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MARK: 137

Time Allowed: 50 minutes
Topics: Integration, Volume, Conics & Harder 3 Unit.
Directions:

®  Marks have been allocated for each question

* Answer each questions on a separate page

Show all necessary working

Marks may not be awarded for careless or badly arranged work

TABLE OF STANDARD INTEGRALS

J.x"dx = L "one-1
n+l
—dx = Inx, x>0 Note: Inx=log,x, x>0
ax 141!
_[e dx = —e”, a#0
a
1.
J.cosaxdx = —sinax, a=0
a
. 1
Ismaxdx = ——cosax, a=#0
a
2 1
Isec axdx = —tanax, a=0
a
1
jsecaxtanaxdx = —secax, a=#0
a
L = LanE aso
a+x a a
J ! & = sin? X, a#0
2,2 a

Im}l_de = ]n(x+\/x2—a2), x>a>0

J‘——~21 = dx = ]n(x+m>




Question 1 (15 marks) [START A NEW PAGE]

1
ti , find | ———
(a) By completing the square, fin _[ 22710

(b) Find real numbers a, b and ¢ such that

x*-11 .9, b t
(Bx-1)(x+2)" 3x-1 x+2 (x+2)’_

x2-11

ii.  Hence, or otherwise find J.(3 1)( +2)2
x—1)(x

(c) Evaluate f ;de using the substitution  =tan$ .

13sin&+5

G

i. Letl, = fcos"tdt , where 0< x s% .

Show that I, = ("—“1)1,,_2 with n22.
n

ii.  Hence, otherwise, find the exact value .

Marks

Marks Question2 (13 marks) [START A NEW PAGE]

(a) Using the method of cylindrical shells, find the volume of the solid
3 formed by rotating the region bounded by y=x—x’and y=0about

the line x=2.

2
y
¢_|=» - NOTTOSCALE
2 x
y=x-x
[y
3
(b) The base of the solid is the }egion bounded by the curve ¥ =4xand the

2 lines x+y=0and x=4. Every cross-sectional slice perpendicular to the

x axis is a square having a side with one end-point on the line x+ y=0

and the other on the curve y* =4x,
4

»
e,
W4 v
—
V=dx
2
3

2 i, Show that the area of the cross-sectional is given by 4 (x)=4x+x"~4x2,

ii. Hence find the volume of the solid formed.

2




Marks
Question 2 continued
©

. R a b

i. Showthatifa, b>0, —+—2>2. 1
b a

ii.  Showthatif a, b> 0, (a+b)(l+i—)24. 1

a

. 11
fii.  Hence, or otherwise, show thatif g, b, ¢> 0, (a+b +c)(—1—+z+—) >9. 3
a c

Question 3 (9 marks) [START A NEW PAGE
Marks

-

2 2|
The point P lies on the ellipse x—2+—212\ =1 where a>b>0. The tangent at
a

o
N

P meets the tangents at the ends of the major axis at R and T.

@

(i

Use the parametric representation of an ellipse to show the equation 2

of the tangent is Leoso +2b/—sin f=1.
a

Show that RT subtends a right angle at either focus. 3

2

2
(b) For the hyperbola H with equation x_z - Z—z =1, O and R are the points of intersection
a

between the x-axis and the directrices. The x coordinate of Q is positive.

®

(if)

Show that the equation of the tangent to H at the point 2
P(a secf,btan 9) is

xsecd ytand -1
a b

Find the equations, in terms of #and e, of the tangents to 2
H at P that pass through Q and R,
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a)

1 dx
dx =
Ix2-2x+10 J.(x—1)2+32

=1n((x—1)+,/(x—1)2 13 )+c
=ln((x—1)+\/x2—2x+10)+c

b} (i) By partial fractions

x*-11 a b ¢ a(x+2) +b(3x-1)(x+2)+c(3x-1)

@r-D(+27 Ox-) (+2) (xe2) (3r-D)(x+2)
*?=11=a(x+2) +b(3x—1)(x+2)+c(3x-1)
Letx=-2
& (-2)" ~11=c(3(-2)-1)
ne=1

Letx:—l-
3

-2=a
Letx=0
~11=-2(2)" +b(-1)(2)+1(-1)

L 1=b

- % =11
" et

-2 1 1
= S
'l.3x-—!+x+2+(x+2)2

2 -1
= —Eln(Bx—1)+ln(x+2)+m+c

C)hih

t=tan%

dt = lsecz gdé’
2 2

dt=%(l+tz)d€

2

do=—"_
1+

dt

When 8 =0 then =0 and when 9:% then t =1

138in0+5=13) —2_ |+5
1+1%)

_26045+5¢8°
1+7

— o= 2 4
13sin@+5 26 +545t7 1+¢

1+1£2
2
= -E_i._zx,iz,dt
260+ 5+517 1+t

2
= | ——dqt
~E St+1)(t+5)
_ I: a b
= + t
Gt+1) (¢+5)
To find the values of a and b.
a(t+5)+b(5t+1)=2
(a+5b)+(5a+b)=2
Hence a+5bh=0 -(1)

Sa+b=2-(2)
Egn (1) x5

5a+25b=0-(3)
Eqgn (3)-2)

2Ub=-2,b=-L and g=
12 12




J: a_, b dt—_l;l 2 ___1
Gt+1)  (t+5) Gt+1) (t+5)
1

=E[1n(5t+1)—1n(r+5)];

=Ili[ln6—lnl~ln6+ln5]

=iln5
12

x

I, = _E cos™ 'fcostdt
= [cos"~1 tsin t:|0E +(n-1) f cos"?t sin” tdt
=(n-1) L; cos"*tsin” tdt
=(n-1) Fcos"‘zt(l —cos? t)dt
=(n-1 ‘[? (cos" %t —cos” r)dt
=(n-1) .[? cos" tdt —(n—1) Ecos”tdt

Using the original integral
X L3

.4 x
f cos"tdt = (n-1) Ecos”"ztdt —n |?cos"tdt + E cos"tdt

n E cos"tdt =(n—1) E cos" 1t

fcos"ta’t =D f cos" tdt
n

=0,

n n-2

In = (n_l) In—Z
n
“-1
1, :_':1"'14—2
=% Ecosztdt

=%E—%(l+cos2t)dt

3 sin2¢ 7
==(x+
sl 55)]

0
3f 7 sin0 sin0
==|(=+—)-(0+—
8[(2 2 )=( 2 ]

_3n
16

Question 2

Consider a slice parallel to the line x =2 with thickness Ax

The slice is rotated about x =2 to form a cylindrical shell with radius 2 —x and height x —x*
Volume of shell AV =27(2-x)(x—x")Ax

1
7T _ 42
..V—A:?OXZ::OZE(Z x)(x—x*)Ax

=27 _[(: (2x -3+ 2* )do

a1

=27r[xZ -5 +f—]

4 0
=27r(1—1+1——(0—0+0)j

V4 N
= 5 cubic units

swer. .
“The cross-section is a square with side leng(h y, +y, where y is on the curve
3 =4x oud p, isontheline x+y= Q.
AX) =0, + )

=@Jr -2y

3
=dy+a® - da?




) 3
Volume of stice AV = {4_\,,”3 - 4x’] Ax

4
V=tim AV

A0 oy

af 1y
= lim ZLX’ +dx - 4x? J Ax

et T

= Jl‘(x’ 4y - 4x3] v

3 9
= £+7x2__—8"2
37 5

=(9‘1+32_§£z)“(0)
3 5

=3 cnbic units
15

a b
Assume —+—<2
b a

@ +b<2ab = a*~2ab+ b’ <0

ie (a— b)2 <0 which is not true
a b

S h—22
b a

LHS:(a+b)(—Ll;+%)

=axl+a><l+b><l+b><l
a b a b

a b
=24—+4—
b a

> 4 using (i)

N . b b c c a
Using (i) three times: G,0,2,.8:5:8504242
b ac b a c
a+c+b+c+a+b26
b a ¢

l+£+—c+l+~b+—c+1+ﬂz9
b a c

a+b+c a+b+c a+b+c
b + + >
b a c

9
c

1 1 1
LI P
(a+b+c)(a+b+ ]

Question 3

To find the equation of tangent through P

x=acos@ y=hsin@
£=—asin6’ ﬂ:bcos&
dé
& _dy 49
dx do dx
=hcos@x—:
-asing
_ —bcosd
asin@
Equation of the tangent
y=y=mx-x)
y—bsinﬁzi(fo—sg—(x—acosﬁ)
asin@

aysin @ —absin® 6 = —bxcos @ +ab cos’ &
bxcos@+aysin @ = ab(sin* &+ cos® 9)

icos0+lsin«9=1
a b

At T x =a then 9 os0+Lsing =1
a

25in@=1-cos@
b
sind
At R x =—a then similarly y=w
sing

Gradients of lines at the focus S{ae,0)
Gradient RS x Gradient TS

b(l+cosb) ~0 b(1-cosf)

—_ sinf «—8in@

—-a—ae a-—ae

b(1+cosb) N b(1-cosd)

—a(l+e)sind a(l—e)siné
b*(1-cos’ 6)

—a*(1-e*)sin* @

=-1

0

Gradients of lines at the focus S'(-ae,0)




Gradient RS' x Gradient TS'
b(l+cos0)_o b(l—cos8) -0
—__sin@ sin @

X
—a-t+ae a-tae

- b(1+cosf) o b(1—cos8)
~a(l-e)sind a(l+e)sing
b*(1-cos® #)
T —d*(1-€%)sin 0
=-1

(b) @ At P, x=asec

& _ —alcos8)” x—sind

de
=qasecHtand
y=btané
ﬂ=bse029
do
o, D_b do
dx dé dx
_ bsec’d
" asec@tand
_ bsecd
" atand

The equation of the tangent at P is

y—btan8 =bjﬂ(x—asecﬁ)
a

and

aytan@ —abtan® @ = bxsecd — absec? 0
bxsecd —aytanf = ab(sec2 6 —tan® 9)
wsecd_ytand

=1 asrequired
a b

>

The equation of the tangent to H at P through Q(g, 0) is
e
0= bsec (x_gj
atand e
aytand = bxsecd ——‘ésece
e
ab
bxsecd —aytand = —secd
e

bx—aysiné :a_b
e

The equation of the tangent to H at P through R(—ﬂ, 0) is
e
0= bsec&(x+£
atan@ e
ab
aytand = bxsecd +—sec
e
ab
bxsecf —aytan @ = ——secl
e

bx—aysin9=_—ab
e




