Mathematics
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General Instructions

¢ Reading time — 5 minutes

e Working time — 2 hours

e 'Write using black or blue pen

o Board approved calculators may be used
e ‘Write using black or blue pen

. Write your student number and/or name
at the top of every page

s All necessary working should be shown
in every question

o A table of standard integrals is provided
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Student RAME / TEMIDET  «eeeeeeorieeeieririinaeeeciinnanes
Student name / number  .......ociiiinann et

] Begin a new booklet Marks
Question 1 & Question 2 Begin a new booklet
(a) Find the value of Jf secxtanx dx, giving the answer in simplest exact form. 2
@ (&) Find the set of values of x for which the limiting sum of the geometric series 2
T+Inx+(nx)* +.. exists.
x*—4
©) Solve the inequality =0. 3
(b) A(S , \/é ) and B(SO R \/5_0 ) are two points. Find the coordinates of the point 3
(c)(i) Find the gradients at the point P(1,1) of the tangents to the curves y = ¥ 2 P(x,y) which divides the interval AB internally in the ratic 2: 1, giving the
and y=1-Inx. answer in simplest exact form.
(ii) Hence find the acute angle between these tangents, giving the answer correct 1
to the nearest degree.
(c)(i) Express cosx-— \/gsinx in the form Rcos(x+¢) where R>0 and O<a<%. 2
(ii) Hence solve cosx— \/5 sinx=-2 for 0<x<2x. 1
@
d) T(21‘ s tz) is a point on the parabola x*>=4y.
(i) Use differentiation to show that the tangent to the parabola at T' has gradient # 2
and equation rx—y—¢ =0.
(ii) Hence find the values of ¢ such that the tangent to the parabola at T passes 2
through the point P(1,-2).
M
ABCD is a cyclic quadrilateral. MAN is the tangent at 4 to the circle through
A,B,Cand D. CA bisects £BCD.
4

Copy the diagram. Show that MAN || DB, giving reasons.




Student name / numbEr  ...ooviiiiiiii e,

Question3 . Begin a new booklet

(2 Find %(x sin”x).

b) Consider the function f(x)=x+ 1 for x21.
x

(i) Show that the function f(x) is increasing and the curve y = f(x) is concave up
for all values of x>1.

(i) On the same diagram, sketch the graphs of y= f(x) and the inverse function
¥ = f"'(x) showing the coordinates of the endpoints and the equation of the
asymptote.

(iii) Find the equation of the inverse function y = f™'(x) in its simplest form.

(c) Use Mathematical induction to show that for all positive integers n>1,
1 2 3 n 1
— ==+t =]l-——
21 31 4 (n+1)! (n+1)!

Student name /number  .......ocooiiiiiinn.

Begin a new booklet

Question 4

(a)  Find J cos® dx dx .

®

AB is a chord of a circle of radius 1 metre that subtends an angle 6 at the centre

of the circle, where 0 < 8 < 7. The perimeter of the minor segment cut off by 4B -

is equal to the diameter of the circle.
(@ Showthat 8+2sinif —2=0.
(ii) Show that the value of 8 is suchthat 1<8<2.
(iii) Use one application of Newton’s method with an initial approximation of 6, =1

to find the next approximation to the value of , giving your answer correct to
1 decimal place.

25
© Use the substitution x =#?, # =0, to evaluate j ! dx, giving the
1 X+ \/;

answer in simplest exact form.
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Student name / AUMbET  ....oviiiiiiiiii s
Marks Marks
Question 5 Begin a new booklet Questicn 6 ‘ Begin a new booklet
(@) Consider the polynomial P(x) = x> — kx* + ke —1, where k is a real constant. (@ A particle is moving in a straight line. At time f seconds it has displacement
x metres from a fixed point O on the line, velocity v ms™ givenby v=2-x
(i) Show that 1 isaroot of the equation P(x)=0. 1 and acceleration o ms™ . Initially the particle is 4 metres to the left of O.
(ii) Giventhat or, ar#1, isasecondrootof P(x)=0, show that —1— isalso a 1 (i) Find an expression for ¢ in terms of x. 1
o
root of the equation. (i) Use integration to show that x=2—-6¢"" . 2
1
(iif) Show that o + Pl K —2k-1. 2 (i3i) Find the exact time taken by the particle to travel 4 metres from its starting point. 1
_\ (iv) Sketch the graph of x against 7 showing the intercepts on the axes and the 2
o equations of any asymptotes.
(b) Three numerals are chosen at random from the mumerals 1, 2, 3, ... ,9 toform « * )
a three digit code where order is important and repetition is allowed.
(i) Find the probability that all three digits of the code are different. 2 . . . . . . . .
(b) A particle is performing Simple Harmonic Motion on a straight line. Attime
{ii) Find the probability that exactly two digits of the code are the same. 2 ¢ seconds it has displacement x metres from a fixed point O on the line given by
x=2-+2cos2t.
(1) Sketch the graph of x against # showing the intercepts on the axes. 2
|
© 3 (ii) Show that the acceleration of the particle is given by ¥ =-4(x-2). 1
N (iif) Find the petiod of the motion. 1
] 40 (iv) Find the distance travelled by the particle in the first 2 seconds of its motion, 2
M L giving the answer correct to two significant figures.
x
0 )
P
4 j
A boat is sailing due North from point 4 to point B at a steady speed of 5ms™.
A marker buoy M on its route is situated 40 metres due West of a lighthouse L. K
‘When the boat is at point P at a distance x metres from M, the bearing of the
lighthouse from the boatis 6, 0<6<Z%.
() Showthat §=tan™ 4, ‘ 1 &‘
(i) Hence find the rate at which 8 is changing when x =20. 3 - |




Student name /number  ......oociiiiieeeeaas

Question 7 Begin a new booklet

(a) A particle is projected from a point O with speed ¥ ms™ atan angle 6 above the
horizontal where 0< 6 <% The particle moves in a vertical plane under gravity where

the acceleration due to gravity is g ms™. Attime ¢ seconds its horizontal and vertical
displacements from O are x metres and y metres respectively.

(1) Write down expressions for x and y in terms of ¥, 8, gand . Hence show that the 2

2 .
horizontal range R of the particle is given by R= V~sin20 ’
g

(ii) A lawn on horizontal ground is rectangular in shape with length 50 metres and 4
breadth 20 metres. A garden sprinkler is located at one corner S of the lawn. It rotates

horizontally, and delivers water at a speed of 20ms™ at angles of elevation between
15° and 45° above the horizontal. Taking g =10, find the area of the lawn that can
be watered by the sprinkler, giving the answer in simplest exact form.

(b)) Write down the binomial expansion of {1+ x)" in ascending powers of x. 1
(i) Showthat Y "C, =2"-1. 1
r=1
1 ntl n n C
(iii) Use integration and the answer to part (i) to show that —z MO = L. 4
n+1& T+l




Independent Trial HSC 2008 Mathematics Extension 1 Marking Guidelines

Question 1
a. Outcomes assessed : H5
Marking Guidelines
Criteria Marks
e writes primitive and substitutes for x 1
e evaluates in simplest surd form 1
Answer
E secxtanx dx = [secx]z =secF—secf =2~ 2
Z i
b. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
® writes an equivalent inequality not involving a variable denominator 1
» writes one inequality for x 1
¢ combines this with a second inequality for x 1
Answer
x*—4 By inspection of the graph,
=0 —2<x<0or x22
x

¢. Outcomes assessed : HS

Marking Guidelines
Criteria Marks
i o finds gradient of tangent to y = x> at P 1
o finds gradient of tangentto y=1-Inx at P i

ii e finds the acute angle between the lines correct to the nearest degree

Answer
- y=x y=1-Inx
x=1=>%=3 x=1=>%=—

Tangent at P(l , 1) has gradient 3 Tangentat P (1 > 1) bas gradient -1

3—(=1)
1+3%(=1)

ii. tanf= =2 => 0=63° (to the nearest degree)

d. Outcomes assessed : PE2, PE3

Marking Guidelines
Criteria . Marks
o explains why angles BAN, BC4 are equal 1
¢ explains why angles DCA, DBA are equal 1
» uses the equality of angles BCA, DCA to complete proof that angles BAN, DBA are equal i
¢ quotes test for parallel lines to deduce tangent MAN is parallel to BD
Answer
B ZBAN = £BCA (angle between fangent and chord
drawn to point of contact is equal
c to angle subtended by the chord in
the alternate segment)
N Z£BCA=/DCA (given that AC bisects ZBCD)
£DCA = £DBA (angles subtended at the
D circumference by the same orc DA
are equal)
A S MAN |\ DB  (equal alternate angles on
transversal BA since
M ZBAN = /DBA)
Question 2

a. Outcomes assessed : H3, H5

Marking Guidelines
Criteria Marks
o writes condition on common ratio Inx for existence of limiting sum 1
o solves this inequality for x 1

Answer

Limiting surn of geometric series 1+ Inx+(nx)* +... existsfor —~l<lx<1
el<ce <e
1

. since f(x)=¢" is an increasing function,

-2 < x <e
b. Outcomes assessed : H5
Marking Guidelines
Criteria Marks

o finds x coordinate of P 1

o finds y coordinate of P as the sum of two surds 1

e simplifies surd expression for y !
Answer

A(s,J§) B(SO,\/S_O_) . 236, 1042 +242
3
2+ 1 P36, 42 )
10048 2450++8
2+1 ° 2+1




c. Outcomes assessed : HS

Marking Guidelines
Criteria Marks
i o finds value of R 1
e finds value of & . 1
ii » solves equation for x 1
Answer
i. cosx~ \/gsinx = 2(%cosx - %sinx) ii. cosx— \/‘;sinx =-2, 0x<2x
=2(cos§cosx-—sin%sinx) cos(x+—73£)=—l, FSx+5<2m+3
Z=
=2003(x+1§—) x+3=w
x=2=
3
d. Outcomes assessed : PE3, PE4
Marking Guidelines :
Criteria Marks
i e shows by differentiation that tangent has gradient ¢ 1
o finds the equation of the tangent 1
ii » substitutes coordinates of P to write equation for ¢ 1
o solves equation for ¢
Answer
; y=r =>éy—=2t i P(l,—Z) lies on this tangent if
i’; t+2-£=0
x=2t =>E=2 £-t-2=0
& & dx E-2)¢+)=0
S—= = = =—
od & t=2 or t=-1
Tangent at T (2t , t2) has gradient
and equation y —1* =#(x ~2f)
y—£#=n-2¢
x—y—t =0
Question 3
a. Outcomes assessed : PES, HE4
Marking Guidelines
Criteria Marks
o applies the product rule, obtaining first term 1
 obtains second term by deriving inverse sine 1

Answer

%(xsin“x)=sin'lx + —

b. Outcomes assessed : H5, HE4

Marking Guidelines
Criteria Marks
i eshows f(x) isincreasing for x>1 1
o shows the curve y= f(x) is concave up for x> 1 1

ii e sketches y= f(x) showing endpoint and asymptote y=Xx

-t

o sketches y = f'(x) showing endpoint and asymptote
iii » makes x the subject
« interchanges x and y to find equation of inverse function

-

Answer

i.f(x)=x+-1— for x21
x

f'(x)=l—iz>0 for x>1
x
~ f(x) is increasing for x>1
f"(x)=ls>0 for x>1
X

s y= f(x) is concave up for x>1

iii. y=x+l , x21land y22
x

Rearrangement gives ¥} -xy+1=0, x21and y22

+ \/ P-4
Considering this quadraticin x: x= Z——;——, x21and y22
2
—\Jy* -4 . . .
Clearly thebranch x= y—-—;—— contains points for which x <1.

+4y*—4
Hence expressing x as the subject of y = f(x), x=y—y——, yz2.

2
+x -4
Interchanging x and y, the inverse functionis f (x)= E—;—C——— ,x22
¢. Outcomes assessed : HE2
Marking Guidelines
Criteria Marks

o verifies truth of statement for n=1

o expresses LHS of S(k+1) in terms of LHS of S(k)

» expresses LHS of S(k+1) in terms of RHS of S(X), conditional on truth of S(k)
o completes algebraic rearrangement to show S(k+1) is true if S(k) is frue

e

Answer

Define the sequence of statements S(n), n=1,2,3,... by S(n): —1—+2-+-3—+...+ LI Y 1
21 31 4! (n+1)! (n+D)!




1 1 . 1.1 :
Consider S(1): LHS:%:E RHS=1-=1->=> =S istme
1.2 .3 k 1 o

S(k) is true : —pE 44 b=
If §(F) is true 2R T kA (kD)

Consider S(k+1): LHS:{—I—+2+3+ P }+ k+l

20731 4 T (k+ D (k+2)
={1—-—1——}+ k+l if S() is true, using **
;+D! T k)
L k+2 k4l
G+ 2D (k+2)!
L kE2=(+D
T &+
~ 1
T (k+ 2
= RHS

Hence if S(k)is true, then S(k+1)is true. But S(1) is true, hence S(2)is true, and then S(3)is true
and so on. Hence by Mathematical Induction, S(n) is true for all positive integers n>1.

i. Using cosine rule, 4B* =1’ +1* —2cosf

Question 4
a. Outcomes assessed : H8
Marking Guidelines
Criteria . Marks
o expresses integrand in terms of cos8x 1
o finds primitive function 1

Answer

jcosz dx dx= j—é—(1+c058x) de = %x+%sin$x+c

b. Outcomes assessed : H5, PE3

> Marking Guidelines
Criteria Marks

i ® uses cosine rule and trigonometric identity to find 4B in terms of sin16 1

o adds arc length to 4B, equating sum and diameter to obtain required equation !
ii eshows f(I) and f(2) have opposite signs 1

o uses continuity of £(8) to deduce equation has root between 1 and 2. 1
iii » applies Newton’s rule, substituting 6=1 1

o evaluates expression to obtain next approximation, giving result correct to 1 dec. place 1

Answer

i Let f()=0+2sint6-2
AB* =2(1-cos6) F(1)=—1+2sint~—0-04<0
=4sin’16 f(2)=2sin1=1-68>0
. AB=2sinlf Since f(6)is continuous,
. Perimeter = diameter = 6+ 2sin8=2 f(6)=0 for some 1<6<2.
§+2sin10-2=0

i, f(@)=0+2sint6-2
F(@)=1+cos28

0.=g - 1O g <1 —lt2sing
(8, ! 1+coss

50,=1-0 (o1 dec. place)

¢. Outcomes assessed : HE6

Marking Guidelines )
Criteria Marks
o writes dx in terms of du 1
o writes integrand in terms of # and changes limits to u# values i
» finds primitive function 1
o evaluates in simplest exact form
Answer
=12 >0 25 5
x=us U 1 ge= | L ouaw
dx=2udu . x+x , wu+)
5
x=1 =u=1 =2[In(u+ D],
x=25=u=5 =2(In6~-In2)
=2In3
Question 5
a. Outcomes assessed : PE3
Marking Guidelines
Criteria | Marks |
i eshows P(1)=0 1
ii e uses product of roots is 1 to deduce 3% root is reciprocal of & 1
iii ® writes sum of squares of roots in terms of square of sum and sum of two-way products 1
o uses relationships between coefficients of polynomial equation and its roots 1
Answer
i P(x)=x" -k’ +kx—1 i, o+ +yi=(o+B+y) -2af+ By +)

P)=1-k+k-1=0
ii. Product of the roots is 1.
Hence if the roots are 1, &, 3,

then aff=1. .. % is the 3™ root.

.~.a2+#+12=k2—2k

a2+$=k2—2k—1




b. Outcomes assessed : HE3

Marking Guidelines )
Criteria Marks
i e counts the number of codes with all three digits different 1
o divides by the total number of codes to find the probability }
ii » counts the number of codes with exactly two digits the same 1
o writes the probability of such a code
Answer
. . Ox8x7T 56 ii. Consider code of form A, A,B or A,B,A or B,A,A
i. P(all differenty= 9%9x9 = T Number of such codes is Ix8x%3
9x8x3 8
P tly two th = =—
(exactly two the same) 9%x0x0_ 27
¢. Outcomes assessed : HE4, HES
Marking Guidelines
Criteria Marks
i efinds @ interms of x 1
ii ® derives 6 with respect to x 1
o finds the derivative of 6 with respect to ¢ in terms of x }
o states the rate at which @ is changing when x =20
Answer
i tno=% 6 0<6<% . 40 _do dr
- 0= tan’l 4_3‘(:)_ dt dx dt
__1_ g
PR
=200
x*+1600
Sx=20 =>f?—9—=——L
dt 10

8 is decreasing at arate of 0-1 radians per second.

Question 6
a. Outcomes assessed : H3, HE3, HES
Marking Guidelines
Criteria Marks
i efinds ainterms ofx 1
ii e finds fas a function of x by integration 1
o rearranges to find x as a function of ¢ 1
iii ® finds t when x =0 1
iv @ shows intercepts on the axes 1
e shows asymptote x =2 1

Answer
i v=2-x ax
i Eoay ._t=m{%__
a=v < dt 6
it_ = 1 . _2-x
=2-x).(-1) H 2—x e = 3
=x—2 t=-InA(2—x), A4constant 6 =2—x
t=0 =}6A=~‘11 x=2—-6¢"
x=-4 A=+
iii. When ¢=0, x=—4 .~.v>0 iv.
Particle is initially moving right, and it continues x ﬂ‘ =2
moving right approaching x =2 . 2 =TT oo=s
Hence particle has travelled 4 metres from its /
starting point when x=0 . 0 123 :
x=0 = ~t=In}.
. particle travels first 4 metres in In3 seconds. x=2—6e"
—4
b. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks
i e skeiches curve with correct shape and position showing intercept on x axis 1
o shows intercepts on # axis for at least one period 1
ii e differentiates to find ¥ as a function of ¢, and bence as a function of x 1
iii e states the period of the motion 1
iv e finds x when £ =2 1
o states the distance travelled in the first 2 seonds 1
Answer
i. iil. x=-4sin2¢
XA 5c'=—4(20052t)
x=2+2cos2t
4 =-4(x-2)
2 iii. Periodis 7 seconds
o F F ¥ 7 o¥ FoTow

iv.t=2 =>x=2+2cos4=0-69
But §<2<3T”

. Hence by inspection of the graph, particle has travelled 4.7 m (correct to 2 sig. fig.)




Question 7
a. Outcomes assessed : HE3

Marking Guidelines
Criteria Marks
i e writes expressions for x and y 1
o finds x when y =0 and hence required expression for R 1
ii ® calculates R for V' =20 when 8=15°, 0=45° 1
o identifies region that can be watered 1
o finds the area of at least part of this region 1
o finds the total area in simplest exact form 1
Answer
i. x=VtcosB y=—1gf*+Vtsinf y=0,t#0 = Vsinf=1gt
x=R when y=0 and %0 t_ZVsine
g
R= V?(2sinfBcos) _ V”sin20
h g g
i, V=20, 8=15° = R=20
V=20, 8=45° = R=40
F The area of lawn that can be watered is shaded on the
diagram.
120 Since cos LZESA=2, LESA=% and LASB=% .
' Area = Sector ABS + AAES — Quadrant ECS
E =1x40°x % + 1 %40 x 20sin % — L x 7w % 207
20 =100xZ+2003
Areais 100 (% +243 ) square metres.
0B 20 ¢ 20 S
b. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks
i e writes binomial expansion 1
ii e substitutes x =1 to deduce required result 1
iii @ finds primitive of LHS of i. 1
o finds primitive of RHS of i. 1
o evaluates definite integrals of LHS and RHS between limits 0 and 1 1
o uses result from ii. to deduce required result 1

Answer
i

n_n n n 2 n n 1 1
A+ )" ="C+ "Cx + TCx 4+ TG [+ ] =["Cpr+"C 38 + .4 7C, ke |

11 nZﬁx
x=1= 2"="C,+"C,+"C, +..+"C, A2 -1)=C 411G HC e,
n 1 ntl n ”C
But "C,=1 .3 "C,=2"-1 L——=>™C =Y —~ (usingi. with n—>n+1)
r=l n+1r=l r=0 r+1




