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STUDENT NUMBER/NAME: .......coooviniiiinniinnn

STUDENT NUMBER/NAME: ....eevveeroan. e

STANDARD INTEGRALS
: ' L n+l ] : '
_[x"dx =— x"™ pnz-l x20,ifn<0
n+1
J.—l—dx =hnx, x>0
x
1w
je”"dx =—e% a#0
a
SR U i
Icosaxdx =—sinax, a#0
a -
, 1
Ismaxdx =——cosax, a#0
a
) 1
J‘sec ax dx =—tanax, a#0
a
1 .
Isecax tanax dx =;secax, a#0
J LIS =ltan"‘-)£, a#0
a*+ X a a

J.——a—z\/_%—;_;dx =sin‘1§-, a>0, ~a<x<a | /
I_\/;T_l_——_a—zdx =1n(x+\/_ xz.—az), x>a>0
J‘———————,___._xziaz dx .=1nv(x+\]x2+a2)

NOTE: Inx=log,x, x>0
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Student name / number Student name / number

Marks Marks
Section I . 5 S(4 , 0) is a focus of the rectangular hyperbola x*—y* =k . Which of the 1
10 Marks following is the value of & ? :
Attempt Questions 1-10.
Allow about 15 minutes for this section. A 2‘/5
. . , , ® 4-
Use the multiple-choice answer sheet for questions 1-10. © 8
1 Which of the following is an expression for the limiting sum of the geometric series 1 m 32
1+2cos’ @ +4cos* 6 +8cos® 0 +... whenever this limiting sum exists ?
(A) —cos20 - 6 Which of the following is an expression for fxe“‘ dx ? 1
(B) —sec20 ) A) xe*+eT+e
(©  cos20 _ ‘ B) xe*—e*+c
26
® see C) -—xe*+e’+c
D) —xeF—eT+e
2 Which of the following is the range of the fimction f (x) =sin” x+tan" x ? 1
A) -m<y<m . "7 The region bounded by the curve y=\/; and the y axis between y=0 and y=1 1
B) -m<y<sm ] : is rotated through one revolution about the line x=1 to form a solid of volume 7.
‘Which of the following is an expression for ¥'?
C - 1
© FsysF ) A) 27vj wx d
® -§syst )
® 2 (1N
. 0
3 If € +e” =1, which of the following is an expression for &b ? 1 I
d © 27rf x{1-+/x) ax
N ‘ . 01
® ®) 273J (1-%)(1=)
0
© &7
® -7 . 8 The equation x>~ 4x—~2=0 basroots ¢, B andy . Which of the following equations 1
' has roots -4, —-% and ——,}7? '
4 Which of the following graphs is the locus of the point P representing the complex 1 (A)  2°-4x*-1=0

number z which moves in the Argand diagram such that |z-6{ = 2|z| ? B 284120
% +dxt 1=

© 26¢-4x+1=0
D)  2+4x*+1=0

(A)  astraight line
(B) acircle

(C)  anellipse
(D) ahyperbola



_In the diagram aparticle of mass m, attached to a string of length /, is suspended
from a point O above a smooth, horizontal table with the string inclined at angle &
to the vertical. The particle moves on the table with constant angular velocity @ in
a horizontal circle of radius ». The forces acting on the particle are the force due to
gravity, the normal reaction N and the tension 7T in the string. Which of the
following is an expression for 7'? k

A
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©
®
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©
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Student name / number

mlo?

(mg—N)cosG

mg—N
sinf

mre?

&

%
3
3

"

10 Which of the following is the value of hm—% ?
prarys
- 3

Marks

Student name / number

Section XL

96 Marks -
Attempt Questions 11-16
Allew about 2 hours and 45 minutes for this section.

Answer the questions on your own paper, or in writing booklets if provided.
Start each question on a new page.
All necessary working should be shown in every question.

Marks

Question 11 (15 marks) Usea SEPARATE writing booklet

(@) Ifz=1+3i and w=2-1{ find inthe form a+ib (forreal gand b)the values of
0 ZTow . o - S

@) zw

(b)) Express —1++3 in modulus/argument form,

(i) Hence find the valie of 2° —16z* in the form a+ /b where a and b are real.

(¢)  Inthe Argand diagram OABC is a square, where O, 4, B, C are in anti-clockwise
cyclic order. The complex number z is represented by the vector O4 .
(i) Find in terms of z the complex numbers represented by the vectors OC and OB .

(i) Ifthe vector 0B represents the complex nmumber 4+21 , find z in the form a+ib
where a and b are real.

(d)  Theequation x*—2x*~5x+3=0 hasroots &, B, ¥ and & .
() Find tho values of o2+ +y?+57 and o*+f* 47" 48" .

(i) State the number of real and non-real roots of the equation and give reasons for
your answer.



Student name / number

Marks -

Question 12 (15 marks) Usea SEPARATE writing booklet

1
(a) By completing the square find Iﬁ dx . 2
3—(x?-2x) i

er
(b) Find j —dx . 2
e +1
(©) Tind fta;r‘x dr . : o 2
5 1
(d)  Use the substitution /=tan¥ to evaluate J —_— 4
o S+4sinx +3cosx

The diagram shows a two-dimensional view of a trophy comprising a metal

sphere of radius R cm and with centre O, mounted on a base (shaded) so that the
sphere fits snugly in the indentation in the base. (The three-dimensional trophy is the
rotation of this two-dimensional view about the vertical through O), In the diagram,
0A4B and OCD are straight lines, each making an angle % radians with the vertical

through O.
(i) By taking annular, horizontal cross sections of thickness §y ata distance y om 3
below O, show that the volume ¥ cm® of the solid base of the trophy (shaded) is

givenby.V = nr (02 -R)dy. -

ir

(i) Hence find the value of V. 2

Student name / number
Marks
Question 13 (15 n%arks) Usea SEPARATE writing booklet
2 2
(a)  Theellipse %4—%’)’7:1 ,where a>b>0 , cuts the x axis at M and N. 4
a
The ellipse has eccentricity e and S(ae R 0) is one focus of the ellipse. The
. 1 1 4
focal chord PS erpendicular to th is. Showthat —+——=—— .
ocal cho: 0 is perpendicular to the x axis waMSNS 70
(b) Y A P
M
NG =g
2 X, x
Tn the diagram P(cp ,f,-) and Q(cq ,-5'-) , where g> p>0 , are two points on
the rectangular hyperbola xy=¢* . M is the midpoint of PQ. PQ produced cuts
the x axis at X, OM cuts the rectangular hyperbola at 7'
(i) Showthat gradient MX =~ gradient OM end hence show that MX'=0OM . 3
(i) Show that the tangent to the rectangular hyperbola at T'is parallel to the chord PQ. 2
© y4
y=2 - -
2
y=f (M
___________________ y=-4
e 25 —4
The diagram shows the curve y = f(x) where f(x)=— T On separate
€
diagrams sketch the following curves showing clearly the intercepts on the axes
and the equations of any asymptotes.
@ y=l@).. .. : . : L
@ y=r(). t
1
(iif) y=——. 2
S&)
) y=r"(x) . 2



Student name / number

: Marks
Question 14 (15 marks) Use a SEPARATE writing booldet

2 . .
(@)  BExpress X H3xtd in the form ——4—+ B§+ ¢ for some constants 4, B and C. 3
(x-2)(x*+3) =2 43 .

(b)  A'sequence of numbers is given by 7, =6, T, =27 and T, =6T, 49T, , for n23. 3
Use Mathematical Induction to show that T, =(r+1)3" for n21.

(c) A particle of mass m kg is fired vertically upwards with speed 200 ms™ in a medinm
where the resistance is iymv Newtons when the speed is vms™. Take g=10 ms™
(i) For the upward journey , if x metres is the vertical displacement upwards from the 3
point of projection, nsing the equation of motion £ = _116(1 00+ v) , show that the
maximum height attained above the point of projection is H metres where

H=1000(2-1n3).

(if) Show that the speed v of the particle on return fo its point of projection satisfies 3
g+ n(1-gp)+(2-1n3)= ‘ :

(m) Show that A+ln(1 A) (2 ln3) 0 has a root between 0-8 and 0-9 , and 2

applying Newton’s method once with 0-82 as a first approximation, find a
second approximation for 4 .

(iv) What percentage of its ferminal velocity has the particle attained on return to its ' 1
point of projection? Explain your answer.

By

Student name / number
Marks
Question 15 (15 n;;arks) Use a SEPARATE writing booklet
1
(@  Consider I, =
[
() Showthat [ = —1—1 =1, for n=234,.. 2
e
(ii) Hence find the value of I, . 2
(6)i) If a>0 is a roal nmumber, show that a+-22 . : 1
a
(i) Hence show thatif a>0, 5>0, ¢>0 are real numbers, then
() b+’c+c+a+a+b26‘ ’ 2
a b ¢
a b c _3
8) +¢ c+a a+b 2 2
(c)(i) Show that sin(2k+1)0 — sin(2k~1)6 = 2sinOcos2k6 . 1
(i) Hence show that smBZcos 2k0 = sinnBeos(n+1)6 . 3
[
. of km
(iii) Hence find the value of 2sm 10" 2
=i

10



Student name / number

Marks
Question 16 (15 marks) Usea SEPARATE writing booldet
® 4
B
Cc
In the diagram, triangle ABC is inscribed in a circle of radius R.
(i) By constructing the diameter through B, or otherwise, show that R= —2—51—2 . 2
(i) Show that —723A4BC 2 i dsinBsinC . 1
Area circle ABC w
(iif) If the sizes of angles 4, B, C are in radians and satisfy 42B2C, o=4-C 2
and the function f(¢7) is defined by f(0)= %sinAsinBsinC , show that f’(xx)<0
throughout the domain of /.
(iv) Hence show that M has a maximum value when A4BC is equilateral 2
Area circle ABC
and state this maximum value.
(b)) For real numbers x,, x,, %,,.., if S, =%, show that 2
(=
Toon n 2
2"}2 ='712‘S»2 + Z(xk "%Sn) .
k=t =]
. n 2 2271 .
(if) Hence show that %("Ck) > 1 for n=2,3,4,... - 3
N . .
(iti) Use the identity {(1+x)" }Z =(14x)™ to show Z(”Q)i = (2")2' ) 1
k=0 (n)
(iv) Hence or otherwise show that 0 <In2—In3+In4—...+1In(2n) <In(n+1) for n=2,3,4,.... 2
S

w

11



Independent Trial HSC 2014 Mathematics Extension2 ~ Marking Guidelines
Section 1 Questions 1-10 (1 mark each)
Questi Answer Solution Out
L B a=1 . ! =1 =—3ec20 HS
r=2c0s*0 1-r 1—'(1+COS29) —cos20

f (x) =gin"x+tan % is an increasing function with domain —1<x<1 .

NPT | -1 =l -1
2, c o sin” (-1) 4+ tan (—1)5}158112]1 1+tan™1 N —%{ESysle HE4
H+ Psys§ + §
¥ te? =1 N
3. A ere R A E6
e"+e"2=0 & &
dx
T3 GV Y O
4. B ||-g=2l4 (e 457 =4(+57) (x+2)+y*=16 |E3
36=3x" +12x+3y
5. c | e=v2 S(«fﬂ,o) cAlk=4 k=8 E4
a=+k
E8
6. D J-xe“"dx=x(-—e“)——j(——e'")tt\c——:—»xe"-—e"‘+c
ylk
N PLd h=1-vx
il
r=l-x—08x
} =, R
0 1z
E7
7. D 51/:7;(1{2_#)}, ,‘.6V=7r{2(1—x)—5x}6x(1~«/;)
=n(R+r)(R-7)h 87 =27 (1-»)(1-Vx)8x
. (ignoring terms in (5x)* )
x=] 1
: .-.V=;§m%§2n(1~x)(1~«/;)ax=2nf0(1—x)(1-«/§)¢c
8. ¢ ~%, ~% and ~% satisfy (~L] ~4(~4)-2=0 "
Rearranging gives 2x° ~4x* +1=0
9. A Resolving forces horizontally and applying Newton’s 2™ law gives
Tsinf=mre® . Then r=Isin@ gives T =mlo* ES
10. D . "C."C, [ an-1) 3 .1
) '1’53{”' TR R kT HE3

RSN

1

Section XI
Question 11
a. Outcomes assessed: E3
Marking Guidelines - -
Criteria Marks
i « find the difference 1
ii « find the product 1
Answer
i Z-w=(-3)-Q2-D=-1-2{ il. zw=(43)Q2~-)=5+5¢
b. Outcomes assessed: B3
Marking Guidelines
Criteria Marks
i * find the modulus 1
« find the argument 1
ii * use deMoivre’s theorem 1
» simplify into required form 1
Answer
i ~144/31=2(}+24)=2(cos %+ isinp)
i 2 =2"(cos!r +isinifn) = 2 {cos=2e + isings) = 27 (-1—\/5 i)
167° =16.2* (cos  + isinte) = 2*(cos -+ sin ) =27 (~14-/3 )
2 -162° =23 i=—256y3 i
¢, Outcomes assessed; E3
Marking Guidelines
Criteria Marks
i » find z represented by vector OC 1
» find z represented by vector OB 1
ii « write an expression for z using complex numbers in form a+ib 1
1

» gvaluate z

Answer

i ocC represents iz (anticlockwise rotation of o4 by &)

OB is the vector sum of 04 and oc .
Hence OB represents z+iz=(1+1)z

i, 4+2i=(1+1)z
(4+2D(1-i)=2z
6—2i=2z
z=3-i

S ‘




Q12 (cont)
¢, Outcomes assessed; E8

Q11 (cont)
d. Outcomes assessed: E4
Marking Guidelines
. Criteria Marks
1 * use the relationships between roots and coefficients to evaluate the sum of squares - 1
» avaluate the sum of fourth powers by writing it in terms of sums of lower powers 1
ii » use the negative value of the sum of the fourth powers to deduce at least one root is non-real 1
o deduce that there are either 4 non-real roots, or 2 real and 2 non-real roots 1
+ show that one root is real by establishing the change of sign of the polynomial fimction -1
Answer
R L R L (a+ﬂ+y+5)2—2(aﬁ+ﬂy+y5+5a)=0—2(—2):4
Each of &, B, ¥, 8 satisfies x* —2x* —5x+3=0 . Hence
(af+ B +y*+84)-2(c + 247" +8%)-5(ct+ B+ +8)+(3+3+3+3)=0
(oc“+,B"+7“+6“)—2><4—5x0+12=0 )
Lt prryt 48t =4
il At least one of ¢, 3,7, 8 mustbe non-real (since the fourth powers are not ali non-negative).
However the non-real roots conme in complex conjugate pairs (since the coefficients are real).
Hence &ither there are 4 non-real roots, or there are 2 non-real and 2 real roots.
Considering the continuous polynomial function P(x)=x*~2x*~5x+3 , P(0)=3>0 and
P(l)=-3<0 and hence there is a real raot of P(x)=0 lying between 0 and 1,
Hence the equation must have 2 real and 2 non-real roots.
Question 12
a, Outcomes assessed: E§
Marking Guidelines
Criteria Marks
« complete the square 1
» write the primitive function 1
Answer
J L= ! dx=sin-‘(——-""‘)+c
Jpl-2) ) ey 2
b. Outcomes assessed: E8
Marking Guidelines
Criteria Marks
» rearrange integrand into appropriate form -, 1
» write the primitive 1
Answer }
2 & lef+1)-¢* d ' -
f € dx= ( ) de=|{e— ¢ dx:e"—]n(e"+l)+c
e +1 e +1 & +1

Marking Guidelines
: Criteria Marks
« apply integration by parts 1
+ complete the primitive function 1
Answer
jl tanx ¢c=xtm"x~f—x{ A= xtan"1x~12~ln(l+x2)+c
I+x
d. Outcomes assessed: E§
Marking Guidelines
Criteria Marks
» express the integrand in terms of ¢ 1
« write the definite integral in terms of ¢ 1
s find the primitive fimction 1
+ evaluate using ¢ limits 1
Answer
r=tan} 5+4si2nx+3cosx 2 J",‘ 1
dt =4sec % _ 50+t )1‘8’:'3(14 ) o 5+4sinx+3cosx
+ 1 2
do=—2dt 208 +4t+4) =I L
e S AL o 20042 T 18
141 )
22" 4.t
x=0 = t=0 = 1+ . t+2°
x=Z = =1 =1
e. Outcomes assessed: E7, E8
Marking Guidelines
Criteria Marks
i « find either inner or outer radius of the annular cross section 1
« find other radius of the annulus and then its area 1
» express V as a limiting sum of slice volumes and hence as a definite integral 1
ii = find the primitive function. 1
« gvaluate in terms of R, 1

Answer

1, Cross section y below O is an annulus with inner radius ¢
and outer radius T, where £* = R*~y* and T'=ytanf= y\/-f;
(since vertical through O makes angle ¥ with OD)

Hence area of cross section is 7::{3}12 - (R2 -y )}

R
V= }%é{n(@z—R2)5y=7ELR(4y2—R2)dy

i v =it~y =a{i(R-qRy) -2 (21

oV =nR($xi-1)=1zk




- Question 13
a. Outcomes assessed: E4
Marking Guidelines

Criteria . Marks

« write expressions for MS, NS in terms of g and e 1
« find PSin‘terms of g and e :
» find PQ in terms of a and e

e bt

» find the sum of the reciprocals of MS and NS and rearrange to obtain result
Answer ‘

L+_1_= 1 1 _(+a+d- 9__ 2 L2 S
MS NS all-e) a(l+e)  a(l—€)  a(l-é?) a8

'
Using the locus definition of the ellipss and the directrix x = 4 s K j\ N
‘ ¢ Tv\ J/M x
PS= e(ﬂ- ae) =afl-¢*) andhence PQ=2PS=2a(l—¢") ]
e

—_——— e ——

NS PQ

b. Outcomes assessed: B4
" Marking Guidelines

Criteria Marks

i = find gradient of PQ and hence gradient of MX

» find coordinates of M and gradient of OM :

« deduce MX and OM make equal acute angles with the x-axis so that AMOX is isosceles
ii » find the parameter at 7in terms of p and ¢

= compare the gradlent of the tangent at T with the gradxent of PO

ko

Answer

_]_ .
i. gradient MX = Gradient PQ= —L——l 1 . Mhas coordinates (EM,C(P*“I))
o(p= q) pq 2 2pg

gradient OM = dpta) + E(—Eﬂl =-— - gradient MX =— gradient OM
2pq 2 pq
If MX and OM meke angles ¢ and f respectively with the positive x axis, then tano=—tanf .

Hence B=180°—0a and in AMOX, ZMOX=/MXO=p . Then AMOX is isosceles with MX =OM .

" : - c 1
ii. Let T have coordinates (ct ) 4,1) . Then my, = ;+ct =7 But my, =m,,, . - #=pq .

AtT, iy—-— —————c-+c=—i=—i—=m,, . Hence the tangent at T'is paralle to PQ.

Q13 (cont)
c. Outcomes assessed: E6
Marking Guidelines
Criteria Marks
i reflect section of graph below x axis in x axis 1
ii » reflect section of graph to right of y axis in y axis to obtain graph for x <0 1
iii « sketch upper branch with asymptotes 1
« sketch lower branch with asymptotes and y intercept 1
iv ¢ correct domain, shape and vertical asymptotes 1
* correct intercepts on axes 1
Answer
i ii.
Y A 4
y=4
] y=r(4
N w.
~n2\/In2 p
. ' iv.
NRES |
f(x) \) *=t ; xr=2
yet o - {2
yEd I 4 /*1 *
-1 | -
\ x=ln2 i y=7"(
Question 14
a. Outcomes assessed: K4 .
Marking Guidelines
Criteria Marks
« find 4 1
- find B 1
+find € 1
Answer
43+ 4= A +3)+ (BrrC) (x-2)
x=2 = 14=74 nd=2 x4 2 -xtl
x=0 = 4=34-2C  .C=1 (x=2)(x*+3) x=2 243
Equatecoeff. of x*: 1= A+B SB=-1




Q14 (cont)
b. Outcomes assessed; HE2

Marking Guidelines
Criteria Marks
- define a sequence of statements and show the first two are true 1
« use the recurrence relation to write 7, in terms of values of T, T, | given S(n) true, n<k i

+ rearrange to establish conditional trath of S(k+1) and complete the induction process

Answer

Let S(n), n=1,2,3,... be the sequence of statements defined by S(n): T, = (n+1)3".
Consider S(I) and S(2) : T =6=(1+])x3 A8 is true
T,=27=02+)x3 - 8(2) is true

If S(n) istre for n<k (where k22 ): T=(n+)3, n=L23.k *

Consider S(k+1), k22 : T,,=61,-9T,,
=6(k+1) 3* -9k .3
= {20k +1)~ K} 3
={(k+D+1}3*

if S(n) istrue for n<k , using *

Hence if S(n) istrue for n< k (where k22 ) then S(k+1) istrue. But S(n) is true for n<2 . Hence

S(3) is true, then S(x) true for n<3=> S(4) is true and s0 on. Hence by Mathematical Induction ,
T, =(n+1)3" forallintegers n21. :

¢. Outcomes assessed: ES
Marking Guidelines

Criteria

Marks

dx
i »find — int of
e erms of v

» use initial conditions to find x in terms of v
« find expression for H by finding x when v is zero
+ find equation of motion for downward journey
« find distance fallen in terms of v
+ use expression for maximum height to establish required equation
iii » note continuity and establish change of sign
+ apply Newton’s method

jotd

i

iv « find terminal velocity and use value of A to obtain required percentage

kgt h s et bt

Answer
i
3 oz el
#=—35{100+v) ~Lx=v-1001n(100+v)+c
vg—=~;‘a(100+\') : (=0 } 0 =200~10010300+ ¢
de ¥=0pv=200-[ - Lx=(200-3)~1001n(38%) -
Wy 100+v x=H, v=0= &H=200-100ln3
L, 100 v H=1000(2—In3)
Y v 1004v
7

Ql4 ¢ (conf)

il. For the downward journey, let x be the distance Forees on particle

fallen below the position of maximum height,
with initial conditions x=0, v=0. T Hmy
By Newton’s 2™ Law
mii=mg—my 1"’3
i =35(100-v)
dv | '
v—=55(100-) —ix=v+100In(100-v)+¢
, dx v t=0,x=0,vy=0= 0= 100In100 +c
Wiy 100-v ~ %= v+100In(145+)
dx 100 = =
Mﬁgﬂ_mw x=H= —100(2-In3)=v+100mn(1- &

o+ In(1-¥5)+ (2~ m3)=0

iii. Let f(1)=A+In(1-1)+(2~n3).

Foy-1-fr=g

Then f(1) is continuous for 0 <A <1 and
F(0-8)=0-0950 , f(0-9)~—0-50<0
Hence f(A1)=0 forsome 0-8<A<0-9 .

0-82+In(1-0-82)+2~In3 _

(%)

Using 2,=0-82, A=0-82~ 0-82 ‘

_ iv. Since Newton’s method returned the same approximate root to 2 decimal places, -1%6 =082 gives

the speed v on return to projection point as 82 ms™ (to nearest 1).

For the downward journey, ¥ —0 as v—100 . Hence the terminal velocity is 100 ms™ .
Hence particle has attained 82% of its terminal velocity on return to its point of projection.

Question 15
a. Outcomes assessed: I8 )
Marking Guidelines
Criteria ' Marks
i « rearrange integrand 1
« evaluate definite integral to obtain reduction formula 1
ii « evaluate Iy 1
» reduce and evaluate Iy 1
Answer
1 '{(sz)-—l}x"" 1
x 1 1
i de= dx , n=2,3,4,.. i I =f—-—dx= tan” x| =
Ll+x2 J'o 14 LA BT [ x]a 1
1
I=| x"vdg=T
0 1= %" L
-] -1 =4-(1-1)
= 7J):‘—— In——z = %—%



Q15(cont)
b. Outcomnies assessed: PE3

Marking Guidelines
Criteria Marks
i = show.the sum of a positive real pumber and its reciprocal is at least 2 1
ii o » rearrange given expression into such sums 1
« apply result from (i) to establish required inequality 1
B » make approptiate replacements for a, b, ¢ 1
- rearrange to establish required inequality 1

Answer
i (a+-‘§)1=(a—-};)1+424, since (a—~ ) 20 forreal az0
sat+L22 for real a>0

b

(). Yo, eta, ath fa, by, ~+s]+(c
2 +2 +2 using (i)

b+c+c+a a+b

Joke, ocra, 3056

a b

ii(B ). Replacing a—b+c, b—>c+a, c—=ath :
(c+a)+(a+b)+(a+b)+(b+c)+(b+c)+(c+a)26

b+e cta a+b
I L B
b+c cta a+b
a b ¢
2| e ——4 >3
(b+c cta a+t bj

a b c23

+ —
b+c c+a atb 2

¢, Outcomes assessed: HS

bc. "
£42 , where each of 5,—,— is real and positive.
c b'ca

Marking Guidelines
Criteria Marks

i e expand using compound angle trigonometric identities then simplify 1
ii = use identity from (i) to simplify sum 1

» use trigonometric identity converting difference to product 1

« simplify to obtain required result 1
iii » use appropriate trigonometric identity 1

» uge result from (if) to evaluate sum 1

Aunswer

i, sin(2k+1)0 =sin2k6 cosB+cos2kB sinf and sin(2k~ 1)9 sin2k0 cosf —cos 2k0 sinf

. $in(2k+1)0.— sin(2 k< 1)0.=2sin Bcos 2k0... -~ .
ii. ZSinGZcos 20 = 2{sin(2k+ 1)0 —sin(2k—1)0} = sin(2n-+1)8 - sind
k=1 k=1

Using sin d—sin B=2sin458 cos 48 , A=2(n+1)8, B=6 : sinfy,cos2k6 =sinnboos(n+1)0

k=1
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fii, Y sin? K5 =1 (1-cos )= 1 {10 — 0} 5
P=i = sin

9.

Question 16
a. Outcomes assessed: PS5, HS, PE3
Marking Guidelines

Criteria

Marks

1« provide a sequence of deductions leading to required result
» justify deductions using geometric properties and trigonometry
ii »use the sine rule and (i) to obtain result
iii « write fexplicitly as function of « for fixed 4 and find derivative
* show derivative is negative throughout domain of f

» find this maximum value

iv « deduce f(x) takes its maximum value for o= 0 and hence when A4BC is equilateral

Pt et bt e e

Answer

i, Construct diameter BD tilrough centre O and construct DC,
£BDC= £4 (L's insame segment subtended by chord BC are equal)
£BCD=% (/£ insemi-circle is a right angle)
In ABCD , sin/BDC=-=-2 | . R=-Z
BD 2R 2sin 4

Area AABC __ besind _ besin AQ2sin4)* _ 2.apef 24 ’
" drea circle ABC nR? 2ma® a
Using the sine rule in AABC, ——=—"="+=,
a

' Area AABC sind sinB sinC
T =2gp, o T =2sindsinB
Area circle ABC  * a b fesin Asin BsinC

iil. C=Ad—~a, B=n—~(24~0) (since £ sumof AABC is 1t )

f(@)=%sin Asin BsinC = Zsin 4 sin(24~ o)) sin(4~0;) , where 0<a< 4

Using cos(p~q)—-cos(p+q)=2sinpsing with p 24-0, g=A-o :
flo)= -LsmA{cosA cos(34~20)}
F(@)=—%sindsin(34-2c)

But 34~20= A+(4-a)+(d-a)= 4+C+CSA+B+C=x (since A2B2C )

Hence sin(34-20)20 and f(0)<0 for 0<o< 4.

iv. f(&) isadscreasing function throughout its domain 0 <o < 4 , hence it takes its maximum value

when 0=0 and C=4 . Butthen 42B2C = A=B=C=% and AdBC is equilateral.

Area AABC 3
i lue of ————227~ =2(ginZ) = 1£3 .
The maximum value o rew oiole ABC is f(O)=% (sm % ) -
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Q16 (cont)
b. Outcomes assessed: PE3, HE3
] Marking Guidelines

Criteria

Marks

|1 »expand the square and break up into separate sums
+ manipulate sigma notation to obtain required result
ii «apply result to the sequence of n+1 binomial coefficients
» evaluate the sum of these binomial coefficients
» explain why strict inequality holds
iit » equate coefficients of ¥" on both sides of identity using properties of binomial coefficients
iv « simplify factorial quotient then apply (ii) and (iii) to obtain approptiate inequality
+ take logarithms to complete proof

bk bk e ek ek b ke

Answer
i,
Z}(xk _'}I‘Sn)z = Z}{X: _2(-}1_Sn)xk +('—)11'Sn)2}
=328 S (s,
k=1 k=1 , k=1

Sa-afgs sl
:‘gxkz_%snz
ot =82+ 20 -hs.)
P e
i, x.="C., k=0,1,2,.,n. Then (1+x)"= o gives 2"=> "C, . S8 =2
= C 20 24 it

”
From (i), forrealx, , > x.} ZTA_—IS oL, since each of (¥, ~7475,,,)* 20 .
=

) . ' n 2 22n
Since equality only holds for x,=x,=..=x_,, 2("0,‘) > for n=2,3,4,...

k=0

ifi, Considering the coefficient of x” on both sides of the identity {(1+x)"}1 =(1+x)™,

d 2n)l Lo (2n)l
"Cc*C _ ="C . But "C_,="C d *C =—(~—~—- . H "C.| = .
é k. Tn-k n u nk k e LT P ence g( k) (nl)2

@n)!_ 2n(2n-D{2n-D}(2n-3){2(1-2)}..2.1 _2'@n=1)(2n-3)...3.1

(ny? B {n(n—l)(n—Z) ...1}1 n(n—-1(n-2)..1
- 2"@n-1)(2n-3)..3.1 _ 2™ .. 1.3.5..(2n=3)(2n-1) 1
Using (ii) and (iii), > giving 546, {Z(n—— l)} {Zn} .> ot

n(n=D(n=-2)..1 = n+l !

Taking logs of both sides gives Inl~In2+n3~In4+...+In(2n—1)~In(2n)>-In(n+1)
In2-In3+1n4—..+m(2n) <In(n+1)

Algo n2—In3+Ind— . +In(2n)=n2+né+lnf+..+ln2g >0
& 0<in2-1n3+n4— ..+ m2n)<ln(r+]) for n=2,3,4,..
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