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Marks
Question 1 Begin a new booklet
e . . x=2
(a) The diagram below shows the graph of the function f(x)= T
x—
A
- ‘ Y tX= 1
NSW INDEPENDENT SCHOOLS | x-2 / .
y= .
x=1 2 :
1
___4____1-______3’_:_1
[}
) i /
ol 1 /2 M
1
1
| 2007 ,
Higher School Certificate ! o 4 eteh the followd s, showing clearl
» YT ! n separate diagrams, sketch the following graphs, showing clearly any
Tr lal Exammatlon intercepts on the axes and the equations of any asymptotes:
@O y=s=x). 1
) |
Mathematics - @ y=|76s) !
Extension 2 . ) y=7(). : ?
(iv) y=e’™, 2
General Instructions Total marks — 120
s Reading time — 5 minutes Attempt Questions 1 — 8 )
. .. . X —
o Working time — 3 hours All questions are of equal value (b)  Theline y=mx through the origin O(0,0) is tangent to the curve y = o1
o Write using black or blué pen . touching it at the point P(x, , 3,)-
s Board approved calculators may be used . L . . . .
(i) By counsidering the gradient of OP in two different ways, show that 2
s Write using black or blue pen 2
X —4x +2=0.
‘e Write your student number and/or name
at the top of every page (ii) Hence find the two possible values of m. 2
o All necessary working should be shown ‘
in every question
o A table of standard integrals is provided
© Consider the function y=e *tanx for 0<x< z.
R dy ~2x 2
This paper MUST NOT be removed from the examination room () Show that E =e 7 (1-tanx)". 2
(ii) Sketch the graph of the function showing the coordinates of the endpoint, 3
the equation of the asymptote and the coordinates of the stationary point.
STUDENT NUMBER/NAME......ccooiviniiiiiiiiiiieeeanen,
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Student DAMe / UMDBEL  +oeeeeeee oo Student name / number ....... e
Marks Marks
Question 2 Begin a new booklet Question 3 Begin a new booklet
14 ¢* (@)@ Write down the expansion of (1+7a)* in ascending powers of a. 1
(2)(@) Find j = dx. 1
l+e (if) Hence find the values of a such that (1+ia)* isreal. 2
(i) Pind j S S 2
Vl+x + \[; .
®) The equation (si__2 6) 7 - (sinze) z+1=0, where 0<60< % , hasroots ¢ and f3.
(b)  Use the substitution x=sin@ to find j 1 & 3 (i) Show that the roots of the equation are cotf+i and cotf—i. 2
(1_x2)% 2cosnf
(i) Hence showthat a”+ "= ———. 2
sin” @
Eos a2
(© Evaluate _x___28_3£+_912 4
o (A+x7)(O0+x%)
(¢)  Inthe Argand diagram below vectors 04 and OB represent the complex numbers
z = 2(00516E + isin-z’-) and z,= \/E(cos%+ isin%) respectively.
H 1 4
(d)(@) Use the substitution /=tan% to show that j —dx =1. 2 e
o l4sinx )
B
(i) Show that jﬂ F(x) dx= jo [F)+ fla—xn}dx. 2 / p
2
4 x Zl
(iii) Hence evaluate j - 1 : >
o l+sinx o x
@) Showthat |z, —z]=2. 2
(ii) Showthat z,~z =1iz,. 2
(d)(i) On an Argand diagram shade the region where both |z - 2] <1 and Re(z) < % . 2
(ii) Find the set of values of Argz for points in the shaded region. 2
3 4




Student name / number  .......iciiiiiiiii i Student name / NUMDBET  ...eeeuiiiininiinrriineien s
. . Marks Marks
Question 4 Begin a new booklet Question § Begin a new booklet
2 2 . . . . . .
(a)(i) On the same diagram sketch the graphs of the ellipses E, : % 4 J’? -1 4 (a) When the polynomial P(x) is divided by (x* +1) the remainder is Ax+ B.
) _ P(i)— P(~i P(i)+ P(-i
and E, : s + —lyE =1, showing clearly the intercepts on the axes. Show the (i) Showthat A= ———(—Z)T(—z) and B= —ﬂ-z—(—ll . 2
i
coordinates of the foci and the equations of the directrices of the ellipse E,. (i) If P(x) is odd, find the remainder when P(x) is divided by (x2 +1). 2
(iiy P(2cosp, \E sinp), where 0< p< —2’5 , is a point on the ellipse E . Use 3
differentiation to show that the tangent to the ellipse £, at P has equation (b)  The equation % —5x+2=0 hasroots ¢, B, v and .
xcosp + ysinp -1
2 B (i) Show that the equation x* —5x+2 =0 has a real root between x =0 and x=1. 1
. . . . . 2 2 2 2 H
(iii) The tangent to the ellipse E, at P meets the ellipse E, at the points N (ii) Find the monic equation with roots o, f*, y* and 6°. Hence or otherwise show 2
s . that &®+ B2+ >+ 6" =0.
QO(4cosq ,2+V3sing) and R(4cosr, 2\/§smr) , where ~r<g<m and
~m<r<nu. Showthatg and r differby 2£. (iif) Find the number of non-real roots of x*—5x+2=0, giving full reasons for 2
your answet.
()  Aright circular inverted: cone has semi-vertical angle 45°. There is a smooth hole
¥ 2 in the top of the cone and a light , inextensible string passes through this hole. A
(b)  The hyperbola — - .J.)_z_ =1 with eccentricity e, has one focus S on the positive particle Q of mass Mkg is attached to one end of this string and hangs at rest
. 2 b C . inside the cone. A second particle P of mass m kg, attached to the other end of the
x-axis and the corresponding directrix d cuts the asymptotes to the hyperbola at string, travels in a horizontal circle around the smooth outside surface of the cone
points P and O in the first and fourth quadrants respectively. with constant angular velocity @ radians per second. The length of string between
. . . P and the hole is [ metres.
(i) Show that PS is perpendicular to the asymptote through P and that PS=5. 3
(ii) A circle with centre § touches the asymptotes of the hyperbola. Deduce that the 1
points of contact are the points P and Q.
(iii) The circle with centre S which touches the asymptotes of the hyperbola cuts the 2
hyperbola at points R and 7. If b= a, show that RT is a diameter of the circle.
(i) Ifthe tension in the string is T Newtons, the force exerted by the surface on P 2
is N Newtons, and the acceleration due to gravity is g ms™?, explain why
T+N=\2mg and T-N=mlw*,
(i) Find expressions for the product lo* and N intermsof M, m and g. 2
(ii) Deduce that V2 <M h 2
2 m
5 6




Student name / number  ........ociiiiiii s

Question 6 Begin a new booklet

@

o

The region in the first quadrant bounded by the line x+ y =4 and the
rectangular hyperbola xy =2 is rotated through one complete revolution
about the y-axis.

(i) Use the method of cylindrical shells to show that the volume ¥ of the solid
formed is given by

2442
V=2nj2_ﬁ(4x—x2—2)dx.

(ii) Hence find the simplest exact numerical value of the volume of the solid formed.

i
()] ]n =J.0x"(]—x)" &, n=0, 1,2,..

. . e . ' 1
(1) Using the substitution #=1—x, showthat ] = f; (3-4")" du and hence
2

n

I=—"" 1 _

"2@2n+D M n=123,...
. 1o s _(5!)2
(i) Show that [ x*(1-x) a:=E0

(iif) Use the substitution x = sin®(27) to show that Lﬂsmz"“ tdr=2""71

_ 22n+1 (n,)z

Hence deduce that J.nsinz"+1 tdt= ,
0 Gn+

n=0,1,2,..

Student name / number ........ VOUURUR

Begin a new booklet

Question 7

@

B
p4—n —>

¢ »

A
3

'

In AABC above, BC=a, CA=b and AB=c. Disa pointonAB such
that DA=m, DB=n and DC =d. CE is an altitude of the triangle with

CE=h and ED=p.

(i) Use Pythagoras’ theorem in ACE4 and ACED to show that V¥ =d*+m*-2mp.

(i) Show similarly that o’ = d*+#" +2np.

(iii) Hence show that @’m+b*n=c(d* +mn).

(iv) In the case where CD bisects £BCA, use the sine rule in ACDA and ACDB

to show that am = bn. Hence show that in this case, d* = ab—mn.

(b)  Inany single play of a game, n people throw a fair coin, where » 2 3. The play
of the game results in an ‘odd one out’ if all but one of the coins show heads or
all but one of the coins show tails.

(i) Show that in any single play of the game, the probability of an ‘odd one our’ is
n

(ii) Find the probability that there is at least one ‘odd one out’ in N plays of the game.
(iii) Find the probability that the first ‘odd one out’ occurs on the N® play of the game.
(iv) Find the probability that the second ‘odd one out’ occurs on the NO play of the game.

1S
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Question 8 Begin a new booklet

(a) A sequence of numbers x,, n=12,3,... is givenby x, =1 and

2x7+8
X = FNERE n=1273,..

n

(i) Use Mathematical Induction to show that x_>2 for all positive integers n22.

(i) Hence show that x,, <x, forall positive integers n22.

2 3 n
()  Let f(x)=1In(l+x)— (x - 3‘2— LIS x—) where 7 is a positive integer.
n

3

(i) Show that f(x) is stationary at x = 0, and show that for x >0, f(x) is monotonic

increasing if n is even, or f(x) is monotonic decreasing if # is odd.

(ii) Hence show that if 7 is a positive integer, then forall x>0,

JCZ xS x2n x2 x3 x2n—1
X— .. < In(l+x) < x——+——...+ .
2 3 2n 2 3 2n-1

(iji) Hence find 1n(1-2) correct to 2 decimal places.

(c)  The number e is given by the value of the limiting sum

< 1
e=2——=1+1+-1—+l+
el 21 3!
. . e 1 1 1
(i) If nis a positive integer, and a=nl{e— 1+1+5+§+...+—' , show

1
that O<a<-—.
n

(ii) Hence deduce that e is irrational.

Jx"dx
Jz
reaxdx
Jcosaxdx
Jsinaxdx

J secZax dx

1
Jsecaxtanaxdx =Esecax, az0

1
dx
fa2+x2

L 1Xx
dx =sin IE’ a>0, —a<x<a

Jm=
J7=

1
J\/xz +a?

STANDARD INTEGRALS

1
=n+lx"+1, n#z-1; x#0,ifn<0

1.
=Lginax, a#0
a
1 .
=~—cosax, a#0
a

1
=—tanax, a#0
a

1,
=—tan li, a#0
a a

dx =1n(x+\)x2—a2), x>a>0

dx =1n(x+\/x2+a2)

NOTE : Inx=log,x, x>0




Independent Trial HSC 2007 Mathematics Extension 2 Marking Guidelines

Question 1
a. Outcomes assessed : E6
Marking Guidelines
Criteria Marks
i e sketches reflection in the y-axis showing intercepts on the axes and asymptotes 1
ii e reflects section of curve lying below the x-axis in x-axis, retaining asymptotes and intercepts i
iii ® sketches y = f(x), x 20 and its reflection in the y-axis
¢ shows all intercepts and asymptotes 1
iv e sketches left hand branch of curve showing asymptotes and intercept on y-axis |
o sketches right hand branch of curve showing asymptote and nature of curve near (1, 0) 1
Answer
i ii.
y F y ‘r
==l . r=pe)]
N Y
' 2 \ / : y=
______ T- ____..._y=1 B R S
1 N ! N
—2\\{0 X o T2 X
: ll x=1
iii. iv.
ya Ve
x=-1, lle /: x=1
I 1 ]
:/\/\: y=f(|xl) ef | e
y=1_ o) | e
"""" R el o I
| L Yy=e¢ [~ T os 4
» y_ e
_2 ¥ 0 { 2 x I
0 ! -
| 1 o1 X
b. Outcomes assessed : E6
Marking Guidelines
Criteria Marks
i ¢ uses differentiation to find one expression for gradient of tangent OP 1
¢ uses coordinates of O and P to find a second expression for gradient of interval OP 1
ii » solves the quadratic equation for x, 1
s substitutes for x, to find the two values for m 1

; _x=2
i x—1
1
:l——-————
Y x-1
_dl_ 1
dr  (x—1)*
ii.
x12—4x1+2=0
(x ~-2)=2

Since OP is tangent to the parabola at

P(x,,y,), gradient of OP is

Also gradient of OP is A

¢. Outcomes assessed : E6

(xl _1)2 .
x =2
X ox(x =1

1

. @—VEY

Som=

@+v5f=

12

Hence

(x, = D(x, -2)=x,
xl2 —4x,+2=0

=3-242

2
@+ 2)
or m= ! = =3+2\/§

]

12

,x1_2

-1 x(5-1D)

o shows vertical asymptote at x =%

e shows coordinates of point of horizontal inflexion

Marking Guidelines
Criteria Marks
i e applies product rule 1
® uses trigonometric ideritity to simplify derivative 1
ii o sketches a rising curve with endpoint at (0, 0) 1

Answer

i. y=etanx, 0<x
d)
LA =2¢ ¥tanx +e >
dx

=e™ {—2 tanx 4 (1+ tan’ x)}

=e (1~ tanx)*

4
<3

*sec’ x

ii. -dl =0 for x= r and @—}- >0 for all other x values
dx 4 dx

in the domain. Hence (% , e"'z_) is a point of

horizontal inflexion on a rising curve.

)’T y=e>t

s K
'4_33 2)

t
i
1
1
1
1
1
!
1
i

anx

x=

(S¥ e

0.0

>
X




Question 2
a. Qutcomes assessed : HS
Marking Guidelines
Criteria Marks
i e rearranges integrand and finds primitive 1
ii e rationalises denominator 1
o finds primitive 1
Answer
i.
J11+e;dx=fexl(e-xil)dx j \/1+x-\/§ ”
te J, +e Vitx ++x Vi+x+ x) \/1+x—«/;)
= |ée" dx
. r Vi+x - \/‘
=e¢ +c = dx
J (Q+x)-x
=§(l+x)Z —;x’ +c
= %{(l+x)\/1+x —x\/;} +c
b. Cutcomes assessed : HE6
Marking Guidelines
Criteria Marks
e writes dx in terms of d@ simplifies integrand in terms of 8 1
e finds primitive in terms of 0 1
o finds primitive in terms of x 1
Answer
x=sinf, -t 1
2 2 J idx:f L cos6 d = [sec’ § df
dx =cos0 db d-x*) (cos*@)?
=tanf+c¢
x
= +c
1-x?
c. Outcomes assessed : E8
Marking Guidelines
Ceriteria Marks
e expresses integrand as a sum of partial fractions 1
¢ finds logarithm part of primitive 1
« finds both inverse tan parts of primitive 1
e cvaluates by substitution of limits 1

Answer
*=8x"+9x _ ax+b cx+d

A+ )0+ A+%) (012
x* = 8%+ 9x = (ax + BY9+ x*) + (ex + d)(1+ x?)

Equating coefficients of x*:  a+c=1 Equating coefficients of x”: b+d=-8
Equating coefficients of x: 9a+c¢=9 Putting x=0 9b+d=0
a=1, ¢=0 ~b=1, d=-9

x* —8x*4+9x

_x+1 -9

T A

- 1{ 2 1 3
dx= - x2 +—-3 T i &
. 2{1+x 1+x 9+x

jﬁ x*—8x%+9x
. A+x)O0+x%)

d. Outcomes assessed

1+x* 9+x?

.
=[1m@+ 2+ tan 2~ 3tan 5]

1

= 1(In4 ~ In1)+ (tan”v3 — tan™ 0) - 3(tan™ L ~ tan ™ 0)

=In2+Z-3xZ
=In2-%

: HE6, E8

Marking Guidelines

Criteria

i econverts dxtodt,
o finds primitive in terms of # and substitutes limits
ii e converts integral of f(x) between 14 and @ into integral of f(a—x) between 0 and 1a

x limits to 7 limits and writes sin x in terms of t

¢ completes proof of required result
iii e applies result to evaluate given definite integral

Answer
i
t=tanj
2
dr=1sec’ 5 dx
2dt=(+1*)dx

2
1+7
ii.

Uu=ag-—x
du=-dx
X=s=u=g
x=a=u=0

T
X
111, j -

o l+sinx

f x
Jo l+sinx

dx= x +
o (1+sinx

cb:=fz r dx=7tjz Sy S
o l+sinx o l+sinx

x=0=7r=0 r i o
x=f=t=1 L Trsmy & = L+ 147
1+sinx = 2 1 7
1+7 =_2[i:-—t]
1+ +2¢ 0
“er -2t
1 1+F =1
1+sinx—m

j;f(x) dx = J.;f(a—u).—du
= {7 fla=uy du
= [} fa-xyax

ST P
1+ sin(z — x) o I+sinx

f: F(x) dx = fof Fx) de + _[ f(x) de

= [F{f@+ fla-x)} e

+ T g
1+sinx




Question 3
a. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e writes expansion, simplifying powers of i 1
ii ® writes equation for a 1
e writes three solutions for a 1
Answer
i. (1+ia)* =1+4ia—6a’ -4id’ +4d*
ii. (1+ia)" isreal if 4a—4a’=0. Then a(l-a*)=0. ~a=0,1 -1
b. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e uses trigonometric identities to complete the square or find the discriminant 1
e solves for z using the completed square or the quadratic formula 1
ii » uses de Moivre’s theorem to write an expression for (cot6 + i)” 1
e writes a similar expression for (cotd —#)" to obtain the required result by addition 1

Answer
i (sin’6)2z*~(sin26) z+1=0, 0<O6<%
(sin2 9)“22 - 2(sin9 cose) z+cos?f=cos’6-1 cos® |
S z———=ti
sinf
z=cotBti

[(6in6) z— cos}’ = —sin’6

(sinf) z—cosB =+ isin@

. , 1 ..
ii. a=cot9+z=_——(cos@+zsm8) = a"=
sinf sin

(cos n — isinn@)

Then f=cotb-i=@ = f' =o' =

*. equation has roots cot@+i, cot@ —i

(cos nf + isin nB) (by De Moivre’s theorem)

sin”
Hence a”"+f"= 2?0”9
sin” @
¢. Outcomes assessed : E3
Marking Guidelines
Criteria Marks

i e writes an expression for the square of 4B using the cosine rule in triangle 4OB 1

o deduces the value of lzz - le 1
ii e shows that LOB4=1% 1

e uses rotation of vectors to deduce required result. 1

Answer
Y& o i. In AAOB, AB*=2+4-2xV2x2cosZ=2
wy-z)|=4B=+2
ii. AAOB isisosceles, since OB= AB= \/5
5 ZOAB=ZAOB=%, and hence LOBA= z

. AB is an anticlockwise rotation of 0B by %.

But AB represents z,~z. ..z,—z =iz,
d. Outcomes assessed : E3
Marking Guidelines
Criteria Marks

i ® shades a region inside the appropriate circle 1

o shades region that also lies to the left of appropriate vertical line !
ii @ shows that tangents to circle from O have points of contact that lie in the shaded region i

o deduces set of values of Arg z from the angles of inclination of these tangents

Answer

i ii. ’
Y A (l) ) .
(x-2) 4y =1 cosLOCP=—§—=% L L0CP=%
Hence AOCP, AOCQ are congruent SAS to

o
' 2
Hence OP and OQ are tangents to the circle and P, Q
represent z with max, min values of Argz.
The set of values of Argz is {9 1-2<8< %}
Question 4
a. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e sketches E with correct intercepts on axes }
o sketches E, with correct intercepts on axes
# shows foci for E %
e shows directrices for £
ii » finds gradient of tangent by differentiation 1
s writes expression for equation of fangent 1
e uses trig. identity to simplify this equation into required form 1
iii ® writes equation for parameter ¢ for point on E, where tangent to E, at P cuts £, 1
1

e writes parameteré at O, R in terms of p to deduce result




Answer

8
- e lm e

&

x=2c0sp y=+3sinp
. d
— =-2sinp Y. 3cosp
dp
LAy \/Ecosp
g Dsinp
Tangent at P has gradient —ﬁ?—s—l—)
2sin p

and equation (\/5 cosp)x+(2sinp)y=k

for some constant £.

P ontangent = 23 cos? p+ 23sin’ p=k

. xcosp ysinp
. Tangent at P is ——++—F=—
2 3

iii. Tangent to E, at P meets E, at point (4cosz, 2\/3— sint) where

4cosrcosp + 2\/§sintsinp =1
2 V3
2(costcosp+ sintsinp) =1
, cos(t— p)=1
Also O0<p<Z and —w<t<® st-p=xt%

Hence one of (), R has parameter p+ %, and the other has parameter p—% .

Hence g and r differ by 2£.

b. Outcomes assessed : E3, E4

k=23

Marking Guidelines
Criteria Marks
i e finds the gradient of PS in terms of g, b, e 1
e uses the relationship between a, b, e to deduce that PS and OP are perpendicular 1
e uses either distance formula to show that PS = b 1
il o uses a geometric argument to deduce required result 1
iii ® finds the x coordinates of R, T'in terms of a, b, e 1
o shows that if a= b then R, S, T each have x coordinate a\/E to deduce required result 1

Answer

2 4

i. 8 has coordinates (ae,0) and d has
equation x=%. AtP,
P(-‘i —ll) and

G
(2-ae)  a(l-é*)

_a _b
X=, Y=7X

gradient PS =

.. product of gradients of PS and OP
I3 »
s ————=——=—
a(1-¢*) -b

Hence PS L OP.

Also  PS*=(Z-qae)* +(&)
1 2 2v2 g2
=L{20-y + 1]
=L ra-e)+ 5}

S PS=b

ii. Since the perpendicular distance of S from the
asymptote OP is b, the circle with centre S that
touches this asymptote has radius b and point of

contact P, since PS=5b and PS 1. OP.

By symmetry, OS 1L OQ and OS=5.

Hence Q is the point of contact of this same circle
(centre S, radius b) with the asymptote OQ.

iii. Since SR=S8T =b, at R, T the locus definition

of the hyperbola gives b= e(x - %) .onxs= ﬂ'—gﬁ
b2

Ifa=b, e2=-—2-+1=2.

a

Then S has x coordinate a\/—2. ,andatRand T,
x=24= a\[Z_. Hence if a=b, R, Sand T are collinear
and RT is the diameter of the circle.

Question 5
a. Outcomes assessed : E4
Marking Guidelines
Criteria Marks
i e writes division transformation and expressions for P(7), P(—i) in terms of 4 and B 1
¢ solves simultaneous equations to find 4 and B in terms of P(i) and P(—i) 1
1

ii ® deduces B is zero

¢ deduces value of 4 and hence writes down remainder

Answer

i P(x)=(x"+1).0(x)+ 4x+ B for some polynomial Q(x).

P()=0.0(G)+ 4i+B =

4i+B=PG ()

P(=i)=0.0(-=i)— Ai+ B = — Ai+B=P(-i) (2) .
)=(2)= 24i=P{)- P(~i) - 4=2D=PCD

M+2)= 2B=P)+P(-i)

ii. P(x) odd = P(~i)=-P(j) .. A=—2

2i

_ PO+ P(=D)

2

and B=0. Hence remainder is ﬁ(_l—)x
i




b. Outcomes assessed : E4

Marking Guidelines
Criteria Marks
i e notes that expression is continuous and shows it changes sign between x=0 and x=1 1

ii e finds required monic polynomial equation
e deduces the value of the sum of squares of &, f8, 7, § from the coefficient of »°

iii e deduces that not all the roots are real
e cxplains why there are exactly two non-real roots

Answer

iLet f(x)=x"~5x+2
Then f(0)=2>0 and f(1)=-2<0.
Since fis continuous, f(x)=0 for some real x such that 0 <x <1.

Hence x* —5x+2 =0 has a real root between x=0 and x=1.

ii. 02, B2, y?, 8% areroots of (x7)* —5(x*)+2=0
P4 2 =5y
(x?+ 2)? = 25x
xt+4x? - 25x+4=0
Since for this equation the coefficient of x* is 0, o+ > +y*+6>=0.

iii. Let & be the real root which satisfies 0 < <1.
Then f*+y*+68*=-a’<0. Hencenotall of B, y, & are real.

Since the coefficients of x* —5x+2=0 are real, the complex conjugate of any non-real root is also
a oot of the equation. Hence two of f, ¥, & are non-real complex conjugates, while he remaining root

must then be real. Hence the equation has exactly two non-real roots.

¢. Outcomes assessed : ES

Marking Guidelines
Criteria Marks

i e resolves forces on P, using zero vertical component of resultant to obtain first equation 1
& uses horizontal component of magnitude mre? to obtain second equation 1

il e writes required expression for N 1
@ writes required expression for /@? 1
iii e uses N 20 to deduce upper limit 1
o uses /w* 20 to deduce lower limit ‘ 1

Answer
i

Forces on P Since P is travelling with constant angular velocity in a horizontal circle,

the resultant force on P is directed horizontally toward the centre of the
circle with magnitude mra’. Hence resolving horizontally and vertically,
Tcos45°+ Ncos45°=mg = T+N= mg\/—2_

T'sind5° - Nsin45° = mra® = T~ N = mle* (since r=1sin45°)

ii.

Forces on Q Since Q is in equilibrivm, T = Mg
M
T .'.N=mg\/-2_—Mg and mlo*=Mg-N = lw2=2g—n—1-—g\/5
R M 2
i, Nemglv2-M| and 107 =2¢| Y2
Mg m m 2
2 M
But N20 and /&*20. Hence —‘/2:5—5\/5.
: m
Question 6 HS, E7
a. Qutcomes assessed :
Marking Guidelines
Criteria Marks
i e finds x coordinates at P and }
e finds volume of cylindrical shell in terms of x and 8x .
e writes V as limiting sum and hence as integral
ii » finds a primitive function (with or without an appropriate substitution) 1
o substitutes limits %

e simplifies exact numerical value

Answer
i
Ve AtP,0 x+y=4 and xy=2
X’ +xy=4x
» ¥ +2=4x
h ED X —dx=-2
I (x-2yY=2
o x=2i\/5

Cylindrical shell has volume Then, ignoring second order terms in(x),

oV=nm +8. 2_ xz h 2442,
{(x ) } 5 V= }imo 2 27 (4x — x* ~2) 8x

- _ - > g Z—Jz_

=7 (2x +6x) 6x {(4 x) x} i

2
=2”L-Jz (4x-x*=2) dx

- (2x + 6x) 6x (x—x*~2)
x
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ii. V=2nj22ff{2—(x—2)2}dx. V=27zj_f5(2-u2) du

\/E 2
Making the substitution #=x-2, = 4”.’.0 Q-u)du

2

du = dx =4n[2u-1’],

x=2-2 = u=—2 =4”{2 2"%(2‘/5)}
x=2+2 = u=2 _16z2

3
b. Outcomes assessed : HE6, ES
Marking Guidelines
Criteria Marks

i e makes substitution 1
 uses integration by parts 1
e rearranges new integrand into powers of (% - W) %

e obtains required reduction formula
ii e uses reduction formula to find expression for 7, in terms of 7, 1
e evaluates and rearranges into required form 1
iii @ expresses dx in terms of d¥, and converts ¢ limits to x limits 1
e uses trigonometric identities to convert integrand into required form 1
1

e generalises expression for I to obtain similar expression for I and hence deduce result

Answer

b 1 n n
L ]n=,'.0x (-x)"dx, n=0,12,. Hence for n=1,2,3,...

u=1-x I"=J._i1.(%-—u2)ndu

du=- 2 n 3 L n-1
x=0=u=1 =[u(-;——u2) ]_l—J._’%u.n(%——uZ) (—2u) du
x=l=u=—; =0-2n[" G-u2-) (1)

f— )= (L)L :
e ==2n [} (b= du-s [} (500 e
4 2 2
==2nl +inl

s @u+l) =4nl

[} (o) L=,
22n+1) "

i L= [1dc=1

Je 2 gy 5 A, _ 5 4 3 2 1
So2xI11t 2x1172%x97F T 2x1172%9 2x7 2x5 2x3 °
5 4? 3 2? 1? (5 1?

W= . . . . =
1Ix(2%5) 9x(2x4) Tx(2x3) 5x(2%x2) 3x2x1 11!

11

iii.

x=sin’*(Lr) sin’ 1 = 2% sin*(3r)cos (3 1)

de=sin(}) cos(1) dt o= — 2t (L) f1-sin’ L)}
2 2 t=r=x=1 - 2 2
2dx =sint dt =22 x(1-%)
Hence for n=0,1,2, ...
[Tsin® s de = [ (sin?ry" sint de
0 o
— "92n 1 ney__ n
=27 | ¥"(1-x)". 24
= 22n+1]
But for n=1,2,... and for n=0
;o n n—-1 n—2 _l_ .
7T o2n+D) 22n-1) 22n-3) 7 23" Tk o
o (-1 (n-2)’ P - (00-1 -
T Cnihn @n-1)2n—2) n-3)2n-4) " 3x2x1 @xo+1!
(Y
2n+1D!
z 2n+1 1 2
o [Tsin™ =2 o0,
0 2n+1)!
Question 7
a. Outcomes assessed : HS
Marking Guidelines
Criteria Marks

i e writes appropriate expression from Pythagoras® theorem in each triangle

o climinates 4 to obtain require result
ii  writes expression from applying Pythagoras’ theorem to an appropriate third triangle

o climinates / to obtain required result

b et pea

iii ¢ combines expressions from i. and ii., using c=m+n 1
iv e writes appropriate pair of equal ratios derived from sine rule for each specified triangle 1
e uses fact that ZCDB, ZCDA are supplementary to deduce sin £ZCDB = sin ZCDA !

o deduces that am=bn if CD bisects ZBCA !

1

o uses this equality and iii. to deduce required result

Answer

i In ACEA, b =W +(m—p)®. In ACED, W =d-p
B =(d—p)+ (= 2mp+ pP)=dP+m’ ~2mp

ii. In ACEB, a* =KW +(p+n)
nd=(d* = p)+ (W +2mp+ pP)=dP + P +2mp

D B
——— M ————p 71— ii. @’m+bn=d(m+n)+n’m+mn
s dm+ B n= (m+ n)(d* + mn) = o(d* + mn)
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iv. In ACD4, SHLACD _sinZCDA- b _ sinZCDA
m b m  sinZACD

In ACDB, sin£BCD _sinZCDB_ a _ sTnLCDB

n a n  sinZBCD

But sin ZCDB = sin(180° — LCDA) =sin ZCDA .
If CD bisects LBC4, £LBCD=/LACD.
Then

a_b o(d +mn)=a*m+bn ~d*+mn=ab
nom = a(am)+ b(bn) &* =ab—mn
~am = bn = a(bn)+ b(am)
= ab(m+ n)
=abc

b. Outcomes assessed : HE3

Question 8
a. Qutcomes assessed : HE2, HE3

Marking Guidelines .
Criteria Marks
i e defines a sequence of statements and shows the firstis true 1
o writes x,,, —2 intermsof x, ,factoring the cubic numerator %
o deduces the truth of S(k+1) conditional on the truth of S(%), then completes the induction
ii ® writes expression for x_, +x, 1
e shows x_, +x, <1 for x >2 to deduce result 1

Marking Guidelines
Criteria Marks

i e finds probability of either 1head and (n—1) tails, or of 1 tail and (»—1) heads 1

e adds these to find the required probability 1
ii o uses the complementary event to find an expression for this probability i
iii e finds the required probability
iv e states probability is zero for N =1, and considers how this event can occur if N =22 1

e writes probability for N =22 1

Answer

i. For n=3,4,5,... , P(odd one out) = P(1tail and n—1 heads)+ P(1 head and n—11ails)
. — n—1 -1 __ n
.7P(0dd one out) = nx Ex (3 +nxix @)yt = g

ii. P(at least one 'odd one out') =1- P(none)

N
n
=1—(1—5;7j

iii. Require probability that ‘odd one out’ does not occur during first (N —1) plays, then does occur

N-—-
on N* play. Hence probability is 2—:1_7(1 - 2%]

iv. For N =1, this probability is clearly 0.
For N 22, require exactly one ‘odd one our’ occurs during first (N —1) plays, then ‘odd one out’

occurs again on N play.
Hence probability is
n " N~2 P 2 N-2
n n
g7 (F)-o(s) (-5
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Answer

. 2xn3+8 123
i. x;=1and x,, = . n=123,..
n

Define a sequence of statements S(n), n=2,3,4,... by S(m): x >2
_2x’+8 248
I

* %
x,>2

>2 =~ S(2) is true.

Consider S(2) : X,

If S(k) is true :
_2xk3+8
3xk2

2x°+8~6x°

PP X,

k+1 2
3x,

C2(x2-3x2+4)

2
3x,

_ 205,410 — 4x, +4)

2
3x,

20+ Dx, - 2
3xk2
>0 if S(k) is true, using **

Consider S(k+1) : X

Hence if S(k) is true, then S(k+1) is true. But S(2) is true, hence S(3) is true, and then S(4) is true

and so on. Hence x >2 for n=2,3,4,...

3 2
T L But x >2 ==<I for n=2,34,..
n 3xn x,
3 2
ngxn_-:-_s_ Hence x"+‘<—+l><13=1 for n=2,3,4,...
xn 3xn xn

~x,,, <x forall positive integers n=2
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b. Outcomes assessed : H5, HE3

¢. Outcomes assessed : HE3, E9

Marking Guidelines
Criteria Marks
i e uses sum formula for geometric progression to simplify expression for f'(x) 1
e deduces required properties of f(x) 1
ii e explains why for x>0, f(x)>0 for evenn and f(x)<0 forn odd 1
e identifies 2n as even and 2n—1 as odd to deduce required result }

iii ¢ selects an appropriate value of n to evaluate In(1-2) correct to two decimal places

Marking Guidelines
Criteria Marks
i e writes a as infinite sum and deduces a >0 1
o compares this sum with the sum of a geometric progression 1
o finds the limiting sum of this G.P. to deduce the required inequality for a t
ii o if ¢ rational, uses definition of a rational number to select a value of » for which a is integral 1
1

Answer

7/

i f(x)=In(l+x)~ (x—--—+——._4+ e I),lq
n

3 1 n-1 rll
S@= - (1-x+x* =% L+(-1) )
1 1-(=x)"}
= 1+x B I+x
(Gl
1+x

S f(0)=0 and f(x) isstationaryat x=0.
Also for x>0, when niseven, f'(x)>0 and f is monotonic increasing
whennisodd, f’(x)<0 and f is monotonic decreasing

ii. f(0)=m1-0=0

Hence for x>0, ifniseven, f(x)>0 sincef is monotonic increasing

ifnisodd , f(x)<0 sincef is monotonic decreasing
3 4

Hence for x>0, ifniseven, 1n(1+x)>x—x7+?——4—+...+(—1)" 1 X
n

¥ X w1 X"

2

x
ifnisodd , Wl+x)<x——+—~—+..+(~1
(I+x)<x > t3 7 -D

But for positive integers n, 2nis even and (2n—1) is odd.

¥ X o 2 ¥ s
X— b~ = <In(l+x) < x——4——- ..+
2 3 2n 2 3 2n-1
.
% P ,
X (x== x—-5—+—3— ».0-18<n(1-2)<0-1826
0-21 0-18 0-1826 » In(1-2)=0-18 (correct to 2 decimal places)
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e argues by contradiction that e must be irrational

Answer

s 1
2—1—-1+1+l+——+...
! 2t 3!

1 1)
a=n! 1+1‘1‘E+§ +;"J

! + ... *
(n+1)' (n+2)' (n+3)! )
+ ! +
+1 (n+2)(n+1) (n+3)Yn+2)(n+1)
1 1 1

< + =+ S
n+1 (n+1) (n+1)

( limiting sum of a G.P)

1
___E"(tll)T (since In+ll <1 for n=1,2,3,..)
p
_ 1
T (n+D)-1

1
Clearly from * above, a>0 . w O0<a<~ for n=1,2,3,...
n

ii. Suppose e is rational. Then e= £ for some positive integers p, ¢ with no common factor.
q

1
Letn=¢g. Then a=g! 2_ 1+1+i+i+...+—
q 21 3! q!

Now eachof ¢, 2!, 3!,...,q! isafactor of g!.
Hence g must be an integer.

. . 1
But there is no integer a such that 0 <a < —
q

Hence e must be irrational.
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Independent HSC Trial Examination 2007 Mathematics Extension 2 Mapping Grid

i Syllabus Targeted

Question | Marks Content QOutcomes | Performance
. - Bands

7 ai 2 Plane geometry H5 E2-E3

aii 2 Plane geometry H5 E2-E3

a iii 1 Plane geometry H5 E2-E3

aiv 4 Plane geometry H5 E2-E3

bi 2 Probability HE3 E3-E4

bii 1 Probability HE3 E3-E4

b iii 1 Probability - HE3 E3-E4

biv 2 Probability HE3 E3-E4

8 ai 3 Induction HE2 E3-E4

aii 2 Inequalities HE3 E3-E4

bi 2 Differentiation HS E3-E4

bii 2 Inequalities HE3 E3-E4

b iii 1 Inequalities HE3 E3-E4

ci 3 Inequalities HE3 E3-E4

cii 2 Inequalities E9 E3-E4

Syllabus Targeted
Question | Marks Content Outcomes | Performance
Bands
1 ai 1 Graphs E6 E2-E3
aii 1 Graphs E6 E2-E3
a jii 2 Graphs E6 E2-E3
aiv 2 Graphs E6 E2-E3
bi 2 Graphs E6 E2-E3
bii 2 Graphs E6 E2-E3
ci 2 Graphs E6 E2-E3
cii 3 Graphs E6 E2-E3
2 ai 1 Integration H5 B2-E3
aii 2 Integration HS5 E2-E3
b 3 Integration HE6 E2-E3
c 4 Integration E8 E2-E3
di 2 Integration HE6 E2-E3
dii 2 Integration E8 E2-E3
d iii 1 Integration E8 E2-E3
3 ai 1 Complex numbers E3 E2-E3
aii 2 Complex numbers E3 E2-E3
bi 2 Complex numbers E3 E2-E3
bii 2 Complex numbers E3 E2-E3
ci 2 Complex numbers E3 E3-E4
cii 2 Compléex numbers E3 E3-E4
di 2 Complex numbers E3 E2-E3
dii 2 Complex numbers E3 E2-E3
4 ai 4 Conics E3 E2-E3
aii 3 Conics E3 E2-E3
aiii 2 Conics E3 E2-E3
bi 3 Conics E3, E4 E2-E3
bii 1 Conics E3,E4 E2-E3
b iii 2 Conics E3,E4 E2-E3
5 ai 2 Polynomials E4 E2-E3
aii 2 Polynomials F4 E2-E3
bi 1 Polynomials E4 E2-E3
bii 2 Polynomials E4 E2-E3
b iii 2 Polynomials E4 E2-E3
ci 2 Mechanics E5 E3-E4
cii 2 Mechanics E5 E3-E4
ciii 2 Mechanics ES E3-E4
6 ai 3 Volumes E7 E3-E4
ail 3 Integration HS8 E2-E3
bi 4 Integration HEG, ES E3-E4
bii 2 Integration ES8 E3-E4
b iii 3 Integration HE6, E8 E3-E4

The Trial HSC examination, marking guidelines/su i
e { s ggested answers and ‘mappin
gll;lil;" ) have been produced to help prepare students for the HSC to the best cjfa':‘)ur9

ity.
Indlv_ldual teachers/schools may alter parts of this product to suit their own
requirement.




