is divisible by 5)
Assume the following is true: i
2% —3" =50 where Q is an integer
Thus 2 =50Q+3"

Need to prove that:

23("+1) 3" _5R  where R is an integer

3(n+1) —grH 9l g3n _ gutl
‘=8(5Q+3”)—3><3"
=400 +8x3"-3x3"
=400 +5x3"
=5(8M +3")
=5R
where R =8M +3" is an integer.
.. By the principle of mathematical
induction, 2*" —3" is divisible by 5
forall n>1.
(M) @ 4x-320
4x23
x>3

~. The domain is x> 2.

(i) f: y=+dx-
x=q4y-3 xZO

=4y-3
4y=x"+3

L»J

__x2+3

(i) x+3 -

X +3=4x
2 —4x+3=0

(x-1)(x-3)=0

x=1,3

2012 ¢ Page 50
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Since y = x, the points of irtersection

are (1,1} and (3,3).

©

P(win)+P(loss) =1—§

2
P{win)=—.
(win)=2
OR
Method 2:
Mel
1/1213/4|5
10d|-]-1|-1-
Kl2|w|d|-1|-]-
i3 |wlwild]|-]| -
m|d4|w|w|w|d]| -
Siwlwiw|w|d
w: Kim wins d: draw -: Kim loses
10 2
P(win)=—==
win)=25=%
3 3
i) ‘c, 2 (3 _ﬁ_o 27648,
5)\5 3125
. k .
@ @ me=7 M=

Since BC L AC, my.xm,, =-1

ie: —~y-><£=—1
t t
—yk=—¢*
t2
Y=

2
We have C(1,0) and B(O,%}.

Since x, =x,, x, =t.
2

. t
Since y, =y,, ¥, =7€—.

t2
L P= [t,;] as required.

o~
)

i) x=t,

~<
It
Hre ?T‘I

y:

o

ky =

xZ

I
@

This is of the form x* = 4ay
4

w.

a=

-xsl»

.. the focus is (0,5).
4
Question 13

(a) Let o = cos™ %

. 2
ie. cosa=—
3
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Mathematics Extension 1

sin (2 cos™ %) =sin(2a)

* =2sinacosa
| J5 2
i =2X—X—
: 3 3
45
9
i ® @ 2
MR
2
3 1+?

Asx—w,y—>2

’ (i) By inspection:
axis

e y20forallx

origin.

I . the horizontal asymptote is y=2.

e y isaneven function, therefore the
graph is symmetrical about the x-

e The graph passes through the

A

Y

© @ x=5+6cos2t+8sin2t
x=-12sin2t +16c0s 2t
i=-24cos2t—32sin2f
=-4(6cos 2t +8sin2t)
=—4(x—5)
Thus % =—-n*(x—c)
where n=2 and ¢=5.

(ii) Solve for x=0:
ie. 6cos2t+8sin2t =—5 0]
Writing LHS as Rcos(2¢—a)
where R>0 and 0° < <90°:
6cos 2 +8sin2f = Reos (2 - @)
1
=Reos2tcosa+ Rsin2tsing
Equating coefficients:

Rcosa=6 @

Rsina =8 6]
@*+0%

R?cos? o+ R:sin? =6 +8

R (cos'2 a +sin® a) =6 +8

R =62 +8"
R=10 [R>0]
®+0
sina _4
cosa 3
tano =—
L4
a=tan” (0sa<90)
Thus

6cos 2t +8sin 2t =10cos (2t ~tan”! %)

Returning to equation ©:
10cos (Zt —tan™ %) =-5
cos (21‘ —tan™ %) =—%

4
2t—tan” $=2F

t=1.51084516...
t ~1.5 seconds

d
d) @) C@)=—14’
@ & o 5 e
=14¢°% +14te°* (-02)
=14¢° (1-0.21)

ANAN A Dana R?

2012 Higher School Certificate

For C'(t) tobe 0:
14¢ % (1-0.2t)=0

1-02r=0
, t=5
Table of gradients:
r 1415 6
[cofon] o
i - N

. maximum when ¢ = 5 hours.

(i) We need to solve 1.4te™** =03,
That is, 1.4te** ~03=0.
Let f(r)=14te™* -0.3

Then from (i):
fio=1 Ae (1-0 .2t)

Newton’s method to approximate
F®=0:
f'@)
Here, t, =20
F(20)=0.21283788...
£1(20) =-0.076925683..

o1, =20~ 0212...
-0.076...
~22.8 hours.
Question 14
(@ O || D
A M C B
AD.IDB (angle in semicircle)
ASLSC (angle in semicircle)

. ZDSC=90° (straight angle)
CTLTB (angle in semicircle)
- ZCTD=90° (straight angle)

- ZSCT=90° (£ sum of quadrilateral)
- CTDS is a'rectangle (4 right angles)

(ii) MX is common :
MS=MC (radii of same circle)
SX=CX (diagonals of rectangle
bisect one another)
AMXS = AMXC (SSS)

(iif) £MSX=/MCX (corresponding /s,
congruent As)
- ZMSX=90° (since ZMCX=90°)
ST is a tangent (tangent L radius)

®) @) y=70tsind- 497

y="70sin 4 -9.8¢
At maximum height, y =0
70sin#-9.8t=0
‘e 70sin 8
9.8
. . 2
y=70 70sin 6 GnH—49 70sin 6
98 9.8
4900 sin® 0 _ 4.9x4900 sin* @
9.8 9.8*
=500sin’? 8 -250sin” 6
=250sin* 8
-.the maximum height is
250sin” # metres.

(ib) When s = 12589
9.8
x=70tcos

=70(7—0—§i—n—2)c0s9
9.8
=500sinfcosd
=250x2sinfcosf
=2505in 26

. the horizontal distance from O is
250sin 26 metres.
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Mathematics Extension 1

©

(i)

®

The firework explodes when
x=250sin26 and y=250sin*4 .

For 125<x<180:
125<250sin260 <180

0.5<sin26<0.72

The graph of y =sin 268 below shows
two parts satisfying this inequality.
y

T 012

\ (X
ot : X

9\
By calculation:

30°<20<46° or 134°<26<150°

15°<6<23° or 67°<H<L75°
For y>150° and 0°<6<90°:

250sin* 8 >150
sin? @206
sin@20.774... [0°<0<90°]
As sin @ 1is increasing in this domain,
6>5076..°

Thus we have 6 250.76...° and
(15°<6<23°0or 67° <6 <75°)
To satisfy both conditions:
67°<0<75°.

i

To find r, values for PG and AG are
needed.

sina:P—G— — PG=usina
u .

To find AG, BG is needed.
BG

cosg=— > BG=ucosa
u

(it)

Using the cosine rule in AGBA:
AG? = BG® +1* — 2x BG x cos 60°

=BG*+1* —2><BG><%

=BG*+1*-BG
1
=u’cos’ a+1-ucosex
In AAPG:
r* = PG* + AG”

=(usin a)2 +(u2 cos® a+1—ucos a)
=y’sin’ ¢ +ucos’ @ +1-ucosa
=y’ (sin2 o +cos? a)+1—ucosa
=u’+1-ucosa

sr=vl+ut —ucosa.

Given % =360km/hand ¢ =5min
, . dr

(. =30km), we need to find =
t

r=+l+tu’—ucosx

=(1+u2 —ucosoz)l

'

-
%:%(Huz—ucosa) ' (2u—cosa)
_ 2u—cosc
Wl+u* —ucoser
As u=30,
ﬂ_ 60—cosa
di  2+/901-30cosa
Now iil:—d—r—xflrfi
dt du dt
_ 60—cosa <360
24/901-30cosx

60—cosa )

=180(——~————————— km/h
/901-30cosx

End of Mathematics Extension 1 solutions
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