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Student name /number ...

Marks
Question 1 Begin a new booklet
(@)  Find lim S2%% 2
x—0 2x
2 3
e e <[ e
b Find the limiti f the geometri i +—— 1 + +.. 2
b) ind the limiting sum of the geometric series (e+l] [e+l-j (e+1]
(c) Tﬁe equati'on x3‘+ 2% +A3x +6=0 hasroots ¢, 8 and ¥ Find the value of 2
1 N 1 + 1
o« By
) Find the acute angle between the lines y=2x and x+ y= 3=0 , giving the 2
answer correct to the nearest degree.
(®
B
C
F
D B 4
AB is a diameter of the circle and C is a point on the circle. The tangent to the
circle at A meets BC produced at D. E is a point on AD and F'is a point on CD
such that EF is parallel to 4C.
(i) Give areason why ZEAC = ZA4BC . 1
(i) Hence show that EABF is a cyclic quadrilateral. 2
(iii) Show that BE is a diameter of the circle through £, 4, B and F. N 1
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Question 2 Begin a new booklet Question 3 Begin a new booklet
z . o (a)
(®) Evaluate ff sec2x tan2x dx, giving the answer in simplest exact form. 2 VA
y = sinx
(b)  Find the number of ways in which 3 boys and 3 girls can be arranged in a line so that 2
the two end positions are occupied by boys and no two boys are next to each other. y=cosx
»
x
(© A(—Z s 3) and B(6 ,— 1) are two points. Find the coordinates of the point P that - 2
divides the interval AB internally in the ratio 3 : 2. The region bounded by the curves y =cosx and y =sinx between x=0 and 2
x=% isrotated through one complete revolution around the x-axis. Find the
volume of the solid of revolution.
(d) Use the substitution ¢ = tan% to show that Y - cot3‘2— . 2
—CcosX
(b) Use Mathematical Induction to show that for all positive integers n =2, 4
. 3
© - IX1 4 32 + 4x3 + . 4n(n-1) = 2D
Y A 3
x = 4ay
N
M P(2 2) (©) Consider the function f(x)=(x+2)*-9, -2<x<2.
at, at
N (i) Find the equation of the inverse function f'(x). 1
(i) On the same diagram, sketch the graphs of y = f(x) and y= f7(x), showing 3
clearly the coordinates of the endpoints and the intercepts on the coordinate axes.
P(2at , atz) is a point on the parabola x* = 4ay . The normal to the parabola at 2
cuts the y-axis at N. M is the midpoint of PN. (iif) Find the x-coordinate of the point of intersection of the curves y = f(x) and 2
y=f (ic) , giving the answer in simplest exact form.
(i) Use differentiation to show that the normal to the parabola at P has equation 2
x+ty=2at+at’.
(ii) Find the equation of the locus of M as P moves on the parabola. 2




Student name / number

Question 4 Begin a new booklet

(2)

®

(©

Bob chooses six numbers from the numbers 1 to 40 inclusive. A machine then
chooses six numbers at random from the numbers 1 to 40 inclusive. Find the
probability that none of Bob’s numbers match the numbers chosen by the
machine, giving the answer correct to 2 decimal places.

. . 2 5 sin2x ..
Use the substitution u =sin°x to evaluate ————dx , giving the answer
z l+sin"x
in simplest exact form.
0

A

AOB is a diameter of a circle with centre O and radius 1 metre. AC is a chord of

the circle such that ZBAC =6, where 0 <6 < % The area of that part of the circle k

contained between the diameter AB and the chord AC is equal to one quarter of the
area of the circle.

(i) Show that 6 +1sin20 ~Z=0.
(i) Show that 0-4<6<0-5.

(iii) Use one application of Newton’s method with an initial approximation 6, =0-4

to find the next approximation to the value of 8, giving your answer correct to
2 decimal places.

Student name / number

Marks
Question 5 Begin a new booklet
(a)  Consider the function f(x)=tan™(x-1).
(i) Sketch the curve y = f(x) showing clearly the equations of any asymptotes and 2
the intercepts on the coordinate axes.
(ii) Find the equation of the tangent to the curve y = #(x) at the point where x =1. 2
(b) A particle is moving in a straight line. After time  seconds, it has displacement
x metres from a fixed point O in the line, velocity v ms™ given by v = \/; and
acceleration a ms™. Initially the particle is 1 metre to the right of (.
(i) Show that ¢ is independent of x. 1
(ii) Express x interms of 7. 2
(i) Find the distance travelled by the particle during the third second of its motion. 1
©
D
A
B
A vertical tower CD of height 15 metres stands with its base (' on horizontal ground.
4 is a point on the ground due South of C such that the angle of elevation of the top
D of the tower from A is & radians. B is a variable point on the ground due East of
such that the angle of elevation of the top D of the tower from B is o radians, where
0 <o <% . The value of ¢ is increasing at a constant rate of 001 radians per second.
(i) show that 4B =15cosecex. ) . 2
(1) Find the rate at which the length 4B is changing when o = Z. 2
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Question 6 Begin a new booklet Question 7 Begin a new booklet
(a) A particle is performing Simple Harmonic Motion in a straight line. At time (a)
t seconds, it has displacement x metres from a fixed point O in the line, velocity y4
vms™ givenby v=-12sin(27+ %) and acceleration % ms™. Initially the
particle is 5 metres to the right of O.
4 + (288, 64)
(i) Show that ¥ =—4(x-2). 3
(i) Find the period and the extremities of the motion. 2 0
(ii) Find the time taken by the particle to return to its starting point for the first time. 1 0 j

A toy rocket is projected from a point O with speed ¥ ms™ at an angle 8 above the
(b) After ¢ hours, the number of individuals in a population is given by

01 horizontal, where 0 < 8 < Z. The rocket moves in a vertical plane under gravity where
N =500-400e ",

the acceleration due to gravity is 10 ms™. After 8 seconds the rocket hits a target at a

(i) Sketch the graph of N as a function of ¢, showing clearly the initial population size 2 horizontal distance 288 metres from O and at a height 64 metres above O.
and the limiting population size.

(i) Use integration to show that after time ¢ seconds, the horizontal and vertical 2
. dN ; d tively, ; b
(ii) Show that “— =0-1(500—- N). 1 displacements of the rock?t from ?’ x metres and y metres respectively, are given by
dt x=Vtcos® and y="Vising -5
(iii) Fmd the population size for which the rate of growth of the population is half the 1 (if) Find the exact values of ¥ and 6. v 3
initial rate of growth.
(1i1) Find the velocity of the rocket just before impact with the target, giving the speed "3
correct to the nearest integer and the angle to the horizontal correct to the nearest degree.
() Ifcos'x—sin'x=k, where - Z<k< %’5 , showthat x= %(cos% - sin%) . 2

(b)) By considering the term in x” on both sides of the identity (1+x)™" = (1+ x)"(1+x)", 2
show that """C, = 2 "C,"C,_, , for 0<r<m and 0<r<n.
k=0
(11) Hence ShOW that m+lC0 nC2 s m+]Cvl ncl + m+1C2 nCO - mCO n+IC2 + mcl rﬁ-lCl + mC‘2 n+1C0 2

for m>22 and n>2 .




Independent Trial HSC 2009  Mathematics Extension 1 Marking Guidelines

Question 1

a. Outcomes assessed : HS

Marking Guidelines
Criteria Marks
* rearranges in terms of known trigonometric limit 1
o evaluates limit 1
Answer
fim S22 3 g ST 5y 3
x>0 2x »=0 3x
b.‘Outcomes assessed : H5
Marking Guidelines
Criteria Marks
e identifies ¢ and r for the G.P 1
e applies formula for limiting sum 1
Answer
2 3
e e . .
T LN . is G.P. with a=—— , and re=— = 0<r<l
e+1 e+l e+l e+l e+1
L . a e 1
*, Limiting sum is = + =e
I-r e+1 e+l
¢. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
* expresses sum of reciprocals of roots in terms of sums of products 1
= evaluates using relationships between roots and coefficients 1
Answer
1 1 1 +ya+a 3 1
o,  and ¥ roots of x* +2x* +3x+6=0. L=t =t = &)’—q = — =-=
o By afy -6 2
d. Outcomes assessed : HS
o Marking Guidelines
Criteria Marks
* substitutes values of gradients into formula for tangent of acute angle between the lines 1
¢ evaluates required angle 1

Answer
) o 2-(-D
Acute angle 9 between lines y=2x and x+y-3=0 is given by tan@= IT(S =
+2.(~

w0 =72° (to the nearest degree)

e. Outcomes assessed : PE2, PE3
Marking Guidelines

Criteria Marks
i e quotes alternate segment theorem 1
ii e gives a sequence of deductions resulting in a test for a cyclic quadrilateral 1
e justifies these deductions by quoting geometric properties and tests L
iii ® explains why BE subtends a right angle at 4 or at ¥ !
Answer
B _ 1. The angle between the tangent at 4 and the chord AC
is equal to the angle subtended by that chord in the
alternate segment, hence ZEAC = ZABC .
C
¥ il. ZEAC = £LDEF  (Corresp. Z's with parallel lines AC,
EF are equal)
W LDEF = ZABC (Both equal to ZEAC)
-~ EABF is cyclic (Exterior £ equal to interior opp. /)
D E 4 :
Let O be the centre of the circle, iii. ZBAE =90° (Tangent to circle ABC at 4 is

perpendicular to radius OA drawn
fo point of contact)

.~ BE is a diameter (subtends right £ at circumference)

of circle EABF.
Question 2
a. Outcomes assessed : H5
Marking Guidelines
Criteria Marks
o finds primitive 1
& evaluates in surd form 1
Answer
J.i sec2x tan2x dx = %[seon] L %(\E - I)
0 0
b. Outeomes assessed : PE3
Marking Guidelines
Criteria Marks
¢ counts arrangements for one possible pattern of B’s and G’s 1
¢ adds number of arrangements for the second possible pattern of B’s and G’s 1

Answer

BGBGGB or BGGBGB  ..2x3!x3!=72 ways




¢. Qutcomes assessed : HS
Marking Guidelines

Criteria Marks
¢ finds x coordinate of P 1
e finds y coordinate of P 1
Answer
42.,3) B(6,-1)
3 : 2
. i 14 3
, Ix6+2%(=2)  3X(-D)+2x3 .. P has coordinates P( T, 5)
3+2 ’ 3+2
d. Outcomes assessed : H5
Marking Guidelines
Criteria Marks
e simplifies 1~ cosx in terms of ¢ 1
* completes simplification of given expression in terms of 7 to establish required result 1
Answer
t=tang 1-¢ sinx 2 147
l-cosx=1-— 5 = T X ——~
1+1 I-cosx 1+ 2f
o _1
1+ t
. 2t = cot%
Smx = 5
1+
e. Outcomes assessed : PE3, PE4
Marking Guidelines
Criteria Marks
, dy . 1
i o finds pr as a function of ¢
X
o finds equation of normal in required form i
ii ® finds coordinates of M 1

» finds equation of locus of M

Answer
1.

y=af = dy =2at . Normal at P has gradient —% and equation
dt .'.Q=ﬂ+§=t y~at1=—%(x~2az‘)

dx dx dt dt

x:2at=>Z=2a ty—at’ =—x+2at

x + ty=2at+at’
ii. N(0,2a+ar*)

M(at ,a+at® ) Locus of M has equation y=a+ a(%)z

P(Zat,atl) *=a(y—a)

Question 3
a. Outcomes assessed : HS

Marking Guidelines

Criteria

Marks
¢ writes definite integral for the volume in terms of cosx and sinx 1
¢ evaluates the integral. 1
Answer
y = 5 2 .2
Y= cosx V=nm Jz(cos' xX—sin x)dx
cosx r . :n_}.?costdx
T sinx 0
| I =%ﬂ[sin2x]g
=57 (1-0)
Volume is £ cubic units.
b. Outcomes assessed : HE2
Marking Guidelines
Criteria Marks
¢ defines an appropriate sequence of statements S(#) and shows the first member is true 1
® writes the LHS of S(k +1) in terms of RHS of S(k), conditional on truth of S(k) 1
e rearranges conditional expression for LHS of S(k+1) to obtain RHS 1
e completes proof by Mathematical! Induction 1

Answer
Let S(n), n=2,3,4, ..., be the sequence of statements defined by

2._.
S(n): 2x1 + 3X2 + 4x3 + .. +n(n-1) = ”(”—31—)

. 222 -1) .
Consider S(2): LAS=2x1=2; RHS=——-t=2., Hence S(2) is true.
If S(k) is true : 2X1+3X2+4X3+...+/€(/€—1)=M3———12 *

Consider S(k+1):  LHS={2x1+ 3x2 + 4x3 + ... + k(k—D}+(k+ 1k

=ﬂ;"—1) + (k+1Dk if S(k) is true, using *,
k(e + D) {(k~1)+3}

- 3
(e+){k? + 2k}

e
e+ D{(k+17 -1}

e

= RHS
Hence if S(k) is true then S(k+1)is true. But S(2)is true, and hence S(3) is true and so on.
Hence by Mathematical Induction, () is true for all positive integers n > 2,




c. Outcomes assessed : HE4
Marking Guidelines

e simplifies exact answer

Criteria Marks
i erearranges and interchanges x and y to obtain equation of inverse function 1
ii e sketches graph of y = f(x) showing endpoints and intercepts 1
e sketches inverse function by reflection in y = x %
e shows endpoints and intercepts for inverse function
1ii e writes equation for x 1
e solves for x in simplest exact form 1
Answer
i f(x)=(x+2)-9, —2<x<2, ii. Graphs of inverse functions are
(x+2)"=y+9 and 0<x4+2<4 reflections of each otherin y=x
X+2=+y+9 "
x=~2+4y+9, -9=5y<7 y=x
Wxey = fE)=2+Vx+9, ~9<x<7 @7 .
: : 2 7,2
iii, Graphs intersect on the line y = x. y=f7% 1 - (12)
2 o N
Hence (xj—2) -9=x 5 /0 1 >
x +3x-5=0 (-9,-2) ’
s
_ / s y=S(x)
Lx>0=x= 329 7 /
2 (_2’ _9)
Question 4
a. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks
 writes expression for probability in terms of binomial coefficients 1
e evaluates required probability 1
Answer
34
P(none in common) = 4006 =0-35 (to 2 decimal places)
6
" b. Outcomes assessed : HE6
Marking Guidelines
Criteria Marks
¢ writes du in terms of dx and converts limits for x into limits for 1
o finds equivalent definite integral in terms of u 1
o finds primitive and substitutes limits i

Answer

¥ sin2x il

a2 _— = _—
u=smox J@ 1+sin2xdx JL 1+udu
dy = 2sin xcosx dx 4 : N
du =sin2x dx = [hl(l + u)]i
_n 1
x=% =u=< —ln%—]ng
x=% =>u=% =]n%

c. Outcomes assessed : HS, PE3
Marking Guidelines

Criteria Marks

1 o finds area of A4OC in terms of sin28 1
¢ uses area information to complete equation for I
il o shows that f(0-4), f(0-5) have opposite signs 1
e notes that /* is continuous, and deduces equation has one root 8, 0-4<0<0-5 1
iii ® applies Newton’s rule to write numerical expression for next approximation 1
o evaluates this approximation 1

Answer

i. LOCA=06 (Z's opp. equal sides are equal in AAOC)
LAOC =720 (Lsumof Ais w)
ZBOC =20 (adj. supp. £'s addto &)
Area sector BOC + Area AAOC = % Area circle

SEX P X204 X P xsin(m—20) =i x g x 1
6+1sin20 —Z=0

!

ii. Let f(6)=6+4sin20 —Z ifi. Since f(8)=1+cos20,

F(0-4)=-0-03<0 , , 6~0.4_70%

£(0-5)= 0-1450 and f is continuous F0-4)
Also f/(8)=1+4c0s26 >0 = f monotonic increasing 0.4 -0-0267
~ f(8)=0 for exactly one value of 8, 0-4<6<0-5 1.6967

=042 (to2 dec. pl)

Question 5
a. Qutcomes assessed : HE4
Marking Guidelines
Criteria Marks
i e shows correct shape and asymptotes 1
¢ shows intercepts on coordinate axes 1
.. a
ii @ finds d—y and evaluates for x =1 1
i
e finds equation of tangent 1
6




Answer

1 ii.  y=tan'(x-1)
dy__
de 1+ (x—1)?
.'.—dlzl when x=1
dx

- Tangent at (1 s 0) has gradient 1 and

equation y=x-1

b. Outcomes assessed : HES
Marking Guidelines

Criteria Marks
1 e shows by differentiation that @ is constant 1
il ® integrates to find a primitive function for ¢ in terms of x 1
o evaluates constant of integration using initial conditions then writes x as a function of ¢ }
iii ® evaluates x at /=2 and £=23 to find distance travelled in third second.
Answer
i ov=r =ir=ly L =0 .,
B dt x=1
.'.azi(ivz)=i for all x dt .
A Loyt wt=2x -2
Hence a is independent of x. dx l x=L(t+ 2)1
t=2x*+c ‘
iii. Between =2 and ¢=3, particle moves right from x =4 to x = %
Distance travelled in third second is 2-25m.
¢. Outcomes assessed : H5, HES, HE7
Marking Guidelines
Criteria Marks
i o finds AC and finds BC in terms of cota 1
e uses Pythagoras’ theorem and an appropriate trig. identity to find 4B in terms of cosecox 1
ii « differentiates 4B with respect to ¢ using chain rule or implicit differentiation %
o substitutes given values and interprets result
Answer
D i In AACD, ii. When =%,
LDAC=ZADC=% 4B dot
L AC=15. 7——-15COSCCOCCOT.(X“;{Z—
In ABCD, BC=15cotex.
~In A4BC, =-15X £ x4x0-01
AB> =15" + 15 cot’ &t o1 vV
=15 2 T
1+ C?t ) . AB is decreasing at a rate of
=15%cosec’ar

0-1ms™

» AB=15coseco

Question 6
a. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks
ie integrates v with respect to ¢ to find expression for x 1
* uses initial conditions to evaluate the constant of integration, giving x as a function of ¢ 1
e differentiates v with respect to 7 to get % then expresses % in terms of x 1
ii e states period 1
¢ states extremities 1
1ii e solves trig. equation to find time to first return 1
Answer
i v =-12sin(2¢ +%) ii. Periodis # seconds. —4<x<8
x=6cos(2t+ %)+ ¢ ¥ =-24cos(2t+%) . x=35=cos2r+3)= %
t=0, x=5=c=2 A+E=5,2m-5,..
x =2+ 6c0s(21+ %) R | ) 1=0, &,

First return after £ seconds.

b. Outcomes assessed : HE3
Marking Guidelines

Criteria Marks
i e sketches graph of correct shape with correct vertical intercept
¢ shows asymptote for limiting population size
ii e differentiates with respect to ¢
iii ® writes and solves equation for N'

e s

Answer
i il. iii.
N N =500 —400e 0 Initial rate of growth is
dN "y 0-1(500—-100)=0-1x 400
500 o 0-1x400e -, want N such that
= 0-1(500— ) 0-1(500-N)=0-1x200
500~ N =200
100 N =300
0 I3
¢. Outcomes assessed : H5, HE4
Marking Guidelines
Criteria Marks
® uses inverse trig. identity to simplify equation . 1
* uses trig. expansion to evaluate x in terms of k& 1
Answer
cos'x—sin" x =k, —%Sks% .'.2005"x=k+% .'.x=cos§cos%—sin§sin%
cos™ x+sin” x = % cos” x= §+ = = —J%(cos—lzi - sin%)

x= cos(§+ )




Question 7
a. Outcomes assessed : HE3

Marking Guidelines
Criteria Marks
1 e uses integration to find expressions for % and x 1
e uses integration to find expressions for y andy 1
ii e writes simultaneous equations for ¥ and 8 1
e finds the value of ¥ 1
e finds the value of 9 1
iii e finds the values of % and  just before impact . 1
¢ uses Pythagoras’ theorem to find the magnitude of v 1
e uses trigonometry to find the direction of v as an angle relative to the horizontal 1
Answer
i
= j=-~10
F=0 x =Vicosf+c, y y=-5+Visinf+c,
=0 y=-10t+c,
¥=c =c =0 t=0
! x=0 2 t=0 . =c,=0
sx=Vcosd . [T 6=V sind y=0
o x =Vtcosf y=Vsmnf . = Vising — 57
sy =—10t+Vsind nrE
ii. When =38
x=288] _ 8P cosd=288 V7 (cos® B+ sin” 0) = 36 + 48 tanf =45 = %
y=64 8V sinf =384 V=60 6=tan" %
iii. When 7 =8 v} =36 +322 tang =1
L 3
k=60x1=36 _— \/14—5

7=-80+60x4%=-32

o =41.6°

Velocity of rocket just before impact is approximately 48 ms™ inclined at 42° below the horizontal.

b. Outcomes assessed : HE3 .
Marking Guidelines

Criteria Marks
i e writes a typical term in x" in the expansion of the RHS of the identity i
e collects like terms to find coefficient of x”, then equates to coefficient of x" on LHS !
ii » writes single binomial coefficient for sum on LHS 1
o writes single binomial coefficient for sum on RHS then deduces result 1

Answer

i. (1+x)’”+" :(1+x)111(1+x)11
For0<r<m and 0<r<n,

terms in x” in expansion of the RHS have the form ’"Ckx" X "Cr_kx’”k , k=0,1,2,..,r.
Collecting such like terms gives the coefficient of x” as "C."C._,.

k=0
The coefficient of x” in the expansion of the LHS is e

;
Hence equating coefficients of x" on both sides of the identity gives e = 2 "C"C_, .
k=0
ii. Usingi., for m=2 and n=2,
m+lC-0 nCv2 + m+IC1 "C] + mHCZ nCO :(m+l)+n Cv2 and mco n+lC2 + mCul n+lC] + mcz n+lC0 - m+(n+])C2
. ot n ekl n ni-+l ” _m n+l m n+l m ] _. mtntl
UGG+ G C + NG, "C =0 IC, + " MM + G C, = C,

10




