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Student name / number

Question 1 Begin a new booklet

(a)

(b)

()

@

(®

2
Find ﬂe +e"f) dx.

sin2x

V1+sin®x

Use the substitution z =14sin*x to find J dx .

X
o + secx +tanx
Evaluate in simplest exact form J —_—dx.
0 cosXx

4

Evaluate in simplest exact form x99 dx
. (x + l)(x2 +9)

Use the substitution ¢ = tzm—’z£ to evaluate in simplest exact form

: 1
L 3—cosx—2sinx

Student name / number ...

Question 2 Begin a new booldet

(a) Ifz=3-iand w=1+2i, findin the form a+ib, where g and b are real, the
values of

G z-2w.

(i) zw.

(i) =.
w

[y

s

(b)) Showthat tanft= .
P

(ii) Express z = (\/5 + 1) + (\/5 - l)i in modulus argument form.

—

(iii) Express z° in the form a+ib, where a and b are real.

(¢)(i) On an Argand diagram, shade the region where both lz -1- i‘ < \E and

z
OLargz< 7.

(i) Find in simplest exact form the area of the shaded region.

=r and

Va2

@@ Ifz= r(costx + isina) and z,= r(cosﬁ + isinﬁ) show that

arg( \/z_‘;;)=%(a+ﬁ)+nn', n=0,+1,%2,...

(i) If 0<a<B<%, show onan Argand diagram the points 4, B, C, Dand E such that
- - S - -
vectors O4, OB, OC represent z,, z,, z+z, respectively, and OD, OF

represent the two square roots of zz,.




Student name / number ....................

Question 3 Begin a new booklet

(2)  Thepolynomial P(x)=x'-6x"+9x+c hasa double zero. Find any possible

values of the real number c.

(®)  The graph below shows the curve y = f(x) with asymptotes x=0 and y=x.

YA
y=f(x)

R 4

1
~
i
-
-
s

7

On separate diagrams, sketch the following graphs showing clearly any intercepts

and asymptotes:
O y=|re)|
@ »=s(H).
(i) y = f(x)-x.
) pe b
™ =7

(6  P(x)=x*-2x"+3x"—4x+1 and the equation P(x)=0 hasroots ¢, B, y and 5.

(i) Show that the equation P(x) =0 has no integer roots.

(ii) Show that P(x)=0 has a real root between 0 and 1.
(iii) Show that &> + B> +y* + 82 = -2,

(iv) Hence find the number of real roots of the equation P(x) =0, giving reasons.

oz

Student name / number

Question 4 Begin a new booklet

2 2

Y
For the hyperbola ——<—~=1 find
(a) or the hyperbola PR

(i) the eccentricity.
(i) the coordinates of the foci.
(iii) the equations of the directrices.

(b)  For the curve y* +2xy +x*+2=0

(i) show that f’}’_ - M '
dx 3y +2x

(ii) find the coordinates of any stationary points on the curve.

()

2 2
X

P(x1 R yl) is a point on the hyperbola — - %2— =1, a>b>0, with asymptotes

a
I and I,. M, and M, are the feet of the perpendiculars from P to / and /,
respectively.

aZbZ

(i) Show that PM, X PM, = m.

2ab

(i) Show that tanZM,0M, = szz

& -

(iii) Hence find the area of APM, M, interms of @ and b.

oy




Student name / UMDbBET  ..vivviieiniiiii Student name / number

Marks Marks
Question 5 Begin a new booklet Question 6 Begin a new booklet
(a) The numerals 1, 2, 4, 5,7, 8 are marked one on each side of three counters so that (@) 4
the sum of the numerals on any particular counter is 9. The counters are drawn at A

random one-by-one from a box, each counter being tossed after it is drawn, then
with the uppermost faces unchanged, placed side-by-side on a table (in the order in o
which they were drawn) to form a three-digit number.

(i) Show that the probability the three-digit mumber formed is a multiple of 3 is %. 2 P
(i) If the random trial described above is performed several times, find the probability 2
the second three-digit multiple of 3 occurs on the 5™ trial. >
o x
®) A ’ P is a variable point on the curve y = ¢~ . Find the minimum value of OP?,
b .
(b) Use Mathematical Induction to show that -1— + —1- + —1—- + + L <2 L 4
N ErETEY T e :

for all positive integers n=2.

¢ B

In the quadrilateral 4BCD shown above, APS, BPQ, CRQ and DRS are the
bisectors of the vertex angles at 4, B, C and D respectively.

(i) Show that PORS is a cyclic quadrilateral. 2

(if) If ABCD is a trapezium, deduce that one of the diagonals of PORS is a diameter of 2

the circle through P, 0, R and S. (¢) A particle of mass m kg falls from rest in a medium where the resistance to motion

is proportional to the square of its speed and its terminal velocity is 20 ms™. The
value of g, the acceleration due to gravity, is 10 ms™. At time ¢ seconds, the

particle has fallen x metres and acquired a velocity v ms™.

The base of a solid is the shaded region between . . )
(i) Explain why X = 55(400-v"). 2

LAt
i oy v : . . 1. E(e ~e?)
for x 2 0. Vertical cross-sections taken parallel to (i) ¥ind as a function of v by integration, then show z5v= ( L _y) :
el et

the x-axis are rectangles with heights equal to the
squares of their base lengths. N (iii) Find x 2s a function of £, 5

2
the circle x> + y* =1 and the ellipse %+ ¥ =1 oy

! 3
(i) Show that the volume ¥ of the solid is givenby V= J (1 _ yz): @ 2
-1

(if) Show that cos* 6 =+(cos46 +4c0s20 +3). 2
(iii) Use the substitution y =sinu and the result from (ii) to find the value of V.




Student name /number ...
Student name /mumber  ......coiiiiiiii

Marks
Marks Question 8 Begin a new booklet
Question 7 Begin a new booklet
3
(a) (a) In=f x"In(1+x)de, n=0,1,2,..
0
Yy 4 (i) Show that Jln(l+x)dx=(l+x)]n(1+x)—x+c. 1
(if) Showthat (n+1)] =2In2 — Ll nl , n=12 2
n n+1 -l T
s .
(i) Evaluate 3/, and 41,. 2
) d-leloly oL dd
() Show that  (n 0L, =| RN wloe 7O 2
-(F-E+i-le 4L
P is the point (2at s atz) , 0<t<1, onthe parabola x?=4ay with focus S. (-3+377 wi1) » 7 even
The normal to the parabola at P makes an angle 8 with the vertical through P,
" while the focal chord PS makes an angle o with the vertical.
(i) Explain why tanf =¢ and show that o =26. . . _
(i) Tf 7is the focal distance PS, show that /cos?6=a. 1 (b) Consider the function y = x"In(1+x), x20 for » a positive integer.
(i) Show that for x > 0, the function is increasing and its graph is concave up . 2
(b) A particle Pof mass m is travelling in a horizontal circle with constant angular (ii) 2
velocity @ around the inside of a parabolic bow! of focal length a, formed by Y A
rotating the arc of the above parabola which lies below the focus around the y-axis. =x"In(1+ x)
The particle P is suspended from the focus S of the parabola by a string of length /. r= *
The tension in the string is 7 and the surface of the bowl exerts a force N on the particle.
(i) If the normal to the surface at P makes an angle 8 with the vertical, using the 3
result from 7(a)(i), explain why T cos20+ Ncosf =mg
and 2Tcos® + N  =2mlcost a? 5l
(if) Using 7(a)(ii), show that T =2maw* —mg, and find N in terms of m, /, a, g and @?. 2
£ o o2 g The tangent at P(1, In2) on the curve y = x" In(1+ x) meets the x-axis at T.
(iti) Deduce that 5 fo‘s e 2
a a- 1
Considering the area of the shaded region, show that if I = j x"In(1+x) dx,
0
then (n 1)1 > Lrmn2’
en (n e
() For positive real numbers a, b, ¢, a,, a,,...,a, : n %.;. 2?2
1
i) Show that a+—22. 1 .
() Show tha a (iii) Hence, using 8(a), show that for even n>0, %—%+%— %+ vt n—h < %1.112 . 2
1
(if) Hence show that (a+b) Lillss and (a+b+c) L 2 _ e L1 1.1 1 13
a b a b ¢ (iv) Deduce that for all positive integers n, 7817ty gt+ (D" 5 < 2. 2
1 1 1 2 : ¢
(iii) Show that (a +a,+..+a )| —+—+..+—|2n* . 2
a a a,




Independent Trial HSC 2010  Mathematics Extension 2 Marking Guidelines
Question 1

a, Outcomes assessed : H5
Marking Guidelines

Criteria Marks
e rearranges integrand into appropriate sum of terms 1
o finds primitive 1
Answer
x -x\? ) X ..
(e +e 2) dx = J(e“" +2e? t+e ")dx
= —;-ez" +de? e+
b. Outcomes assessed : HE6
Marking Guidelines
Criteria Marks
o performs substitution to write integral in terms of u 1
» writes primitive in terms of u then in terms of x 1
Answer
sin2x _sin2x J
= i2
u=1+sin"x Vi+sin?x \[—
du = 2sinxcosx dx =2«/;+c
=sin2x dx —
=241+sin*x +¢
¢. Outcomes assessed : HS8
Marking Guidelines
Criteria Marks
e rearranges integrand into appropriate form 1
o writes primitive function }

» cvaluates in simplest surd form

Answer

K
4 secx-+tanx
0 COSX

s
dx = J (sec2 x+ secxtanx) dx
0
B,
=|:tanx+secx]‘
0

= tan-’f— tan0+sec§—sec‘,0

=\2

1d. Ountcomes assessed : L8
Marking Guidelines

Criteria

Marks

¢ expresses integrand as sum of partial fractions
e finds the primitive function

e substitutes limits

o uses log laws to simplify

1

1
1
1

1d Answer

Let x—=9 __a bx+c

(x+ 1)(;:2 + 9) (x+ 1) * (xz + 9) a, b, ¢ constant.

Then x~9=a(x’+9)+ (bx+c)x+1)
put x=-1: -10=10a sa=-1
put x=0: ~9=0%a+c Le=0
equate coeffs of x: l=btc nb=1

4 4
x-9 o 1 x
L (x+1)(x2+9) d)"_L[xH +x’+9jdx

=[Gz + )+ +9)
= ~In5+1(In25— o)
=-In5+In5-1n3

=—In3

e. Outcomes assessed : HE6
Marking Guidelines

Criteria

Marks

e writes dx in terms of d¢ and converts x limits to ¢ limits

# uses t-formulae to write given integrand in terms of ¢

» simplifies and rearranges new integrand to obtain primitive function
¢ evaluates integral in simplest exact form

1

1
1
1

Answer
t=tang 3—cosx—2sinx L 3 oS % — ZSmx
dt = Lsec® % dx 4 -(-P)-4
1+4°
dx = dt
TIr 228 =2t +1)
1+7°

=0 = t=0 2 2

x =2~ +1}—

x:% = t:l 1+t

J (t——) +I

I:tan'l 2(t— -)]
= tan™ 1 —tan™'(~1)

=5-(-

[T




Question 2
a. Outcomes assessed : E3

Marking Guidelines
Criteria Marks
i e writes value of z~-2w 1
ii ¢ writes value of zw 1
iii ® writes value of — 1
W
Answer
z=3—1 and w=1+2i
i z-2w=03-D-2(0+2)=1-5i i 2o @-Ha-2 _1-7¢ 1 —7—1'
il Zw=(3-)-2)=1-7i Two (4212 1P+22 5 5
b. Outcomes assessed : HS, E3
Marking Guidelines
Criteria Marks
i e applies result for tan of a difference 1
ii e finds the modulus of z 1
¢ deduces z has argument - and writes z in modulus argument form 1
iii » finds the 6™ power in required form 1
Answer
. tanf —tanf Bi-1 V-1
i tanf=tan($-3)= —t = =
1+ tanftan® 1+\/§_1 J§+1
3-1
ii. z=(\/§+1)+(\/§—1)i = ]z|=\/§=2\/5 and argz=qa where tanc = \/_ , O<a< 2.
3+1
L Z= Zﬁ(cos% + isinli‘z—)
iii, z®=2’ (cos%+ isin%) =512i
¢. Outcomes assessed : P4, E3
Marking Guidelines
Criteria Marks
i erealises region lies inside circle, centre (1,1) and radius \,/5 i
o sketches region bounded by circle, x-axis and line y = x, excluding origin O
ii @ realises region comprises a right triangle and a quarter circle, finding the area of one part i

» adds second part to give exact area

Answer 1. ii.

Area is %\/E\.[Z‘+%n'(\/—2_)2 =1+Z

2d. Outcomes assessed : E3
Marking Guidelines

Criteria Marks
i e uses de Moivre’s theorem to write down the product z,z, and deduce that l1 [z, =T, 1
o deduces the possible values of arg(z,z,) 1
ii @ shows 4, B, C on an Argand diagram, with OACB forming a thombus. 1
e shows D, E collinear with O and C, and O4d=0B=0D=0E=r 1

Answer

iz = r(cosa+ isina) , 2= r(cosﬁ + isinﬁ)
Using de Moivre’s theorem,
2z, =1’ (cos(a + B)+ isin{a + ﬁ))

2
=2 {cos(a+ﬁ;2m) + isin(a+p;2m>}

where n=0, &1, £2,..

=r. Also

arg(\/—z_l;;)=%(a+ﬂ)+nn:, n=0,+1,+2,..

ii. If 0< < f <%, the two square roots of z z, have

Now Izlzzl=r2, hence

principal arguments %(a + ﬂ) R %(a + /3) -,

Question 3
a. Outcomes assessed : 4

Marking Guidelines

o finds ¢ if 1 is a double zero of P(x)

Criteria Marks
e solves P'(x) =0 to find the possible double zeros of P(x) 1
o finds ¢ if 3 is a double zero of P(x) }

Answer

P(x)=x"-6x"+9x+c
P(x)=3x"-12x+9

=3(x-3)(x-1)

L P(x)=0 for x=30rx=1

AP)=P3)=0 & 27-54+4274+¢=0 ©c=0
and P =P1)=0 & 1-6+9+c=0 o c=-4
. P(x) hasa double zero if andonlyif ¢=0 or c=—4.




3b. Outcomes assessed : E6
Marking Guidelines

Criteria Marks
i e reflects section of curve below x-axis in x-axis, showing asymptote as x — —e i
ii e reflects branch of curve to right of y-axis in y-axis, showing asymptote as x — ~oe 1
iii » shows first quadrant branch through (1, 1) with x- and y-axes as asymptotes 1
o shows second quadrant branch through (-1, 1) with x- and y-axes as asymptotes 1.
iv » shows first quadrant branch with turning point, x-axis as asymptote and origin excluded L
¢ shows second and third quadrant branches with asymptotes and behaviour near origin 1
Answer
i ii.
Va4 Y4
y=lre) y=1()
y=—x ] - -~
~ = ~ S y=x
y=x _ y
SNl i y=-—x> 1
~N e N e
i
x\ 1,2 Cn2)| (12
v N
S d g >
RPN X %N x
7 ~ e ~
s ~ s ~
7 N Ve ~N
7 N 4 ~
< .
il iv.
VA
ya
1
y=f(x)-x x=—1: y= 1
; )
1
{ |
(1) N\ |
(1,1) A\
: »
% -1 0 -
0 X d *
1
1
1

3c. Outcomes assessed : E2, E3, E4

Marking Guidelines
Criteria Marks

i e tests the only possibilities and deduces there are no integer roots 1
ii e notes that P(x) is continuous and shows P(0) and P(1) have opposite signs 1
iii ® expresses sum of squares in terms of sums of products of roots taken one or two at a time. !
» uses the relationships between roots and coefficients to evaluate the sum of squares 1

iv e explains why there must be at least two non-real roots 1
1

o deduces that the fourth root cannot be non-real and hence that there are exactly 2 real roots

Answer

P(x)=x*-2x>+3x* —4x +1. o, B, v and § areroots of P(x) =0

i. Only possible integer roots are +1. But P(I)=-1#0 and P(-1)=11+0. Hence there are no

integer roots,

ii. P(x) is a continuous, real function and P(0)=1>0 while P(1)=-1<0. Hence, considering the

graph of y = P(x), thereis areal root of P(x)=0 between 0 and 1.

i, o2+ B ry?+8 = (ot fry+8) —2(af+ay +ab+ Py + 5 +16) =22~ 2x3=-2

iv. Since o + B> 4y +8> =~2, at least one of these squares must be negative. Hence P(x)=0 hasa
non-real root. Then its complex conjugate is a second non-real root, since the coefficients of P(x)
are real. We know there is a real root between 0 and 1. Since the non-real roots come in complex

conjugate pairs, the remaining fourth root cannot be non-real.
Hence the equation P(x) =0 has two real roots and two non-real roofs.

Question 4 ‘
a. Outcomes assessed : E4
Marking Guidelines

Criteria Marks
i efindse 1
ii » writes the coordinates of both foci 1
iii @ writes the equations of both directrices 1
Answer
2 2 , bZ 2
2 Fed(d-1) = d=1+2 =1+ 229 e=3
9 72 a 9

ii. Foci have coordinates (9,0) and (—9,0)

iii. Directrices have equations x=1 and x=-1




4b. Outcomes assessed : E6
Marking Guidelines

Answer
: 3 2 _
. y A2y dxt+2=0 ii. Y0 for y=—x and y'+2xy+x’+2=0
2 Ay dy _ dx
3y Ec-+2 1.y+xa +2x=0 X} =2x+x*+2=0
3 x2_0=0
(. o X +x
5(3}’ +2x)=-2(y+x) (x—~ D +2x+2)=0
dy —2( y+ x) Hence (1 = 1) is the only statipnary point since

dx (3 2+ Zx) quadratic factor has A <0.

¢. Outcomes assessed : E3
Marking Guidelines

Criteria Marks
i e derives implicitly with respect to x 1
e rearranges to obtain required expression for the derivative 1
ii » finds an equation for the x coordinate of any stationary point }
s factors the cubic expression 1
* notes quadratic factor has negative discriminant and writes coordinates of stationary point

Criteria Marks
i  writes equations of asymptotes in general form 1
e writes the product of distances from P to the asymptotes 1
o simplifies the product using the equation of the hyperbola 1
ii e writes and simplifies expression for tangent of angle using the gradients of the asymptotes 1
iii e finds area in terms of g, b, and sine of angle between asymptotes 1
¢ uses expression for tan angle and Pythagorean triad to express sine angle in terms of g, b 1
e writes area of {riangle in terms of 4, b !
Answer
I, I, have equations bx-ay=0, bx+ay=0 respectively.
bx, —ay, bx, +ay b_( b
i. PM, x PM, _|n -] ><I - | i tan ZM,0M, =|-4——2- b( “b)
pPrat P +d 1+2(-4)
lblez _ azylz| B 2ab
- bttt 2t — B
a'p xlZ y,2 a'b 2ab
Sl P Y Ta v
x 2 y 2
since P on the hyperbola = ~L-~ b_lz =1, since a>b>0.
a
2b2
fii. Area APM,M,=1PM,xPM,sin(180°~ ZMOM,)= 2(—2+b—1—)-sin(AM]0M2)
a
g+ a ab a'F
2ab tan6 = = sinf=—22— . Areaof APM M,is ———
aZ - bZ a2 + bZ 1 2 ( 9 b2)2
a - at

Question 5
a. Outcomes assessed : HE3
Marking Guidelines

Criteria Marks
i e counts possible 3-digit numbers 1
e counts multiples of 3 and finds required probability 1
ii e uses binomial distribution (or counts possible orders) to write expression for probability 1
o calculates the probability 1
Answer
i. Thereare 6x4Xx2=48 possible three-digit numbers.
A number is a multiple of 3 if and only if the sum of its digits is a multiple of 3.
Hence for the number to be a multiple of 3, the numerals upperinost on the counters must be
1, 4and 7 or 2,5 and 8. .. thereare 3! + 31=12 multiples of 3.
. P(number is a multiple of 3) = % =%
ii. Consider the outcome of a trial to be a success if the number formed is a multiple of 3, and a
failure otherwise. We then have a sequence of identical, independent random frials where the
probability of success is % and the probability of failure is % for each trial.
i P(2" success on 5" trial) = P(exactly 1 success in first 4 trials) X P(success on 5" trial)
. prond by = 4o (1N 3V 1 27
= P(2™ success on 5" trialy = *C, (Z) (Z) X g =7
b. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
i e uses the angle sum of a quadrilateral to show o+ +7v +8 =180° 1
o applies test for cyclic quadrilateral 1
ii @ uses supplementary cointerior angles to show ZQPS =90° if AD||BC i
e shows ZRQP =90° if AB||DC 1
Answer
i Let LA=2a, £B=2f8, LC=2y, £D=26
A 200+ 28+ 2y +28 =360° (£ sum of quad. is 360°)
D Lo+ By +6=180°
ZLQPS = LAPB (vert. opp. £'s are equal)
& ZOPS =180°~ (o + B) (£ sumof A is 180°) *
Similarly ZORS =180°—(y +8)
& ZOPS + ZORS =360° - (0 + f+ 7 +6)
c AW =180°

Hence PORS is a cyclic quadrilateral.

ii. If AD||BC, then 2¢+2f3=180° (cointerior £'s between parallel lines are supplementary)
o+ f=90°
Then £QPS =90° (from *) and diagonal QS must be a diameter of the circle PORS.

If AB|DC, then 2B+2y=180°= B+y =90° and hence ZRQP=90° (£ sum of A is 180°)

and RP is a diameter of the circle.




5¢. Outcomes assessed : H5, HE6, E1, E2, E7, E9
Marking Guidelines

¢ substitutes limitsto evaluate

Criteria Marks
i e finds dimensions of vertical, rectangular cross-section and hence volume of slice 1
o takes limiting sum of slice volumes to express ¥ as a definite integral 1
ii shows z" +z" =2cosnd if z=cos+isind (or cos*f= 1+ cos28)* *) 1
1
4 . . .

¢ uses binomial expansion of (z" + z"") ( or expands and simplifies *) to obtain result
ili e performs substitution to obtain definite integral in terms of u i
e finds primitive .

Answer

i. Rectangular cross-section has base length 21— * —y/1~y” =1-»* and height 1-y".

Hence typical vertical slice parallel to x-axis has volume 8V = (1- yz)% 8y.

S 1oy sy= [ 1=y ) a
. = I — F = — =
..V-g;ga‘)g_,l(l ¥') 8y Jl( y) dy
i, z=cosf +isin8 = z"+—1"-=cosn9+isinn6+cosn6—isinne=Zcos;19
z

4
[z+l) =(z4+L4J+4(z2+—17)+6 = 16cos’ 8 =2c0s46 +8cos20+6
Z 4 z

~costB= %(cos 460 +4cos26+ 3)

1 i
iii. Using the symmetry of an even function, V' = ZJ (1 - yz)’ dy.

0

=

y=siny, -fsusi V=2J100s4udu
0
dy =cosu du .
=%J (cos4u+40032u+3) du
o
=0 = u=0 l
i—l - == =%[’;sin4u+23in2u+3ul’)
- T2
=1 z
=1(0+0+3%)
H _m
(l——yz)J =cos’u 8
9

Question 6
a. Outcomes assessed : HS

Marking Guidelines

Criteria Marks

o writes OP? in terms of x and finds first derivative with respect to x 1
d
e solves —(OP?) =0 1
dx
e uses first or second derivative tests to show min. value for 2x* = In2 1
e substitutes to find minimum value 1
Answer
P(x, e ) LDOPP =46 Let S=x +e™
dS 1
o 2x —dxe™ Y
* . — =2 4(e'sz — 4xze_2"l)
=2x(1—2€"‘ ) dx
_ 25 | axt 2
gy g (ehz i 2) =267 [ 248 }
—0§=O=>x=0 or & =2 ars
dx x=0 = —=-2<0 . local max. value
2x* =In2 e
B as .
v ox=0 or x=% %1112 2x* =2 = d—2—= 1x4In2>0 .. local min. value
X
Minimum value of OP* is 12+ =1(n2+1)
b. Outcomes assessed : HE2, E9
Marking Guidelines

Criteria Marks
¢ defines a sequence of statements to be tested by Mathematical induction and shows first is true I
e writes an inequality for the sum of the first 4+1 terms conditional on the truth of S(k) 1
s rearranges the RHS of this inequality into an appropriate form 1
o deduces S(k+1) is true if S(k) is true, and hence S(x) is true for n=2, 3, 4, ... !

Answer

Let S(n), n=2, 3, ... bethe sequence of statements defined by S(z): ll2+2—12+3i2+ +—17 < 2—-
n n
. 1 1
Consider S(2) : 1—2+2—2=% <f=2-1 Hence S(2) is true.
. 1 1 1 1 1 1 1 . . .
Consider S(k+): S+ +5+ . +—5+——g< 2-—+ if S(k) is true, using
1 28 3 ko (k+1) ko (k+1)
DY S 5.0 S
k+1\ &k k41
SUYINE  FP
k+1 k(k+1)
1
<2—m since k(k+1)>0

& S(k+1) istrue if S(A) is true. But S(2) is true, ., S(3) is true ... . Hence S(») is true for #=2,3,4, ...

10
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6¢. Outcomes assessed : HS, E1, ES, E8
Marking Guidelines

Criteria Marks
i e considers forces on P to explain why % = 10— kv* for some constant k 1
¢ uses the given terminal velocity to evaluate & 1
. dt . .
ii e expresses = as sum of partial fractions 1
v
s finds primitive function and uses initial conditions to evaluate constant of integration 1
s rearranges to find required expression for v 1
iii ® writes v as = then finds primitive function for x in terms of ¢ 1
1
¢ evaluates constant of integration and simplifies expression for x in terms of ¢
Answer
i By Newton’s 2™ Law, mi =10m — mhv?
Initial Forces on P soE=10-hA
conditions
= . , 10 . .. |10
=0 m X—0 as v > — . Hence terminal velocity is ,/—
k k
x=0 . 902 — 10 o 2 2
e 10m n200=20 k= and X=.5(400-v)
v=0
oAy 2 20+v
i, —=-L(400-v e =
d ° ( ) 20-v
d_ 40 20¢' —ve' =20+v
dv (20+v)(20~v) 200 - 1) = (' +1)
1 1

e A -1, L L —1,
20e1’(e" —-e 11) = ve"(el’ +e 1’)

+
(20+v) (20-v)

20+v v—————————zo(e:}t —-eh%l)
.'.t=h1(20_v +c (E%'_{_e‘%’)
o0 c=0 N =%(e%’—e_%')
: 0} = f=1n 20+v s (egt + eh%’)
YT 20—y
L

B Gl i B
iii. 4_10_x _ize’) LeX= In(et' + ¢ Mt LmEE ln(e%l +e %I)'—IH2

t=0, x=0 =c=~-In2

11

x= 40]11{%(2%' te?

)}

Question 7
a, Outcomes assessed : PE4
Marking Guidelines

ii e uses the locus definition of the parabola and appropriate trigonometric identities

Criteria Marks
i eexplains why tanf =t 1
¢ explains why o =26 1
1

Answer

i. The normal at P makes angle 8 with the vertical, .. tangent at P makes an angle 8 with the horizontal.

s dy - dx 2
Hence tanf =2 at P. But —Z=Q+—E——at=
dx dx dt dt  2a
stanf=¢
1-7
Also gradient PS = tan(% + o)) = a )
—2at
1-£
s —cot =—
2t
2t
stano = -7 =tan26 and o =26
ii. PS is equal to the distance from P to the directrix y =—a.
.~ PS = a(1+*) = a(l+ tan® 0) = asec’ § s lcos*O=a
b. Outcomes assessed : ES
Marking Guidelines
Criteria Marks
i o shows the forces on P as vectors, and states magnitude and direction of resultant 1
¢ applies Newton’s 2" Law, resolving vertically and horizontally, to write two equations 1
e uses trigonometric results to simplify equation from horizontal resolution 1
ii e solves simultaneously and substitutes /cos’>0 = a to obtain expression for T 1
o finds appropriate expression for N 1
iii ® uses the fact that the tension cannot be negative to find one inequality 1
s uses the fact that the normal reaction cannot be negative to find the second inequality 1

Answer
i.

Forces on P

b 4

The tension acts along PS making an angle 28 with the vertical. The resultant force on particle P is a
vector of magnitude mr@® = mlsin20. @* directed horizontally toward the centre of the circle of motion.

12




7bi. (cont)
Using Newton’s 2™ Law and resolving vertically and horizontally

vertically: Tcos20+ NcosO=mg (1) horizontally: Tsin20 + Nsin® = mlsin26. ©*
2T sin@cosf + Nsinf = 2misinfcosd. w’*

2T cosf + N = 2mlicos. o
ii. (2)xcosf-(1)= T(Z cos” 8~ cos 26) =2mlcos® 8. > —mg
T =2maw”® - mg since Icos’f=a from 7(a)(ii)

Then from (2) N =2mlcosf. »* — 20050(2maa)2 - mg)

= 2mcos€{g -’ (2a - 1)}

= 2m\/%{g -0t (Za - l)}

. T20 = 2maw?zmg s 0*2E . Ao N20 = 0*(2a-1)<g  cos-E
2a 2a-1
L Ecprs £
2a 2a-1

¢. Outcomes assessed : PE3, E9
Marking Guidelines

2

where 2a=1.2cos* = I(I-I—cosZe)Z I

Criteria

Marks

i euse the fact that the square of a real number is non-negative to prove the result

ii e expands the given binomial product then uses the result from i.
e expands the trinomial product then uses the result from i.

iii @ expands and regroups into n X1 plus a sum of terms of the form (number + reciprocal)
e counts the terms in the sum and applies the inequality from i. to obtain result

[

Answer

2 2
i (a+1J =[a—l] +4 24, since (a }—j real::»(a——-) 20.
a a a

ii. (a+b) LI PP TN (TN PR using i. with a —
a b b a b

a
(a+b+c) L D e 2 2 2l )e[ L4 82343%2=0
a b ¢ b a c b a c¢
i3 1 1 1 al i l J
i (a+a,+..+a,) bt 2 +Z +— —n><1+2 Lt

=14 1—1 =1
j=i

( j>2 for a>0.
a
b

There are "C, ways of selecting two different integers from 1,2,3,...,n

Hence there are "C, terms of the form - +— where i< j.
a, a
J i

1 1
.‘.(al+a2+...+a")[i+-——+...+—-—-]2n+ "C,x2=n+n(n-1)=n’

al al an
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Question 8
a. Outcomes assessed ; E8
Marking Guidelines

Criteria Marks

i e shows the result by differentiation or integration
ii e applies the procedure of integration by parts

e rearranges and simplifies to obtain required reduction formula
iii » applies reduction formula to evaluate 37,

e applies reduction formula to evaluate 47,

iv ® generalises pattern to write expression for (n+1)1,

o simplifies expressions for n odd, neven

Answer

i.%{(l+x)1n(l+x)—x}=l.111(1+x)+(1+x).ﬁ—l=hx(l+x)
.'.J.ln(1+x)a’x=(1+x)ln(l+x)—x+c
ii. I"=j1x"]n(1+x)dx, n=0,1,2,..
0
=[x" {(1+x)1n(1+x)—x}] —nf A+ +x)-xhde , n=12,..
=21112—l—njl{x""'1n(l+x)+x”1n(1+x)—x"}dx

— _1_ . n+ll
=2In2-1-nl  —-nl +’+1|:x :|0

=22 ~1~nl,_ —nl, +——
" n+1
=2Wm2-nl_ —nl —
T
1
o+l =22 — —— — nl,_, n=12,..
' mel

l _
i, I =f In(1+x) de=[(1+x)In(1+x)~ x], =221
0

31, =2In2~1-21 =22 -4~ (2ln2~1- 1)
231, =(2In2-1)- (22~ %) + (22 -1) =22~ (1~ +4) =222
41,=2mn2-1-31,
w4l =(2m2-1)-(2m2- 1)+ (2m2-4)-(2l2-1)=1-1+4-1=1
iv. (n+1)In=(21n2—ﬁ)—(21n2———)+ A+ ()™ (22 1)+ (1) (22 -4}, with 7+1 terms .
Hence if n is odd, thers1sauevennumberofterms 2In2-2mm2+42In2-2n2+..=0
and (n+D =—-Lali —Lpdl=ltypioto o
Also if n1is even, there is an odd number of terms 2In2-2mm2+2mm2-2In2+2In2—...=2n2
and (n+1)I =2n2—-L 414 4lotoglma—(Lotyloty 4L

/"
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8b. Outcomes assessed : HS, PE3, E2

Marking Guidelines
Criteria Marks
i e considers the first derivative to show function is increasing 1
o considers the second derivative to show graph is concave up 1
ii e finds the gradient of the tangent at P and hence the base length of the shaded triangle 1
o finds the area of the triangle and compares areas to obtain required inequality 1
iii » shows RHS of inequality in ii. is a sequence decreasing to limiting value 1In2 as n— oo 1
o uses 8(a)(iv) and this limiting value to deduce required result 1
iv ¢ deduces inequality for even n>0 1
¢ deduces inequality for odd n>0 1

Answer

i y=x"In(l+x), x>0 for n=1,2,3,..

dy

—-=nx""ln(1+x)+—x——>0 for n=2,3,.. , and 92=In(1+x)+—i—>0 for n=1
dx 1+x dx I+x

Hence function is increasing for all positive integers 7.

2 n—1 el 1 ) 2 _
d—i/:n(n—l)x”"zln(1+x)+—m—c—+—n—x——(-,——x)2£— n=2,3,. and d—f=——£—+w, n=1
dx 1+x 1+ x) Cdt 14+x 0 (L+x) .

nel o n-l T
= n(n—Dx" In(1+ x) + AN +{n 2l)x - 2+x2
(14 x) (T+x) (1+x)
>0 for x>0 and n=2,3,... >0 for x>0

Hence graph is concave up for all positive integers n.

In2
ii. Gradient of tangent PT'is nIn2+ 1, hence shaded triangle has base b given by - " nln2 -+

2
Hence shaded triangle has area +. In2 .In2= (n2)
* pn2+% 2nln2+1
Comparing the area under the curve between O and P, and the area of the shaded triangle:

(n+D(n2)’ _ (L+5)(In2)°

(n+DI > = T
" oaln2+1  2ln2+1
iii. Using 8(a)(iv), f 0, 2mm2-(1-L+1-1 L), @42’
iii. Using 8(a)(iv), for even n>0, - T—5+§—3+...+m)>m-
. . (u+1)(n2)*
Consider the funct =ty >0
onsider the function f(u) a1 u
— 2 —_—
Chen f,(u)z(m)z.zumzﬂ (u+12)21112=(1n2) a 211122)<
Quln2+1) Quln2+1)

(n+1)n2)? _ (1+1)(n2)°
2nn2+1 2241

- foreven n>0, 2h12—(%—%

Hence

o In2
, n=1,2,3,... decreases to a limiting value of T as n—> oo,

)
1_1 1351 1_1,.1_1 Aoe3m2
+3 4+...+"+1)>21n2 andhence -y +3-7+..+7<yn2

15

' i 11,1+, 1, 1 3 h 1,1 1, 1.3
8b.iv. Foreven n>0, {—5+3—g+..~5+m5<7In2 andhence j—5+3—g+.. - <35In2.
Also L — 1 Pl 1y, A Lysq_io1
lso % +1—k(“1)>0 for k>0, hence j-5+GF-7+.+(5 Zl-5=3

Ifnisodd, n=3, then n—1>0 iseven and %— +—’3-—...—-;1_—1+%<%]n2, using iii.

1.1 1 1 1 1 1
Also T‘i+(§'2)+"'+(ﬁ'ﬁ)+7>1‘

l~=
7
lel 1,1 1 1.3 .

S 4+...+"<211:12 forodd n>0

Hence for all positive integers n, —;1,- < % - % + % - % 4o+ (=D % < %an
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