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Student name / number

Question 1 Begin a new booklet

@@ Find [ +x7) dv.

e +1

(i) Find Je"+1

cosx
(b)  Use the substitution #=sinx to find js dx .

in’® x

H 1
(¢)  Use the substitution ¢=tan¥ to evaluate J

1

1
(d I = ——dx, n=123..
@ " JO A+x*

-1, 1 123
2n " p.2"

(i) Showthat I =

1

(if) Hence evaluate L m

o 2—cosx+2sinx




Student name / number

Question 2 Begin a new booklet
(a) z=1+i and zz=\/§—i.

(i) Find 2 inthe form a+ib wherea and b are real.
2

(i) Write z and z, in modulus - argument form.
z
(iii) By equating equivaléent expressions for ~L . write c:osST’zZ as a surd.
2
(iv) Explain why there is no positive integer n such that z, z," is real.

®

(i) Copy this Argand diagram and draw vectorsfor z, iz and Z~iz.
Show carefully any details about relative lengths and directions.

(ii) Show thatif z has argument 8, 0<6 <%, and modulus 7, then
|z-iz|=2r|sin@+3)|.
(iii) Draw a second diagram showing vectors for z, Z and iz if I z l =1,

O<argz <§, and lE—z‘z| takes its maximum value.

©)(@) If z=cosB+isind, explainwhy z"+z"=2cosnf and z"~z™" =2isinnd
for positive integers 7.

(ii) By considering the Binomial expansions of (z+2z™')’ and (z—z"')’, show that
4(cos’ B + sin® §) = (cos 36 — sin36) + 3(cos B +sinfh) .

(iti) Hence evaluate cos’Z+sin’ % in simplest surd form.

Student name / DUMBEL  o.veeermmunronsnenenee

Question 3 Begin a new booklet

(@

The diagram shows the graph of f(x)= 2¢* —1. On separate diagrar;ns sketch
the following grapbs, showing the intercepts on the axes and the equations of
any asymptotes:

@ y=|r@l-
@ y={r@}
L
(iif) y= f(x)‘

() y=Inf(x).

(®) Given that x =0+ $sin26 and y=0-1sin26 :

d
(i) Show that =-=tan’6.
dx
dZ
(ii) Show that Ex% = tanBsec’ 6.
e" -1

(©) Consider the function  f(x)=| x ’
1 ,x=0

x#0

@@ Use differentiation to show that e+ x _120 for all values of x. Hence
show that f(x) isan increasing function for x # 0.

(ii) Show that f(x) is continuous at x =0.

(iii) Sketch the graph of y=f (x).
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Marks
Question 4 Begin a new booklet
(@) P(cp s %) s Q(cq ) %) R R(cr s f) are three points on the rectangular hyperbola
xy=c* such that the parameters p, ¢, 7 are in geometric progression.
(i) Explain why P and R must lie on the same branch of the hyperbola. Under what 1
condition will Q lie on the opposite branch to P and R?
(i) Show that the chord PR is parallel to the tangent to the hyperbola at 0. 3
x2 y2
(b) P(acosB , bsin8) is a point on the ellipse — + I =1. PQ isa diameter of the
a
ellipse. The tangent to the ellipse at P meets the vertical through O at R.
. . xcos@  ysin@
(i) Prove that the tangent at P has equation + ) =1. 2
(ii) Show that the ratio of the area of APQR to the area of the ellipse is 2:z l tané)l . 3
© P(t, %) is a variable point on the rectangular hyperbola xy =1. M is the foot of
the perpendicular from the origin to the tangent to the hyperbola at P.
y 4
pr
xy=1
0 \ 4
[/
(i) Show that the tangent to the hyperbola at P has equation x + Py=2t. 2
(ii) Find the equation of OM. 1
(iif) Show that the locus of M as P varies has equation x* + y* = 2\/5 . 3

Student name / MUMbET  ...oooaveimniiiiiiannes

Question 5 Begin a new booklet
(a)  Consider the polynomial P(x)= xt—4x® +5x* —2x—2.

(i) Show that the curve y = P(x) has a maximum turning pointat (1,—2) and
minimum turning points at x =1% %\E . Hence deduce from a skeich of the

curve that the equation P(x)=0 hastwo real roots and two non-real roots.

(ii) Explain why the real roots cannot be rational. What do you know about the
nature of the non-real roots?

(iti) Giventhat 1+i isaroot of the equation P(x)=0, factor P(x) into two
quadratic factors with rational coefficients. Hence find the x-intercepts of the
curve y= P(x) and show them on your graph.

(b)(@ Prove that jo Fx) de= jo f(a-x)ds. Hence show j:xcoszx dx=0,

@)
yt
y= sin’ x

*!L

0 b4

The area bounded by the curve y = sin? x and the x-axis between x=0 and
x =1r is rotated through one revolution about the y-axis. By taking the limiting
sum of the volumes of cylindrical shells, show that the volume of the solid of

revolution is givenby V' =27 _‘.:xsin2 x dx . Hence find the volume of this solid.
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Question 6 Begin a new booklet
(@ Consider the complex number z which satisfies I z l =1,
(i) Show that 1+cosc +isine =2cosia (costa+isin}a).

(ii) If z=cosf+isinf, ~w<@<m, write 1+2*> interms of cosf and sinf.
Hence deduce that if in an Argand diagram, points 4 and B represent z and

1+ z° respectively, then 4, B and O are collinear, where O is the origin. State
the values of 6 such that B lies inside the locus of z in the Argand diagram.

1+ 2 cosf

(iii) If z=cos@+isinb, —w <O < 7w, show that Tr
z

1
cos 0

graphs of y= [ cosB ! and y= cosée , and solving an appropriate trigonometric

. 1+2
equation, find values of 8 such that ]

lies inside the locus of z.

(iv) In an Argand diagram, sketch points 4, B, C, D representing z, 1+42z°, 1+z and

14 2° . . T w
respectively if z=cos¥ +isin%.
z

®

In the diagram, the two circles interséct at 4 and B. P is a point on one circle. P4
and PB produced meet the other circle at M and N respectively. N4 produced

meets the first circle at 0. PO and NM produced meet at R. The tangent at Mto
the second circle meets PR at T.

(1) Copy the diagram. Show that OAMR is a cyclic quadrilateral.
(ii) Show that TM =TR.

. By considering

w
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Question 7 Begin a new booklet

(2) A particle of mass m kg falls from restina medium where the resistance is Tlo’m"z

Newtons when the particle has speed v ms™. The acceleration due to gravity is 10 ms>.

(i) If the particle has fallen a distance x metres in f seconds, explain why % = (100 ). 1

(ii) Show by integration that v* =100(1—¢ ™). 3

(iiii) Find the percentage of its terminal velocity attained by the particle in falling 10 metres. 2
(b)

Particle A of mass Mkg hangs at rest inside a
hollow sphere of radius R metres, suspended by

a light, inextensible string passing through a hole

in the top of the sphere and over a smooth peg P
situated 2R metres above the centre O of the
sphere. A second particle B of mass m kg is fixed
to the other end of the string and moves in a
horizontal circle around the smooth outer surface of
the sphere with constant angular velocity o radians

per second. The acceleration due to gravity is g ms™2.

(i) Explain why the section of string between P and B makes an angle of 30° with the 2
vertical. Draw diagrams showing the forces on each of the particles A and B.

(ii) Write expressions for the tension T in the string and the normal reaction N between 3
the particle B and the spherical surface in terms of M, mand g.

(iii) Find ®” interms of M, m,R and g. 2

4
(iv) Deduce that \ﬁ < M < \ﬁ . 2
4 m 3




Student name / AUMDBET  ..euvneeceruririneenecrasrnaanns

Question 8 Begin a new booklet

@

MJA >
0 kx'

The curve y = ¢* cuts the y-axisat4. Bisa second point on the curve such that

x=Fk at B, where k>0. The tangent to the curve y= ¢ atA cuts the vertical
line x = k at the point C.

(i) By considering areas, show that %k(k+ 2)< F-1< %k(l +ef ). Hence deduce 4
that 2-5<e<3.

(ii) Show that the curve y = ¢* bisects the area of AABC for some value of k such 3

that 2 <k <3. Taking k=27 as a first approximation, apply Newton’s method
once to obtain a second approximation. Give your answer to one decimal place.

(b) A sequence of numbers T, n=1,2,3, ... isdefined by 7,=2, T, =0 and 5
T =27 _,-2T,_, for n= 3,4,5,.... Use Mathematical induction to show that

n+2
T,=(\2) cosZ, n=123..

©) AABC has sides of length @, b, ¢. If & +5° +¢” = ab+bc+ca, show that 3
AABC is equilateral.
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Mathematics Extension 2 Marking Guidelines

Question 1
a. Outcomes assessed : HS
Marking Guidelines
Criteria Marks
i e expands the square 1
o writes the primitive function 1
ii e simplifies the integrand by factoring the sum of cubes }
» writes the primitive
Answer
i [@ xR de= [er24 Dy ax ﬁ‘ Je3"+1 doe [EFDE -+
=1x’+2x+Inx+c e+l e+l
= f(ez" -+ dx
=t - rx+c
b. Outcomes assessed : HE6
Marking Guidelines
Criteria Marks
e writes integral in terms of  and primitive in terms of u 1
e writes primitive as a function of x 1
Answer
u=sinx cosx 1 1
= cosx dx fsmzxdx=fu7du=——+c=—cosecx+c
¢. Outcomes assessed : HE6, ES
Marking Guidelines
Criteria Marks
e writes dx in terms of r and df; changes x limits to # limits 1
¢ uses ¢ formulae to convert integrand to function of ¢ 1
e uses partial fractions to find primitive 1
e evaluates by substitution 1
Answer
t=tanf J‘ 1 (Y 12 2
S - : - '
dt = Lsec? £ dx 520 a0 s 2—cosx+2sinx o GEHDE+D 147
1
= L1+ 1) x=Z=t=1 - 3 1 1,
2 o LB+ (t+D)
1+7

2 —cosx+2sinx
20+ —(1=2)+ 4
- 1+7
344+l
1+

=[inGr+1)-In¢+1)],
= (In4-In1)~ (ln2 - In1)

=2In2-In2
=2

d. Outcomes assessed : E8

Marking Guidelines
Criteria Marks
i e applies integration by parts 1
e rearranges new integrand into form involving powers z and n+1 %
 obtains required recurrence relation
ii » applies recurrence relation to express I, in terms of ) 1
e evaluates I and hence 1
Answer
! i L=3IL+%
i 1n=J' L&, a=123. Al
o (1+x%) =3ln+h+%
=3 1
=[x+ 2] - [ x a2ty () =gl +g
1
1
__~-n 1 2y _ 2\—n-1 I - J
=2 +2nj0{(1+x) 1+ 22y dx o v
_an ! 2y-n _ 2\—(n+1) Rt
=27+ 2n[ {(1+27)7 - (1+27) "} de =[tanx]
=27 +2nl -2nl =%
A 2nl  =Qn-DI +27 . 1 1 e 348
2n-1 1 e (1 + 2)3 - 32
= I +—= . n=123,.. 0 x
n+l 2” n n.2n+
Question 2
a. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e obtains the quotient in the required form 1
ii e writes z in modulus-argument form %
e writes z, in modulus-argument form
iii ® equates real parts of expressions for quotient to find required surd 1
1

iv e explains why product cannot be real by considering its argument

Answer
i .?=\}§+’i i, ?:@{cos(%+§)+isin(%+%)}=%+iﬁ%
2 - 2
_Q+)3+9) Bquating real parts L cos 3% = £-1
e .

_oB-n 6B

4 4 iv.

ii. 2, = V2 (cosZ +isinZ)

z,= 2{cos(— )+ isin(— %)}

arg(z, z,"Y =4 ~nE=(3-2nf&
But 3-2r=14+2(1-n) is an odd number for all

positive integers #, and hence cannot be divisible by 12.

- arg(z z,") cannot be 2 multiple of 7, and hence z, z,”

cannot be real, for any positive integer n.




v

b. Outcomes assessed : E3

Marking Guidelines
Criteria Marks
i shows iz as anticlockwise rotation by Z, and Z as reflection in x-axis 1
e obtains Z — iz by vector subtraction
ii e applies cosine rule to find square of modulus 1
o uses trigonometric identity to obtain required expression for modulus i
iii » shows vectors as required
Answer
i iii.
y A ¥y A
//j/——l \\\\\\ \\\
iz // 74 z N .
z II’I \\\
Y
= > -1 0 e
0 Z-iz \\ /’ x
z \\\ 7 //I
2 . - 4
ii. !E— iz‘ =rt+r2=2" cos(§ +26) ‘\_i ,,,,,,,
s -
=2r*{1-cos(%+ 20)}
=2r".2sin” L(£+26)
o2 ~iz|=2r|sin(Z+0)|
¢. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e uses De Moivre’s theorem to establish required results 1
ii e obtains both expansions, groups terms and substitutes appropriate trigonometric expressions 1
» simplifies and combines results to obtain required expression 1
iii ® substitutes 6 = = and obtains zero for first term 1
1

e expresses remaining term as single sine or cosine to obtain simplest surd form

Answer
. 2"+ 27" =2cosnf
z" —z7" = 2isinnb

i. Using De Moivre’s theorem, 2" =cosnf +isinnd

2" = cos(~nB) +isin(-nf) = z " =cosud—isinnd
H (z+z) =2 +32%27 +3z227 + 27 (z-27"Y =2 -32%27" +3z77 -2
E+zY = +z)+3z+27) -z =(-27)-3z~2z")
(2cos8)’ = 2cos30+ 6cosB (isinf)’ = 2isin36 - 6isind
4co0s’ 6 =cos36 + 3cosO ~4sin* @ = sin 30 — 3sin@
. 4(cos’ B + sin’ B) = (cos30 — sin30) + 3(cosH + sinh)

3L 3T 1 Z_gnZ Ty gn X
ifi. cos’{5+sin’ % 4{(cos4 sin%) + 3(cos 12+Sm12)}
—0+32 L g & 4 Lgin
0+ (rzcosu+ﬁsm12)

=32 e Moo T Zgin &
== (sm4coslz+cos4sm12)

.. cos’ Z+sin’ & = 3—;{—2—sin(% +5)= i:{—%in% = 3—8@
Question 3
a. Qutcomes assessed : E6
Marking Guidelines
Criteria Marks
i e reflects section of curve for x >In2 in x-axis 1
ii »shows curve with correct shape and positions of turning point and asymptote 1
iii ® shows left hand branch with y-intercept and asymptote i
e shows right hand branch with both asymptotes 1
iv e shows curve through origin with correct shape and asymptote
Answer
i ii.
ye V4
2
y=|r] y={r@}
y=1 ] y=1
TINGT T =TT "'K"":“
_L, i
0} m2 x 0] In2 x
iii. iv.
V4 : 1 y 4 |
= 1
AT |
: 1 x=In2
. !
Y 'x=In2 I .
O X o\ 'm2 x
0 2 X )
| R PR | y=hf)
1 I
| w
b. Outcomes assessed : E6
Marking Guidelines
Criteria Marks
i » derives x and y with respect to 8 1
» uses double-angle trigonometric identities to show required result 1
ii e derives implicitly with respect tox 1
o substitutes derivative of 6 with respect to x to obtain required result !




Answer . d
d . . ody 2
i y=6-1sin20 = d—J;=1—c0529=23m29 i S5 an’6)
i & =2cos’ 2t sec?0 2
x=0+3sin20 = g§—1+c0529—2cos ] 2tan# sec %
- Q=ii:v—-:—£=tan29 =2tan@ sec’ 0 S
de do 4o 2cos* 0
=tan@ sec' 6
¢. Outcomes assessed : E6
Marking Guidelines
Criteria Marks
i e shows by differentiation that ¢ +x—~1 hasa minimum value of 0 when x=0 i
e finds f'(x) 1
o rearranges f”(x) asa product of (¢ +x—1) and deduces f'(x)>0
ii e expresses limiting value of f(x) as x>0 as the derivative of ¢* at x=0 1
» evaluates this derivative to show limiting value is 1 }
iii » shows curve of correct shape with y intercept of 1 and asymptote

Answer

i. Consider the function g(x)=e* +x—1.

x x _ 0
g(0)=0 and g'(x)=-e"+1 =g(0)=0 fim _l—lime e
Also g”’(x)=e¢*>0 forallx =0 X ":"’ x-0
= g(x) has a minimum value of 0 when x=0. =h'(0)
~e* +x—120 forall x, with equality only if x=0. =1f(0)
51 ='
For x#0, f'(x)-—'%(e ] . f(x) is continuous at x =0.
x
_ex=(e-1.1 i
== ,
_l+xef—e”
=2
x
e* _x 1 1 y-—f(x)
=;2-(e +x—) R
>0 0l X

Hence f(x) is an increasing function for x # 0.

Question 4
a. Outcomes assessed : E4

ii. Let h(x)=e*. Then W(x)=¢".

Marking Guidelines
Criteria Marks
i eexplains p and 7 must have the same sign; common ratio negative for Q on opposite branch 1
ii o finds gradient of PR in terms of p and » i
o finds gradient of tangent at Q in terms of ¢ 1

o uses relationship between consecutive terms in a GP to deduce result

i. (cont.)

y A

R\
_z-bm

Since y = P(x) has exactly two x-intercepts,
neither of which is a stationary point, the
equation P(x)=0 has exactly two real roots.

Then the two remaining roots must be
non-real.

b. Outcomes assessed : E7, K8

ii. Any rational roots of P(x)=0 must be factors
of 2. But P()=-2, P(-1)=10, P(2)=-2
and P(-2)=70. Hence there are no rational roots.
Since the coefficients of P(x)=0 are real, the
non-real roots must be complex conjugates.

ifi. 147 and 1—i arerootsof P(x)=0.
s(x=1=-ix—-1+{)=x>—2x+2 isafactor.
If the two real roots are o and S, using the

relationship between the coefficients and the roots,
o+B=2and aff=-1.

Hence (x~a)(x—B)=x>-2x-1.
A P(x)=(x*-2x+2)(x* -2x—1) and o, B
are roots of x> ~2x—1=0.

(x-1Y=2

Hence the real roots are 1+ \[2— , and these are
also the x-intercepts of the curve y = P(x).

Marking Guidelines
Criteria Marks
i e makes an appropriate substitution to prove general result 1
o applies result to given integral 1
e rearranges, then evaluates primitive 1
ii # finds the volume of a typical cylindrical shell in terms of x 1
o takes the limiting sum of cylindrical shells to obtain the given integral 1
* uses an appropriate trigonometric identity to simplify the integral 1
e uses the result in (i) to evaluate the integral 1

Answer

i
u=a-x x=0 = u=a
du=—dx x=a = u=0

[[rayax= j:f(a—u).—du
= J.oaf(a—u) du
=[ fa-xa

J.:xcos 2x dx = _[: (m—x) cos(2m —2x) dx

= J.o”(n ~x) cos2x dx

= nf:cost dx — J-:chSZx dax

ZJ:JCCOSZX dx = n[isin2x]:

=r(0~-0)
fonxcos2x dx=0




i

v 4 : Ignoring second order terms in (6x)°,
y=sin"x the volume of the solid is given by
11 . < . 2
I%D {y V—ﬁljltx_%z?nxsm x 6x
(SS——— o > = 2nj0”xsin2x dx
> * x
"“R—_" = n'_]'o x(1—cos2x) dx

=7z_[”xdx—n'_[”x cos2x dx
R=x+6x, r=x ) 0

The typical cylindrical shell has volume — %75 [ xz]: -0
8V =m(R*-r)y

= 1 ][3
=7m(R+r)}R-r)y 2
= 7(2x + §x) &x.sin x Volume is 7 cubic units
Question 6
a. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e proves result using double angle formulae 1
ii applies result to 1+ 2 :
 uses result that 1+ z” = kz to deduce 4, B, O collinear 1
« finds required values of 8 1
iii » applies result in (i) and simplifies to obtain expression for quotient 1
® uses graph to compare values of lcosé] and cos%@ 1
o solves appropriate trigonometric equation to find values of 8 1
iv e sketches diagram showing collinear points O, A and B in the correct positions 1
o shows collinear points O, C and D in the correct positions 1
Answer
i 1+cosa+isina=2cos’ia+i(2sinlacosia) i 1+2* _ 2cos6 (cos+isin6)
=2cosla (cosla+isinla) " 14z 2coslf(cosl6+isinle)
2
2 . .'.H—Z=-—c—o—se—(cos%9+isin%8)
ii. 14 2z°=1+cos20+isin26 I+z cosif
o1+ 2% = 2c0s0 (cosh + isin) J1+22] | coso
o 1422 = (2c080) z T cos1o
- -
-. OB is in the same direction as 04
- . 2
(if 2cos8>0), or the opposite I+z <1 for [cose l <lcosle |
- 1+z 2

direction to OA (if 2cos6<0).
In either case, 4, B and O are collinear.
B lies inside the circle which is the locus of z

if |2cosf|<1, giving

2z z z 2
—-&<8<~-% or $<0<%

iii. (cont)

Y Hence point representin Ly’ lies inside
e
1 y= |cosel p P €142
y=costd locus of z for —Z£ <8< 2, G0,
= -3 0 ’ T T b iv
At the intersection points other thanat =0, y4
—cosf =cos16 1 B
—2cos’ 10 =coslf-1 . ¢
2cos’ 28+ coslf-1=0 o
g »
(2cos20—1)(cos 368+ 1)=0 -1 0] 1 4
ncost@=1, since coslf=-1
o |cos8|<[cosLB| for ~Z<h <, g0,
-1
b. Outcomes assessed : PE2, PE3
Marking Guidelines
Criteria Marks
i e sketches diagram and quotes property of cyclic quadrilateral to deduce ZRMA = LABN 1.
e deduces similarly that £4BN = ZAQP and applies test for Q4MR to be cyclic 1
ii ® uses alternate segment theorem to deduce equality of angles SMN and MAN 1
e recognises equal vertically opposite angles at M/ and 4 1
® quotes property of cyclic quadrilateral QAMR to deduce equality of angles PAQ and TRM 1
® deduces triangle TMR has a pair of equal angles and hence a pair of equal sides 1
Answer
i. ZLRMA = ZABN (exterior angle of cyclic quad.
ABNM is equal to interior
opposite angle)

Similarly
ZABN = Z4QP in cyclic quadrilateral ABPQ.

Hence quadrilateral Q4MR is cyclic.
(exterior angle AQP is equal to interior opposite
angle RMA)

ii. Produce 7Mto S. Then
£LTMR = ZSMN (vertically opposite angles are equal)
£SMN = ZMAN (angle between tangent and chord drawn to point of contact is equal to angle
subtended by that chord in the alternate segment)
LMAN = LPAQ (vertically opposite angles are equal)
£LPAQ = LTRM (exterior angle of cyclic quad. QAMR is equal to interior opposite angle)
Hence in ATMR, £TMR= £TRM and hence TM = TR (sides opposite equal angles are equal)




Question 7
a. Outcomes assessed : E5
Marking Guidelines
Criteria Marks
i e considers forces on particle and invokes Newton’s second law to deduce equation of motion 1
ii e finds primitive function for x in terms of v* 1
o uses initial conditions to evaluate constant of integration 1
o rearranges to find v* in terms of x 1
iii » shows terminal velocity is 10ms™ 1
o finds v when x = 10 as percentage of terminal velocity 1
Answer
. s > . 1 dV2 _1 2
i Initial conditions ii. P 1g(100—7%)
t=0 L & -
x=0 Sdv?)  100—v?
x v=0 —Llx=n4(100~v?), A consiant
Forces on particle 1=0 0=1n1004
x=0r=
1%0”“,2 0 nA=3s
v mg s=tx=In(1-55v")
e =1- 17
By Newton’s second law 100
mi = mg — {5 mv* ¥ =100 (1—e¥)
o 1.2
x~110_1°v , fi. x=10 =1*=100(1-¢?)
¥ =35(100-v7) Percentage of terminal velocity attained when
particle has fallen 10 metres is
-0 as v—>10
Terminal velocity is 10ms™ 10v1-¢” %100% =93%
10
b. Outcomes assessed : ES
Marking Guidelines
Criteria Marks
i » explains why angle is 30° and shows forces on A 1
» shows forces on B 1
ii e identifies resultant zero force on A to write expression for T’ 1
¢ identifies zero vertical component of resultant force on B to write equation for T and N 1
» finds expression for N 1
iii » considers horizontal component of resultant force on B to write equation for 7, N and o’ 1
o finds expression for @* 1
iv e uses N 20 to obtain upper bound 1
1

o uses @ >0 to obtain lower bound

Answer
i. ZOBP =90° (tangent L radius)
~sinZOPB=f =1
<. ZOPB=30°

Forces on B

Forces on A

T

Mg

iii. From (3), substituting for 7, N :

o = MeV3-3@m- Mg
3mR
e 28 (2 M3 —3m)
3mR

ii. A isin equilibrium. ~T=Mg (1)

Resultant force on B is directed horizontally towards

the centre of its circle of motion with magnitude mr »?.

Resolving vertically and horizontally,
T c0s30°+ N'sin30° = mg
T'sin30° — N cos30° = m(Rsin 60°) &’
T3+N=2mg  (2)
T\3-3N=3mRe* (3)
From (1) and (2) : N=(2m~ M~3)g

Hence

iv. Particle in contact with the sphere .. N 20.
Particle moving around the circle .. @* >0

N=mg«/§(\/g—£] and

3 m

] M_\E _ ,._\Egs\/i
3R | m 4 4 m 3

Question 8
a. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
i e finds equation of tangent AC and finds coordinates of C 1
» establishes lower bound for (¢* ~1) by comparing definite integral with area of 40DC L
» establishes upper bound for (e* 1) by comparing definite integral with area of AODB }
o uses result for £ =1 and rearranges to obtain required inequality
ii o writes equation for k if triangle area is bisected 1
e writes equation in form f(k)=0 and establishes existence of root k£ such 2< k<3 1
* uses Newton’s method to obtain second approximation 1

Answer

. d)
i. Ey=e"=1 at x=0

Hence tangent AC has equation y =x +1

~C(k,k+1). Also B(k,e*). Then
Area AODC < jo"e" dx < Area AODB
k
Lk(k+2) < [e":lo <ik(+eb)
L 3k(E+2) < -1 <lk(1+eF)
For k=1, 1.5<e-1<0-5+1e

Hence 2-5<e and le<1:5
~2-5<e<3
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ii. Area of A4BC is bisected if FGEICE k)ek — kK -3k~-4

(F-D=1k(k+2)=1k1+e") (5 1) f’(k):{-ek+(4—k)e"}—2k—3
(d—-k)e* -k -3k—4=0 (- Bk —2k-3
Let f(k)=(4-k)ek -k ~3k—4 Taking k,=2-7, k=27- L0
Then f(2)=0-78>0, f(3)=~1-9<0 e
and f(k) is continuous. k=07 —0-4635
Hence f(k)=0, and the area is bisected, ! 3-9361

for some & suchthat 2< k<3 ~2-688

Hence second approximation is 2-7 (to one

decimal place).
b. Outcomes assessed : HE2
Marking Guidelines
Criteria Marks
o shows statement true for n=1, n=2 1
o uses recurrence relation to write 7, | intermsof 7, and 7,_, for k=2 1
o writes both 7, and T, , in terms of cosines, conditional on truth of S(n), n<k 1
e expands cosine expression, simplifies and regroups 1
e obtains T, in required form, conditional on truth of §(7), n <k, and completes proof 1

Answer

n+2
Define the sequence of statements S(n), n=1,2,3,... by S(n): T = (\/5) " cosl’;z£

1+2
Consider S(1), S(2) : (JE) cost=22.L=2=7  .50) istrue
2+2
(2] costE=a x 0= 0=1, .5 istue
n+2
If S(n) istrue, n<k : 1;:(6) cosZt, n=12,3,..k **
Consider S(k+1), k22 : 1,,=2T -2T | (since £+123)

il

3%

)m {J_ cos———cos("”——~)}

)

I

TS
{

1
2 e cos £ — (cos EcosZ + sm—sm—)}

IS

L coskE_ L k1 i kT
2«/5 08— -CO8 ﬁsm4}

5 H 55

[y

k+3
c0s“Ecos % — sin £ 5in 2 }

(k+1)+2

55 &

(lc+1)75

(
(
(
(
(2]

( )“3°°s<“
(2]

(k-1y+2 -
2(«/5) cos—lgi - («[2-) cos(i;ﬁ, if S(n)istrue, n<k

- if k22 and S(n) istrue for n<k, then S(k+1) is true. But S(1) and S(2) are true, and hence S(3)
is true, and then S(4) is true, and so on. Hence by Mathematical induction, S(7) is true for all positive

n+2
integersn. 7T = (\/-2_) cos, n=1,2,3,..

¢. Outcomes assessed : PE3, E2

Marking Guidelines
Criteria Marks
o writes 2{:12 +b0* +c*—(ab+be+ ca)} as a sum of squares 1
o explains why each of these squares is non-negative 1
o explains why o” + 5 +c® = ab+ bc+ca requires equality of g, band ¢ 1

Answer

2

a +b2—2ab=(a b)

2+t —2bc=(b~ 0)2

(
F+a’-2ca= (c a)z

2{a2 +b% 4+ —(ab+ bc+ca)} =(a—b) +(b— c)z +(c— a)z

But a, b, ¢ are positive real numbers, as they are the lengths of triangle sides.

Hence (a—b), (b—c) and (c—a) are also real numbers.

~{a-b)y 20 with equality if and only if a=b, and similarly for (b— ¢y, (c—a).

Henceif a®+b>+c?=ab+be+ca, then (a—bY+(b—c)’ +(c~a)’ =0
s(@a=-br=-cY=(c—a) =0

sa=b, b=c and c=a
Hence a=b=c and AABC is equilateral.




