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Section T

10 Marks .

Attempt Questions 1-10.

Allow about 15 minutes for this section,

Use the multiple-choice answer sheet for questions 1-10.

Marks

. 7, sin(%x)
1 What is the value of lim—22-4 7
=0 2

(a) o j
® %
© 1
@ 4

2 In the diagram below, 4B is a diameter of the circle. Cis a point on the circle such that

" AC=%A4B . Disapoint on the circle. What is the size of ZADC 7
c ‘

NOT TO SCALE

@ 15
By 30
© 45
@ 60

3 The equation x*+bx* +ex+d=0 hasreots o, f and 7.

What is the value of -—l~+-i-+—[- 2
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Student name / number Student name / number

Marks
4 Which of the following is equal to log, x ? i d ..
() -log,x _ ‘ 8 Which of the following is an expression for Esi.l:t’1 (2x— l) ‘?
B log, x : :ix(x—l)
. 1 »
© ® :
log, x 2 x(x - l)
®) log,x - : ' , 1
©
: 2dx l-x)
1
) T )
5 Four different coloured, fair dice are rolled together. In how many ways can exactly two 1 x( T
‘sixes’ occur?
(A) 25
B) 100
© 1 50 9 The side xem of a cube is decreasing in such a way that the volume ¥ em® is
o) 250 decreasing at a constant rate of Gom® per minute. What is the rate at which the side
o of the cube is decreasing when the side is 4 cm 7
(A) % cm / min
®) % cm / min
6 Which of the following is a simplification of cot2x-+tanx ? 1 © %cm / min
(A)  sec2x : (D) 4em/min
B) secx
(C}  cosecx .
(D)  cosec2x
\ 10 A particle is performing Simple Harmonic Motion in a straight line. At time { seconds
= it has displacement x metres from a fixed point 'O on the line where x is given by
x=4sin*r—1 . Where is the centre of motion? '
s A x=-1
7 What js the term independent of x in the expansion of (x—-}c-) ? 1 ‘ ®) x=0
(a)y 20 i
‘ G x=1_.
® -15 ®  x=2
< 15

® 2

Marks




Student name / number

Marks
Section II

60 Marks
Attempt Questions 11-14
Allew about 1 hour and 45 minufes for this section.

Answer the questions in writing booklets provided. Use a separate writing booklet for each question.
In Questions 11-14 your responses should include relevant mathematical reasoning andfor
calculations.

Question 11 (15 marks) Use a separate writing booklet.

@  Solve the inequality ~—~>0 | 2
a olv q 20 o

)] A(—3 ) 1) and B(l . -~2) are two points. Find the coordinates of the point P that 2

divides the interval A8 externally in the ratio 3:1.

1+2x
Find dx . 2
© - f 1+x?
(d}(i) Find the tangent of the acute angle between the lines y=x and yp=2x . 1
(if} Hence show that the line y=2x bisects the acute angle between the lines : 2
y=x and y=Tx.
(¢}  Use Mathematical Induction to show that for all positive integers » 3

1x4 + 25 + 3%6 +.tn{n+3) = dn(n+1){n+5).

? 3x45

Use the substitution x=#—-2 1o evaluate j dx . . 3
(f) * C _1\}I+2 ’ .

Student name / number

Marks
Question 12 (15 marks) Use a separate writing booldet.

(2)  The three numbers a, 4, ¢ are consecutive terms in an arithmetic progression, Show 2
that the three numbers e°, &', ¢° are consccutive terms in a geometric progression,

()  Inthe diagram the two circles touch internally at 7. ATB is the common tangent 3
to the two circles at 7. P and O are points on the smalfer circle and R and §
are points on the larger circle such that PR and TOS are straight lines.
Copy the diagram and show that PQ|i RS

(¢}  The polynomials P(x) and ‘Q(x) are such that P(x):x(.t—l)Q(x)+ ax+b for 3
some constants a and b. (xul) is a factor of P(.t) and when P(x) is-divided by
x the remainder is 2. Find the remainder when P(x) is divided by x(x—l) .

(d)  Theregion bounded by the curve y=cos™ x and ihe yaxisbetween y=F& and y= 3
Y=13 Y

is rotated through one complete revohution about the y axis. Find the exact volume of
the solid formed,

(&)  Consider the function S (x) = sin™ (1— x) +Z,
(i) TFind the domain and range of the function.

(i) Sketch the graph of the function showing clearly the shape of the curve and the 2
coordinates of the endpoints,




Question 13 (15 marks)

)

0
(i)

(®

©
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(i)

(CY
(i)

Student name / number

Use a separate writing booklet.

T (Zar, at’) is apoint on the parabola x* =4ay with focus F ((] , a) . The tangent to

the parabolaat T’ has equation &x— y—af*=0 . Find in simplest form in ternts of

The perpendicular distance o from F to the tanget'lt atT,

d
The ratic — .
oratio -

A particle is moving in a straight line. Attime ¢seconds it has displacement x metres

from a fixed point O on the line and velocity v ms™ givenby v= (I— .‘!t:)2 - Initially
the particle is at . Find an expression for x as a function of 1.

In each game of chess that Bobby plays against Boris there is a probability of % that

Bobby wins the game, a probability of % that Boris wins and a probability of ﬁ-
that the game is drawn. They play 4 games of chess against each other.

Find the probability that Bobby wing 2 games and Boris wins 2 games.

Find the probability that Bobby wins I game, Boris wins 1 game and the other
2 games are drawn.

Consider the equation »*42x—~7=0.
Show that the equation has aToot ¢ such that 1< <2,

(i) Show that ¢ is the only real root of the equation.

(iif) Use one application of Newton’s method with an initial approximation do =1-5to

find the nex{ approximation for o correct to 1 decimal place.

Question 14 (15 marks)

@

®

Student name / number

Marks

- Use a separate writing booklet.

At time fyears the number & of individuals in a population is such that

%1:;{ =-0-1 (N-P) for some constant P,

(i) Show that N = P+ 4™, where A is constant, satisfies the given differential equation,

(if) Ifthe initial population size is 500 and the limiting population size is 100, find the

values of P and A.

A particle is performing Simple Harmonic Motion in a straight line, At time { seconds
it has displacement x metres from a fixed point O on the line, velocity vms™ and

acceleration in ms™ given by ¥ =-—4(x-— l) . When the particle is at the centre of

its motion it has speed 6ms™ .

(i) Show that v* =—4x’ +8x+32 .
{ii) Find the period and amplitude of the motion.

©

In the expansion of (1+ cn:)“ in ascending powers of x, the first three terms are

Cl46x+16x +... .

(i) Write down two equations in a and .

(i) Hence find the values of & and ».

(d)

A particle is projected from a point @ on the top of a vertical cliff of height /4 metres )
above horizontal ground with speed of projection V= 20\/5 ms™ atanangle o =45°
above the horizontal. It maoves in a vertical plane under gravily where the acceleration
due to gravity is 10ms™ . Attime #seconds its horizontal and vertical displacemens
from O, xmetres and y metres respectively, are given by

x=Pteoser and y=Psing—-5 . (DO NOT PROVE THESE RESULTS)

The particle hits the ground with speed 52 ms™ |

(i) Find the time at which the particle hits the ground.
(ii) Hence find the height of the eliff.

1




Q 11 {cont)

b. Outcomes assessed: H5

Independent Trial HSC 2016 Mathematics Extension 1 Mari(ing Guidclines
Section 1 Questions 1-10 (1 mark each)
Question | Answer Solution Cuicomes
sin si
i B |lim ( Li lim (1()) Ix1=1 s
LACB=90° (£ in asemicircle is aright angle} . Then ZABC=30" since
2| B | 4C=14B=sin/dBC=1 .But ZADC, ZABC both stand on same arc AC. | PE3
S LADC = ZABC =30°
s 1,1 1 yratp b b
€ | ﬁrw afy -d d P
r
4 A Ifyploglx x ({,—) =g7 m—y=log x. . log{x=—log,x H
5 c 4C1 ways of choosing the two dice showing ‘six’, then 5 possible numbers on 3
each of the remaining two dice. .- *C, x5x5=150 ways
cos2x smx cost+25m x coslx+1— cos2x
6 b cot2x-+tanx = f = cosec2x | 15
sin2x  cosx  2sinxcosx sin2x
. A (x—- ) has general term 6C‘( ) =fC ( 1) & p=0,1,..,6. HE3
For term indepsndaut ofx, 6—2r=0 ~7=3 andtermis 6Cj(—l)3 =-20
: 2 2 i
2x—1 =
8 D i (2x-1)- S5 1y Var-dr Jx-x) HE4
) av dx i3 de
FVaxy r—-=i=— . =4, —-6=3x16— = ~—=-
J Xy T g dt i~ HES
10 x=4sinzt—1=2(I—cos2r)—1=1~20052f + Centreis at x=1 HE3
Seetion IT
Question 11
" a, Outcomes assessed: PE3
Marking Guidelines
Criteria Marks
* includes x> 1 in solution ’ I
+ combines this correctly with the second inequality for x 1

Answer

x—1

250 e (r-1)(x+2)>0.

x+2

»=6-1e2)

nx<—2 or x>1

Marking Guidelines
Criteria Marks
+ finds one coordinate of P i
» finds second coordinate of P i
Answer
(_3 ] 1) (I ] —2)
3 0 -l
P 3 , =61 P has coordinates (3 ,—%)
3-1 3-1
¢. Outcomes assessed: H3, HE4
Marking Guidelines
Criteria Marks
« rearranges infegrand and finds primitive of one term i
* completes primitive 1
Answer
J‘Hzfafx: L+ 2= o In(14 5% e
I+x 1+x° 1+x
d. Outcomes assessed: HS ‘
Marking Guidelines
Criferia Marks
i » finds the value of the required tangent rafio i
ii » finds the tangent of the acute angle between y=2x and y=7Tx i
1

+ considers the relative positions of the three lines and the equal angles to make the deduction

Answer

Let o, B be the acute angles between lines y’— x and y=2x, y=2x and y="7x respectively.

l+7><2 %

Hence o= f§ and considesing the relative position of the three lines,

withy=2x an anticlockwise tum o of y=x, then y=7x an
anticlockwise um f of y=2x, theline y=2x bisects angle

between y=x and y=Tx.

p




Q11 {(cont)
e, Ontcomes assessed: HE2
Marking Guidelines
~_ Criteria Marks
+ defines an appropriate sequence of statements and verifies that.the first is true 1
» wriles an expression for the LHS of the (k+1)st statement conditional on the iruth of the kth 1
* rearranges fo produce RHS of (k+1)st and completes the Mathematical Induction process 1

Aunswer . .
‘Let S(n), n=1,2,3,... bethe sequence of statements defined by

S(1): 144 2x54:3%6 + ..+ nn+3) = I n{n+1)(n+5)
Consider S(l) : LHS=1x4=4, RHS=ix1x2x6=4 . Hence S(I) is true.
I S(k) is true : 1x4+2x5+3%6 +.+ k{k+3)=1k(k+1){k+5) **
Consider S{k+1) : LHS={1x4+2x5+3%6+...+ k(k+3)}+{k+1)(k+4)
= Lk + (k+ 5+ (k+ 1)k +4) if S(k) is true, using **
=3 (k+1){k(k+5)+3(k+4)} '
=3(k+1){#* 8512}
= (ke 1){k+2){k+6)

=§(k+l){(k.+l)+1}{(k+1)+5}

= RHAS

Hence if & (k) is true, then S(k+1) is true. But S(I) is trite, hence by Mathematical Induction, § (}i) is
true for all infegers w21 |

f. Outcomes assessed: HES

Question 12

a. Qufcomes assessed: HS

Marking Guidelines
: Crlteria Marks
» converts integral into a definite integral in terms of « 1 .
« finds the primitive 1
« evaluates : 1
Answer -
=2 ? 3x+5 e 1
e ax =J (3u‘—u ‘)a‘u
o = du Jl; Jx+2 I
x=-1 = u=1 o[ %]4
x=2 = u=4 B [u —H L
345 _Ju-1 =2{(8-1)—(2-1)}

Jx+2 - \[r; =12

Marking Guidelines
Criteria ] Marks
» use the condition for three ferms in AP to relate -5, b—. 1
+ apply the common ratio test for three terms in GP . 1
Answer
5 .
a,becinAl. La-b=c—b Then ~e—a- ST AT =e—,, . e e et inGP.
e -
I+, Oufeomes assessed: PE3
Marking Guidelines .
Criteria Marks
+ invokes alternafe segment theorem in either of the two circles 1
» applies same theorem fo second citcle to identify equal coresponding angles for P, RS i
» deduces PO || RS, applying test for parallel lines i
Answer
R For circle TPQ,
LBTP=2TQP (£ between tangent and chord drawn to
5 point of contact is equal fo £ subtended
‘ by that chord in the alternate segment)
Similarly, for circle TRS, .
ZBTR=/TSR
-~ LTOP= £TSR  (£BTP, £BIR same as T, P, R collinear)
~PONRS  (equal corresponding £'s on fransversal T8)
4 T B

¢, Oufcomes assessed: PE3 '

Marking Guidelines
Criteria : Marks
+ uses factor theorem to find one equation for a and b . 1
* uses remainder theorem o find 4 and hence a 1
+ deduces the required remainder 1

Answer -
P(x) = x(x - I)Q(x) +ax+b (x~1) is & factor ofP(:c) = P(I) =
Division of P(x) by x leaves remainder 2 = P(O):

0 - oatb=0
2 nb=2 Then a=-2 .

Using given division tfransformation, when P(x) is divided by x(x—l remainder is av+b=—2x+2




Q 12 (cont)
d. Qutcomes assessed: HS, H8

Marking Guidelines
Crlteria Marks
+ expresses volume as a definite integral in terms of cos 2y 1
+ finds the primitive finction i
» gvaluates 1
Answer
»

Element of volutue obtain by rotation of strip around y axis is
8V =mcos’y 8y

T
V=1rj cos’ y dy
= %J“(I-H:oﬂy) dy
%

=4[ y+fsin2y ]t

=%_{(%—1%)ﬂj%(siﬂ’%’8in%)} Volume is
~5(z+4) A7 (2m+3) cu, units

e. Outcomes assessed: HE4

Marking Guidelines
: Crlteria Marks
i *states the domain ‘ 1
» states the range 1
ii » curve of correct shape in first quadrant 1
» endpoints correct 1

Answer

. Domain: -1<1-xg1 = -~1<x-1<1 .
Range: —F<sin?(1-2)<§ = 0<sin}(1-x}+f<n  n0</(x)<n

ii. ‘

y

4

y=sin (1 -x)+§

v
H

Question 13
a. Outcomes assessed: PE3
Marking Guidelines
- Criteria Marks
i *finds 4 infermsof £ 1
ii » finds T in terms of ¢ . 1
« finds the required ratio in terms of ¢ T

Answer

i, FTzTM‘:ati+aﬁa(ll+I)
q4.__1
FT a1

b. Outcomes assessed: HES

Marking Guidelines
Criteria Marks
» finds % as function of x 1
» finds f as & function of x, using initial conditions to evaluate the constant of imegration 1
« rearranges fo find x as a function of ¢ ‘ I
Answer
2 —
yie (1) . =0 }: 0=l
2 xX= ne=-—1 1
& (1-s) L ax=1--L
(e o 1 : 1+l
-2 -x
(1 x) . = —
abc § ooy ra L t+1
te= (1 ) +e t+1
¢. Qutcomes assessed: HE3
Marking Guidelines
Criteria Marks
i » writes expression using powers of 1,1 , realising that there is a multiplier for the orders 1
* counts the orders correctly to avaluate the probability - 1
i » writes expression using powers of 1,1,1 , realising that there is a multiplier for the orders 1
+ counts the orders correctly fo evaluate the probability 1

Answer

LG (3 () =% i ‘(1] ()(E)=3

-_-_,_'__b-




Q14 (cont)

e, Outcomes assessed: HE3

Marking Guidelines
Criferia Marks
1 * writes an equation using the coefficient of x i
» writes an equation using the coefficient of x* 1
ii « writes an equation in a single pronumeral 1
» states both values !
Answer
i (l+ax) =1+6x+16x"+... i @+0) = (r-a=¥ 3
Ca=6 = na=6 (1} -1 8
1 . n
Ne(l) = ——== n=9, a=
*C,a’ =16 = n{n-1)a*=32 (2) @+ n 9 »a=}
d. Qutcomes assesséd: HE3}
Marking Guidelines
Crliteria Marks
i +finds ® and y intermsof f 1
+ uses given magnifude of vector sum at impact to find equation for 1 when particle hits ground 1
« solves equation fo find time fo impact : 1
1

Q13 (cont)
d. Outcomes assessed; PE3, HEY
-Marking Guidelines
Criteria Marks
i ¢ verifies that the cubic expression changes sign over the given interval 1
* notes the continuity of the function to justify the deduction 1
ii = explains why the graph of this cubic function crosses the x axis once, giving one real root 1
iil » writes a numerical expression for the next approximation 1
+ gvaluates this approximation to the required accuracy I
Answer
i Let f(x)*—* x*+2x—~7 . Then f(x) is a continuous function and f(1)=—4 <0, f(2) =5>0,
Hence f(rx)=0 for some o suchthat 1< <2 .
i, f* (t) =3x*+2>0 forall realx. =~ f (x) is monotonic increasing, and its graph cannot cross the
x axis more than once. Hence o is the only real root of the equation,
1-5 LN, IV
i, o =15 - S(3) 5 18+ XU37 16 (o1 dec. pl)
r(t-5) 3x1-50+2
Question 14
a. Outcomes assessed: HE3
Marking Guidelines
Criteria ) Marks
i »verifies by differentiation that the given expression for N satisfies the differential equation 1
if » uses the initial population size to find P + 4 1
+ uses the limiting population size to find P, then states the value of 4 1
Answer
i, N=P+Ae™ il. =0, N=500 = P+A=500
";_N=—o-1Ae—°“ {30, N -3100 = P=100
f .
o A=400
= 0-1(N~P) 4=40
b. Outcomes assessed: HE3
Marking Guidelines
Criteria Marks
i « finds an expression for ¥* in terms of x by integration 1
» uses given information to evaluate the constant of integration 1
ji*finds # todetermine the period 1
» finds the possible values of x, oruses v _=nd, todetermine the amplitude 1

Answer
i ¥=—4(x-1) it. 20 = (x-1)<9
e _1¥
%£=—4(1’—1) Y ——4(.1; 1) +36 3<x—1<3
dx =-4x° +8x+32 ~2<x<4

v’=—4(x—l)2+c n=2:>T=2?ﬂ=:r

x=1, v=6 =c=136 Amplitude is 3 m, period is =5,

ii « uses expression for y and this value of f to find %

Answer
i x=200 = %=20 ii. Particle hits ground when y =—#
y=206-5% = §=20-10¢ whi= 20t 58
=-10(t-2) B=S{e-2)'-20
20 230
= 5x—160—4—20
10 (—2) =952

52
Hence height of cliffis 95-2m

The vector sum of # and $ has mapnitude 52
2102 ¢{1-2f }=52

Hence particle hits the grouncf after 6-8s




