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Section 1 Objective Response Questions
Total marks - 10
~ Attempt Questions 1 - 10

Answer each question on the multiple choice answer sheet provided.

L 2—1_,)
—2—i
3 4

A) 4= B) -1
&) S+ (B)

4 5
C) —1+—i Dy -=
© 31 D) 3

2. Which of the following is the graph of 9x* —16y* =144 ?
(A) (B)

© D)

Imz,

A 4

Rez

A\ 4

Which of the following is NOT a valid algebraic description of this locus?
(A) Rez=2 ®) |z|=|z-4]

(C) arg(z—4)+argz=rx DO z+z=4

4.  The solid shown in the diagram has a pair of parallel faces, one a regular octagon, and one a
square, with vertices of each end joined by straight lines.

Which of the following diagrams shows a typical cross-section taken parallel to the two end faces?

GV ®)

T

O

©




The polynomial equation P(x) =0 hasroots &, # and y.
What are the roots of the polynomial ecfuation P (3x + 2) =0?

(A) 3_2’_@_2,_71_ (B) a_—Z’E,L—_Z’
3 3 3 .3 3 3
2 2 2
©) 3a+2,38+2,3y+2 D) a+§,ﬂ+§,7+§
Consider a polynomial P(x) of degree 3.
You are given 2 numbers g and b such that
ca<bh
<P(a)>P(b)>0
- P'(a)=P'(b)=0
The polynomial has
(A) 3real zeros (B) lrealzero y suchthat y<a
(C) 1realzero y suchthat a<y<b (D) 1 real zero o such that y>b
Consider the following two statements:
1 1
dx dx
I: J‘ n < a+l
o 1+x o 1+
x z
2 2
1 J. Vsinxdx='[ Jcosx dx
[ 0
Which of these statements are correct?
(A) Neither statement (B) Statement I only
(C) Statement II only (D) Both statements

A particle is moving along the x -axis, initially moving to the left from the origin,

Its velocity and acceleration are given by v* = 2]n(3 +cos x) and ¥ =—n¥

3+cosx

‘Which of the following describe its subsequent motion?

(A) Heads only to the left, alternately speeding up and slowing down, without becoming
stationary.

(B) Heads only fo the left, alternately slowing to a stop then speeding up.
(C) Slows to a stop, then heads to the right forever.,-

(D) Oscillates between two points,

The graph shows a part of the hyperbola x=ct, y = %
Ay

~
(N 4

Which pair of parémetric equations precisely describe the sections of the hyperbola shown?

4
1-¢

B) x=c(1-1*), y=

2

(A) x=c(f+1),y=

(D) x=csint, y:_L

© x=cyl-£, y= =
1-¢ sin?




\ o e dy _y Section IT Free Response Questions
. that = =%, P
10. After differentiating a relation implicitly, we find tha o Total marks — 90
Which of the following could be a graph of this relation? Attempt Questions 11— 16

Answer each question on the multiple choice answer sheet provided.

Question 11 (15 marks)

A 4

NI

x
1
(a) Find the exact value of J. xe™ dx.
[}
b
7 () Find | .
x"+6x+10

(c) Evaluate J- sin™ x dx.
0

f‘
g
Y
),

2

® ®
y
|
© ®
V

i

_ 2
@ @ Showthatj S0 dx=l(ﬁ+ln£).

o (1+20)(142%) 2

"
4 cos2x dx

—————— using the substitution ¢ = tan x .
o 1+2sin2x+cos2x &

(iiy Hence evaluate J

() (i) Show that J” f(x)dx = J. ‘ f(~x)a’x.

4

(if) Hence, or otherwise, evaluate J. (e" —e” ) cosxdx.
' -4




Question 12 (15 marks) Start a new booklet

(®)

(b)

©

@

O]

Given that z =6i—8, find the square roots of z in the form a+ib.
(i) Write 2+ 243i in modulus-argument form.
Hence:
3
(ii) Express (2 + 2J§i) in the form x + iy.
(iii) Find all unique solutions to the equation z* =2+ 243, giving answers in
modulus-argument form.
Given z is a complex number, sketch on a number plane the locus of a point P

representing z such that argz =arg |:z -(1+ l)]

In the diagram, a semi-circle has diameter OB and centre 4, with Od=r.

P is a point on the semicircle, and the vector OP represents the complex number acis8d.

AY
P

o T 4 B x

Write in simplest modulus-argument form the complex number represented by the vector
i) 4P

@) BP

In a bank of 12 switches, each switch can be set to one of three positions,
() Write down the total number of ways all the switches in the bank can be arranged.

(ii)  Find the probability that if all the switches are set randomly, there will be equal
numbers in each position.

Question 13 (15 marks) Start a new booklet

(a) Drawn below is the graph of y =

®

@)

®)y ®

(i)

X
T+x*
Ay

AI
Find the coordinates of the turning points 4 and A4'.
(There is no need to test their nature.)

On separate diagrams draw graphs of the following functions:

|2+

1 =
1+=x

2. =1+x2
2x

2x

3. =

4 1+x?

2x
4. =In
7 (1+x2)

The polynomial equation P(x) =0 has a double root x=a .

Show that x =« is also a root of the equation P’ (x) =0.

. . 1
You are given that y =mx is a tangent to the curve y =3——-.

xZ

Show that the equation mx® —~3x* +1=0 has a double root.

(ili) Hence find the equations of any such tangents.

10

®ny




Question 14 (15 marks) Start a new booklet

(a) Use the method of cylindrical shells to find the volume of the solid formed when 4
the region bounded by the curve y = E-LT , the x -axis, the y -axis and the line
X+

x =1 is rotated about the line x=1.

(b) The diagram shows a part of the graph of a function of the form y = bsinnx.

Ay
)

b %
(1) Express n intermsof b. 1
(ii) Show that the area bounded by the curve and the x -axis is zs_i units®. 2
(iify The base of a solid is the region bounded by the parabola x* = 4ay and its 2

latus rectum.

A

x x* =4ay

Each slice of width §y taken perpendicular to both the base and the axis of symmetry is
half of a sine curve, whose amplitude is equal to its base length.

Find the volume of this solid in terms of a.

Question 14 continues on the following page
12

(c) Inthe diagram, 4, B and C are three points on a circle.
P is another point on the circle, lying on the minor arc BC'.
Points L, M and N are the feet of the perpendiculars from P to the sides BC', C4 and 4B
respectively. :

A .

(i) Explainwhy P, L, N and B are concyclic.
() Explainwhy P, L, C and M are congyclic. -
Let ZPLM =a.

(iii) Show that ZABP=« .

(iv) Hence show that M, L and N are collinear.

End of question 14

13




Question 15 (15 marks) Start a new booklet

@

®)

(c)

2

2
The point P{acosd, bsin 9) lies on the ellipse ET";T =1 and the ellipse meets
a

the x -axis at the points 4 and 4'.

xcos@+ys;7n9 _

1.

(1)  Prove that the tangent at P has the equation

(ii) The tangent at P meets the tangents from 4 and 4’ at points Q and Q'
respectively. Find the coordinates of Q and Q'.

(iiiy The points 4, 4', Q' and Q form a trapezium. Prove that the product of the
lengths of the parallel sides is independent of the position of P .

! n

o Nl—x

Consider the integral /, =J.

() Show that 7, = g.
i

(if) Showthat I, -1, =I x'y1-x dx. (No integration is needed.)
0

(iii) Use integration by parts on the result of part (ii) to show that /, = —2—2—?31,,4 .
]

(i)  Show that a® +b* 2 2ab for any values of g and b.

(if) Hence show that tan® @+ cos” @ +cosec’ @ > sin § +secd +cotd for all values of &.

14

Question 16 (15 marks) Start a new booklet

(a)  Consider the function f(x)= 3sinx
2+cosx
@) Show that —=3"% y for x>0,
2+4cosx

The diagram shows a circle with centre O, where OA=0B=BC, ZPOM =0, /PCO=q .

(iiy Show that tana = sin 0 .
+cosf
(iii) Hence show that & < g 2
(b) The equation x”+x+1=0 has roots @ and £.

A series is defined by T, =" + " for n=1,2,3,....

(i) Show that T, =—1 and 7, =-1. 2
(i) Showthat T, =-T _ ~T_, for n=3,4,5,.... 2
(ili) Hence use Mathematical Induction to show that T, = 20032%75 for n=1,2,3,.... 3

, 2012
(iv) Hence write down the value of T, . 1

k=1
End of paper
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2012 Extension 2 Trial Solutions

Section I
. A 2. B 3. C
6 B 7. D 8. A
Section 11

Question 11

(a) J‘ xe™™ dx=~%-[ (—2x)e™ dx
' 1 2
4[]
Ly
~-4e-
_e-1
2e

dx dx
b =
® J-x2+6x+10 j(x+3)2+1

= tan"(x+3) +c

1 1
©) J‘ sin"xdx:J. sin"x-—i(x)dx
o ° dx

ot 5-5x __4a Jrbx+c
(+2x)(1+2*) 142x 14a?

5-5x =a(1+x2)+(bx+c)(1+2x)

@

(x=—l) 15_5a (x=0) S=a+c
2) 4 4
a=3 ¢=2
(x=1) 0=2a+3(b+c)
0=6+3(b+2)

b=—4

(by subtraction of areas)

]
I sin™ xdx=1x£~J‘ :
o 2
7w z

OR

J‘ 5—5x% . J"( 3 4x )
S e S MU (O USRS ) S
0(1+2x)(1+x2) 421 1452 145
3 . .
=[Eln(1+2x)—2ln(l+x2)+2tan 'x}

[

2h3oam2+ %0
2 2

=1(31n3—41nz+n)
2

3
=l[ln3—4+7rj
2 2
——l—ln(lr+ln2)
2 16
i Vit
(ii) cos2x dx _ 1+t2.1+12 y 1»+t2)2 Lett:tanzx
14 2sin2x +cos2x 4¢ +ﬁ (1+t2)2 dt =sec® xdx
0 o 1+ 1+ :(1+tan2x)dx
J" (1-1)ar oot
= 2
o(1+t2)[(1+t’)+4t+(1—t’)J L+¢
Il (1) %20, t=0
0(1+t )(4t+2) oy
’ X=-~, t=
1J‘ 5 St 4
10 l,(1+z 2t+1
1 ( 27)
=—tg+In—
20 16
J' f(x)dsz. 7 () (~dl) letu=—x
- "a du = —dx
:J. f(~x)a’x x=-a, u=a
-a x=a, u=-a

4

4
(i) .[ (e" - e"‘)cos xdx = J. (e"‘ e ) cos{-x)dx'  (from part i)
-4

-4
= —J. 4 (e‘ ~e"")cos xdx

-4
4
2-[ (e’ —e“)cosxdx: 0

-4

4
I (e"'~e")cbsxdx=0

-4




Question 12

®

(b)

(©

Let V6i—8 =a+ib (where a and b are real)
(a* —b*)+2abi =-8+6i

Equating real and imaginary parts:

2ab=6 b =8
b=§- az—%=~8
a

3 V6i—8 =£(1+3i)
Alternatively

As |6z' —8| =10, then [a +ib|= J10, s0 a® +b* =10, then solve this with the 2" equation by
elimination, substituting the answers in the 1% equation to find the second pronumeral.

@ 2+2\/§i=4cis§
() (2+243) (4 i ”)3
ii +24/3i) =| dcis—
3
=64cisz
= —64
(i) z* =4cis[—§+2n7rj, where » is an integer
=4cis(6n+17rj
3

.(6n+1 )
z=42cis 7
12

Taking n=-2,-1,0,1:

L7 . I , hY4 . 117z
z= 2c1s——,«[2_c1s—2,ﬁ015(—ﬁ),ﬁcxs(—?)

12 1

1+i

=Y

@ O
(iD)
(& O
(i)

ZBAP =206 (angle at centre is twice angle at circumference)
5 AP=rcis20

ZOPB = % (angle in semi-circle)

ZPBx=8 +—7—2r— (exterior angle of triangle = sum of opposite two interior angles)
PR = (2;‘)2 —a* (Pythagoras®)

o BP=Var'- 4 cis(9+—72£)

311

e, x*C, 3850

32 59049

© NB: We don’t divide by 3!, as the 3 groups are considered different, and are
. enumerated as different cases when the sample space is calculated in part (i).

OR

Name the switch positions A, B, C.
The question is the same as forming distinct words from the letters AAAABBBBCCCC.

12!
(4) 3850
32 59049




Question 13

. 2x
a i =
@ Oy
dy (1+x2)-2—2x-2x
dx (1+x2)2
_2-2%
(1+ch)2
dy
StatPts; —==0 = x=+#I, p==+1

x
ie. stat points at (1,1) and (—1,—1)

.. 2%
@iy 1. ZII-—k—xl_f
Ay
(-L1) Ly
2.
3.

® ®

@iD

(iif)

Let P(x)=(x —'a)z o(x). .

P (5)=0(s) 2(x-a)+(+-a) - (3
(- ) 20(3)+(3-a) ()]

P'(a) =0

So x=a isaroot of P(x}=0.

If y=mx is a tangent, then mx=3 ~L2 has a double root.
x

ie. mx’ =3x" -1

mx® =3x> +1=0

Let P(x) =mx® —3x" +1
P’(x) =3mx* —6x
By part (i), the double root x = must be a root of
3mx* —6x=0

3x(mx—2) =0

2
x=0 or x=—
' m

P(O) #0,80 x= 2 must be the double root.
m

m=12
So the tangents have equation y=+2x.




Question 14
()

TR

3 1
it A T —

Outer radius, R=1-x
Inner radius, ¥ =1-x~dx

L0

Height, h=y=

2x+1
Volume of typical slice:
§Vz7r(Rz —rz)h

=7r(R+r)(R—r)h

1

= (2 -2x—6x)(6%)-
7(2-20-8%)(8x) 50

1-x

=27 -Ox when Jx is sufficiently small

OR

Sx

2mr =27 (1-x)

1
oV =2n(1-x)
7[( x) 2x+1
1

V =lim 2 =% Ix
x50 2x+1

x=0

o
1-x

dx
2x+1
L]
1 3
"~5(2x+1)+5

=2r) —=—=dx
2x+1

=27

ol

~2s (_L;}u
J,U 2 2(2x+1)

I

=27rI:——J£+§-]n(2x+l)}
2 4

0
=27 —l+§-h13—0)
2 4

=%(31n3—2) units’

!

(b) (i) Period=2b

L

n
Fi2
n==
b

’ ‘
(if) Area:I bsin%xdx

0

=——1|cos—x
Fia b ],
bZ
=2 (11
—(-1-1)
2
_2 units®
7
3y i 2’ N
(iii) from part (ii), 6V =—35y V =lim E —3—2£y§y
T Sy—0 Vs
2(2x)" -
X
=77 5 32
r ==\ yay
8 "o
_ 2
. ~;x 5}’ _16(1 2714
3 —7[)' ]0
=2 (4ay)s
== (4ay)oy
=—33‘1y§y V=Ea3 units®
7 %

(¢) (i) BP subtends ecillal angles at N and L (converse of angles in same segment)

(i) ZPLC+ZAPMC=90°+90°
- =180°
-~ PLCM is cyclic (opposite angles are supplementary)

(iif) Construct BP and PM .
LPCM =/PLM =c (angles in same segment of circle PLCM)

LABP=/PCM =« (exterior angle or cyclic quad BACP = opposite interior angle)

(iii) Construct NL. .

£NLP+ £ NBP=180° (opposite angles of cyclic quad PLNB are supplementary)

ZNLP=180°-a
ZNLP+ £PLM =(180~a)+a

ZMLN =180°
ie. M, L, and N are collinear

NB: We can’t call ZPLM the exterior angle of PLNB until we know that MLN is a straight line.




Question 15

- ot d _dy dO
(ay (@) dx—acose d;/—bsme a0
x
—=—gsinf —=bhcosb
=bhcos0-
8 a9 o08 asin®
__bcosG
asin @
bcos@
—bsinf = ~~———(x—acosé
ymosm asinﬁ(; 4 )

aysin @ — absin® 6 = ~bxcos @+ abcos” §
bxcos @+ aysinf = ab (sinz  + cos” 6)
(+ab) xcos&+ysm¢9 _
a

b
. tacos@ ysind
=% + =1
() (x=%a) ot
M—:]:}:cosé’
b
__b(1$cos¢9)
Y
. 0 a’b(l—cosﬂ) 0 _'a,’b(1+cosﬁ)
sin@ siné

b(1—cos@) b(1+cosh)
ing] " [sing|
.3 (1 ~cos’ 0)
T sin’é
_ b*sin® O
T osin’6

(iii) Product of lengths =

=p* (whichisa constant)

(b) 1= J‘ xdx Other options:
1. Letu=1-x
= (l x)+1dx 2. Letu’ =1-x
Vi-x 3. Letx=sin®@ (messy)
_ .[ ( 1 x 2 + 1 x) : )dx 4. Integration by parts

! US| 1 "
Gy 1,.,-1, =J. ol a’x—J. X
o N1-x o Nl-x
! ¥yt
= J. dx
o Nl-x

(ii) I,~1= J. - xdy
0

_ 'm.i(x_"]dx

0 dx{ n
1 ot
——— Ill - n 1_ 2 _ld
L] [ 0
! "
=O+—1— x" dx
o 2n)ol-x
]/1—I ]/1:—L‘In
2n
2nl,, —2nl, =1,
2nl,, =(2n+1)1,
_.2n
" 2n4l !
© @ (a-b)20 Vab
at—2ab+b* 20
a*+b* 2 2ab

(i) From (i), tan’@+cos’@22tanfPcosf =2sind
tan® @ + cosec’ @ > 2 tan f cosec 6 = 2sec
cos’ 8+ cosec” @ > 2cos fcosecd = 2cot
Adding: 2(tan2 8+ cos?® 6+ cosec’ 19) >2(sinf +secd+cotd)

t‘am2 6+ cos® 8+ cosec’ @ > sin 8 +sec & +cot &




Question 16

3sinx
2+c08x

(@ (@O Let f(x)=
r(0)=
7(x) =14

2+cosx}(3cosx)—(3sinx)(—sinx) .
(2+cos )c)2 '

B (2+cosx)Z ~3cosx(2+cosx)~3sin’ x

(2+cos x)2

_ 4+4cosx+cos’ x—6cosx—3cos’ x—3+3cos’ x

(2+cosx)2

_ 1-2cosx-+cos” x
- (2+cos x)Z
_(1-cosx :
- (2 +cos x]
20 Vx
L f (x) >0 Vx>0 (starts at zero, and decreases monotonically)

3sinx 50

2+cosx
3sinx

<x for x>0
2+cosx

(ii) Let OB=OP=r
from AMOP, OM =rcosé and PM =rsiné

In ACMP, tana:—lﬂ
CM

. PM
CO+0M
_ rsin8
2r+rcos@
tang = SR8
2+4cosd
Qi) tana = 3sind
3 2+cosf

< gﬁ (from part §, since 8 > 0)

T
Also, for 0<a<-2—, a<tang .,

o < -
® Q) T=a+p T,=a"+p
-1 (a+p) ~20p

(i) Since x*+x+1=0 hasroots & and #, then:
+x"?=0 hasroots @ and # (and

-l

(xx"'2 ) X"+ x

a"+a" +a" =0

and ﬂ" +ﬂn l+ﬂ"_2 :0

aroot 0 of multiplicity n—2)

adding; (a" + ﬁ") + (a”" + 4 ) + (a”‘z + ﬁ"‘z) =0

L,+7,,+T,,=0
77;“_Tn~1_77y—z
OR
RHS=~T,~T,,
- (a +/3n1) (an~2+ﬂnl)
a" o
B |:(— —2)-’- JJ
a a
__ [a,.(Hza +p ,.[Hﬂﬂ
o B
=-[a"(-1)+p"(-1)] [l+a+a’ =1+p+p"=0]
"+
=T,
2z
(iii) Test n=1 and n=2: RHS=2005T=—1=TI=LHS

RHS=ZCOS4T”=—1=T2 =LHS

. true for n=1and n=2

Assume true for n=k and n=Fk+1:

2(k+1
ie. T, = ZCOSsz” and T,,, —2005¥

Prove true for n=k+2:
2(k+2
ie. Prove T}, = 2cos——£———l£

T

2 T

-7,

k+1

-1, (from part ii)

2k+\)z 2z

=-2c08 2 COST (by assumption)

2kn  2m 2km
=-2c08| —+— [-2cos—
3 3 3

2kr 2w . 2km . 2% 2k
=-2| c0§—— 08— —§in ——sin — + coS ——
3 3 3 3

—=cos—————sin——+

[ 1 - 2kn 3 . 2knx 2k7r]
=2 08—

)




il

1 2% 3. 2%kn
2| ——cos——+—sin—
2 3 2 3

2k 4w . 2km . 4Ax
= 2| c0OS—— 0§ — —§in——sin—
3 3 3

3

[2k7r 47:)

=2cos| —+—
3 3

= ZCOSM

.. True for n=k+2 when true for n=k and n=k+1

. By Mathematical Induction, 7, = 20032—2”5 for n=1,2,3,...

(iv)b %Tk =(—1)+(—f)+2+(—1)+(—1)+2+...

=-2 (since 2012 is two more than a multiple of 3)




