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Question 1

&)

(b)(@) Find constants 4, B, C and D such that

(©

(d)

©

(ii) Hence evaluate J

Student name / number

Begin a new booklet

2
Find J(X—H)— dx.
X

x3+2x2+4x+2= Ax+ B

Cx+D

E+DEP+4) P +1

2 P 2xt 4 4x 42
. (PHDET

. 1
Use the substitution ¢=tanZ to find J———————
S+ 4cosx+3sinx
F3
o . Z cosx
Use the substitution # =sinx to evaluate —_—dx.
ERY 1+ Sin2 X

dx .

1
Use the substitution u =—x to evaluate J N
€+

44

A%

Student name / number

Question 2 Begin a new booklet

(a) If z, =3i and z,=1+1, find the values of

@ |z-z).
(i) z +%,.
v 2
(i) .

Z

2

1.
®)(QE) Ifz :1+i\/§ , express z, z>and — in modulus-argument form.
z

(if) If the points 4 and B represent the complex numbers z* and ! in the- Argand--.
z

diagram, show that 4, O and B are collinear, where O is the origin.

(c)
y A

>
o X

In the Argand diagram, vectors 04 and OB represent the complex numbers

ir _ [P .
) and z,=2(cos{f+isint) respectively.

z, = 2(cos & + isin
(i) Show that AOAB is equilateral.

(ii) Express z, — z, in modulus-argument form.

(d)  zisacomplex number such that argz =% and ‘zl <2.

(i) Show the locus of the point P representing z in the Argand diagram.

(ii) Find the possible values of the principal argument of z-—i for z on this locus.

Marks




Student name / number

Question 3

(2)

Begin a new booklet

y=-2

A 4

This diagiram shows the graph of the function f(x)= \/; -2.
On separate diagrams sketch the following graphs, showing clearly any
intercepts on the coordinate axes and the equations of any asymptotes:

M y=|re|.
G y={r}.

=_1_
@iil) y 0
(iv) y=log, f(x).

(b)
o1 a ;
The tangent to the curve y =+x—a, where a>0, at the point P(xl , yl)
on the curve passes through the origin. Find the coordinates of P.
©
y y= In X
>
ol 1 noo oy

(i) Use the trapezoidal rule with » function values to approximate J.:]_nx dx .

‘e d n
(ii) Show that d—(xlnx - x) =Inx and hence find the exact value of j] Inx dx.
x

(iii) Deduce that Inn!<(r+ ) nn—n+1.

Marks

Question 4

@

()

(i)

Student name / number

Begin a new booklet

The polynomial P(x) leaves a remainder of 9 when divided by (x—2) and
a remainder of 4 when divided by (x—3). Find the remainder when P(x)
isdivided by (x—-2)(x-3).

P(ct s %) and Q(1+ cosf, sinG) are points on the hyperbola xy = ¢”, where

¢>0, and the circle (x—1)* + y* =1 respectively.

Show by differentiation that the tangent to the hyperbola at P has equation
x+1y=2ct and the tangent to the circle at Q has equation
xcosO+ ysinf =1+cosf.

Deduce that PQ) is tangent to both the hyperbola and the circle, with points of

contact P and O, if /> =tan® and 2¢f—1=sec8, where (%)3 - 4(§)+ f{ =0.

(iii) By considering the graphs of y =x* —4x and y=x"—4x+ %, deduce that for

every value of ¢ > 0 there is exactly one point on the third-quadrant branch of the
hyperbola where the tangent to the hyperbola is also tangent to the circle. Show

that for ¢* > —371‘/3- , there are also two such points on the first-quadrant branch
of the hyperbola.

(iv) When ¢* = %, the hyperbola touches the circle at P(cl , %) where % isa

double root of the cubic equation x> —4x + ;iz =0. Sketch the hyperbola and

the circle for ¢* = %, showing any common tangents to the curves with their

equations . Write numerical values for the coordinates of any points of contact
P, Q for these tangents.

Marks
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Marks
uestion 6 Begin a new booklet
Question 5 Begin a new booklet Q gl
i si (&) Theroots of the equation x* +3x” +7x+k =0 are in arithmetic progression. 2
® ?Zoosfrising Find the value of the constant %.
(i) Show that z"+z™" =2cosnf for n=1,2,3,... . 1
1 1
. . 3 .
(ii) Hence show that 4cos@cos260cos30 =1+ cos26 + cos46 +cos60 . . 2 (b)  The horizontal base of a solid is the area enclosed by the curve [xl + I y’ =1.
Vertical cross sections taken perpendicular to the x-axis are squares with one side in the base.
(iif) Hence solve cos® 6+ cos® 28 +cos’36 =1, giving general solutions. 3
x
(b) A particle is projected vertically downwards under gravity in a'medium Yvhere
resistance is proportional to the speed of the particle. The terminal velocity of the
particle is U ms™, and the speed of projection is equal to half this terminal velocity. , 4
At time 7 seconds, the particle has travelled a distance x metres, has velocity v ms™ (1) Show that the volume of the solid is given by ¥ = SL (1 ~Jx ) dx. 2
and has acceleration % ms™. (if) Use the substitution u =1~ Jx to evaluate this integral. 3
(i) Show %= g(U —v) , where g ms™ is the acceleration due to gravity. 2
U
(©
ii) Show by integration that —£¢=1n2| 1— 2|, Hence obtain an expression for z 3
(i) Show by or 7 T U
in terms of 7.
Ufv 1 2
(iii) Show that x=Ur — ? T2/ .
»
(iv) If g=10 and U =100, find the percentage of the terminal velocity gained 2 >

during the first second of the motion, and the distance travelled during this time.

A bowl is formed by rotating the hyperbola y* ~x* =1 for 1<y <5 through 180°

about the y-axis. Sometime later, a particle P of mass m moves around the inner
surface of the bowl in a horizontal circle with constant angular velocity @.

(1) Show that if the radius of the circle in which P moves is #, then the normal to the

2
surface at P makes an angle # with the horizontal where tan8 = —l@ .
(ii) Draw a diagram showing the forces on P. ’ 1
(iii) Find expressions for the radius r of the circle of motion and the magnitude of the 3
\ reaction force between the surface and the particle in terms of m, gand @. . e
(iv) Find the vatues of @ for which the described motion of P is possible. 2




Student name /number ... Student name / number

Question 7 Begin a new booklet Question 8 Begin a new booklet Marks
_ ¢ _ n _ (a)
@  1,=](1-mx)dx, n=0,12,.. c
() Show I =-l+nl_, n=123,.. . 2 A
(i) Hence evaluate J:(l - Inx)3 dx . 2
- I n 1
(iii) Show that —i=e-—z—, n=1,2,3,... 2
n! prd !
(iv) Show that 0< ] Se-1. 1 4 1)9 B
. w1 .
(v) Deduce that ’1’1_1)130 27' —e. 1 In A4ABC, D is the point on AB that divides 4B internally in the ratio m : n.
iy : ZACD =0, ZBCD=B and LCDB=0. -
(1) By using the sine rule in each of ACAD and ACDB , show that 4
sin(6+ B)sinoc  m
sin(@—-a)sinf  n
(®) :
(ii) Hence show that tan@ = gm_-mzm_noﬁﬂ 3
mtan B — ntana
(b) Sf(x) and g(x) are continuous and bounded functions.
. . . a 2
(i) By considering _[0 {/l F(x)+ g(x)} dx, a>0, as a quadratic function of A, show that 4
2
a a 2 a 2
{ jo fX)g(x) dx} < jo {re@} ax. jo {g®} ax.
ABCD is a cyclic quadrilateral. The diagonals AC and BD intersect at right angles
at E. M is the midpoint of CD. ME produced meets AB at N. (if) Hence show that { .[0’ 1) dx}h < J-Ol {f(x)}z e )
(i) Copy the diagram showing the given information. Show that ME = MC'. 3
.. . . e 1 4 1 4
(ii) Hence show that AZN is perpendicular to AB. 4 (iit) Deduce that {L f(x) dx} < J-O { f (x)} dx . 2




Independent Trial HSC 2009
Question 1

a. Outcomes assessed : H5
Marking Guidelines

Mathematies Extension 2 Marking Guidelines

Criteria

Marks

* rearranges integrand into appropriate sum of terms
¢ finds primitive

1
1

Answer

2
j(itl—)— dx=j(x+2+l) dx=1x"+2x+Inx+c
x

X

b. Outcomes assessed : HS8, PE3, E8
Marking Guidelines

Criteria

Marks

i e writes and solves a pair of simultaneous equations for 4 and C
* writes and solves a pair of simultaneous equations for B and D
ii o finds and evaluates definite integral for one term
» finds and evaluates definite integral for second term

1

1
1
1

Answer
i
X 4227 +dx 42 _ Ax+B+ Cx+D
FHDE+4) P+l P44
x3+2x2+4x+25(Ax+B)(x2 )+ (Cx+ D) +1)
1=4+C ¢h) 2)-1)=3=34
4=44+C (2) nA=1 C=0

equating coefficients of x° :
equating coefficients of x :

2=B+D (3)
2=4B+D &)

equating coefficients of x”:
putting x =0:

(oAt oy 2
. DG4 A+ (P

=406 + )+ tan” 5]’

(4H-3)=3B=0
WB=0, D=2

= %1115 +tan™ 1

=1 T
~21n5+4

¢. Outcomes assessed : HS5, HE6
Marking Guidelines

Criteria

Marks

* expresses dx in terms of df and substitutes expressions for cosx and sinx in terms of 7
* simplifies integrand as a function of ¢ and finds primitive in terms of ¢

e writes primitive as a function of x

Answer
t=tanZ © S5+4cosx+3sinx j 1 .
2 IS S
51+£2)+4(1-1)+61 S+4cosx +3sinx
dt =Jsec’ % dr X ) (2 ) :
2 141 [ 2
dleﬂz dt :t2+6t+9 3 12
1+
_ (43 T 143
1+ 2
=~ +c
3+tan%

d. Outcomes assessed : H8, HE6

Marking Guidelines
Criteria Marks
® expresses du in terms of dx and converts x limits to « limits 1
e simplifies integrand as a function of u 1
e uses table of integrals to write primitive then evaluates by substitution 1
Answer
= gj = ={ z 1
u =sinx x=0=u cosx_ J 1 .
= b x=Z=u=1 X = u
= cosx dx > 0 \/1+sian o\/1+u2
1
= []n(u+ vu' + 1)}
0
=In(1++/2)
e. Outcomes assessed : H8, HE6
Marking Guidelines
Criteria Marks
® expresses du in terms of dx and converts x limits to « limits 1
e simplifies and rearranges integrand as function of u 1
e evaluates definite integral 1
Answer
Uu=-x i 1 1 1 1 &
= I= - dx .'.2]=j - dX‘I‘J ,dx
dumode Le“+1 PR BT
—-] 1 X
L e+l ql+e
1 1 1
= j du = ]1 dx
ae " +1 .
o n2I=2
= J ¢ I=
al+e"




Question 2
a. Outcomes assessed : E3
Marking Guidelines

Criteria Marks
i finds modulus 1
il e simplifies sum 1
iii » realises denominator to simplify quotient 1
Answer
z,=3i, z,=1+i
i ii. iii
3i(1-9)
—z| = J(=1)* +2 z,=3i+1-i = e
|z, - 2| =/(-1) 2 +Z, =3i+1-i Qoo
= \/g =142 — % + % i
b. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e writes z in modulus-argument form 1
e writes square of z in modulus-argument form 1
e writes reciprocal of z in modulus-argument form }
1i ® uses a diagram or subtracts arguments to show points collinear
Answer
2 _ 27 4 jein 2%
. 222(%4__«/2_31-) 2% = 4(cos -+ isin
Lz=14+ i\/g 1, )
=2(cosF+isin%) o= —2-(003(—13”-) + ism(—%))
ii. ZAOB=argz’ ~argl=7n . 4,0, B are collinear
¢. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
i e explains why sides O4, OB are equal 1
o finds size of angle at O and deduces triangle equilateral 1
ii ® recognizes AB as rotation of OB and expresses z, — z, as multiple of z, 1
» expresses z, — z, in modulus-argument form 1

Answer

Az Iz

= Az 4 jsin A% = IZ 4 jeinIE
z, =2(cosF+isinE), z,=2(coss+isin %

5
i|z|=lz,| ~o04=08B
ZAOB = argz, —argz, =%

wall Z's of AAOB are %

(£ sumisw and £'s opp.
equal sides are equal )
. AAOB is equilateral.

AB represents z, —z,.

AB is the rotation of OB
clockwise by Z.

- _ T
oz, —z, = £,{C0s 7+ isin F)

- 2y e 2m
=2(cos=Z + isin=<

d. Outcomes assessed : E3
Marking Guidelines

Criteria

Marks

i e shows aray from O making angle £ with positive x-axis, excluding O
e restricts ray to an interval inside the circle with centre O and radius 2.
ii e finds the lower bound for the required argument as a strict inequality

¢ finds the upper bound for the required argument

1

Answer
x

1. P represents z such that argz = 7 and lzl <2. Locus of P is the interval OQ on the

graph below, with O excluded.

ii. Point 4 represents the complex number 7.
Using trigonometry, Q has coordinates (2cos§, 25in§)

giving Q(I,\/E) as shown.

Gradient of AQ is \/5 -1.
" —E< Arglz =) <tan” («/5 —1) .

Question 3
a. Outcomes assessed : E6
Marking Guidelines

>

Criteria

Marks

i e sketches curve with correct shape and intercepts

ii e sketches curve with correct shape and intercepts

iii ® shows correct shape and y-intercept for branch to left of vertical asymptote at x =4
» shows correct shape and position of branch to right of vertical asymptote

iv @ shows correct shape, position and behaviour near vertical asymptote at x = 4
o shows x-intercept

I
1

et et

Answer
i ii.
yz y=) , y={ref
0| 4 ; 0 | 4 :
iil. iv.
. 1 y '
O 1 = » ]

\S
bl 4

z[\\;ﬂ xr 0’4




b. Outcomes assessed : E6

Marking Guidelines
Criteria Marks
¢ uses differentiation to find the gradient of the tangent at P 1
» uses coordinates of O and P to find gradient of OP and hence writes equation for x; 1
e solves this equation to find coordinates of P 1
Answer
y=NX—a A ———-1 = Z‘—
dy 1 2yx,—a %
dx 2Wx—a X, = 2% —a
1
', tangent at P has gradient ——=== X, =2(x, —a)
sz‘_a x =2x —2a
Hence P has coordinates (Za R \/; )
¢. Outcomes assessed : H8, PE3
Marking Guidelines
Criteria Marks
i e writes expression for approximate area using trapezoidal rule 1
¢ simplifies this expression ' 1
I . . . . 1
i1 e differentiates given expression
« uses fact that integration is the inverse operation to evaluate required definite integral 1
iii ® compares total area enclosed by trapezia with area under curve 1
¢ uses this to write and simplify inequality 1
Answer
i il
n d 1
J Inx dx ———(xlnx—x)=1.lnx+x.~——1
! - dx x
= 4{in1+2[In2+m3+ .+ In(z—1)]+Inn} oy
=Inl+mn2+In3+.. +lnn——(ln1+]nn) [x]nx—x]":f"]nxdx
1 1
=Ihn! - 711171 R
J.I Inx dx=nlnn-n+1
ii1. The total area of the trapezia fitted under the curve is less than the area under the curve.
onnl—itn<nln-n+l1
Innl<(n+PDnn-n+l
Question 4
a. Outcomes assessed : E4
Marking Guidelines
Criteria Marks
e writes division transformation of P(x) when divided by (x — 2)(x — 3) with remainder (ax+ b) 1
1

e uses remainder theorem to write simultaneous equations for a, b then finds required remainder

Answer

Using the division transformation, P(x)= (x~2)(x - 3)Q(x)+ ax+b for some polynomial Q(x)
and real constants @, b, where (ax+b) is the remainder when P(x) is divided by (x—2)(x~3).

P(2):9=>2a+b=9} La=-5

Then ~.remainder is  (=5x+19) .

PR)=4=3a+b=4

b. Outcomes assessed : E3, E4
Marking Guidelines

_Criteria Marks
i e finds equation of tangent to hyperbola by differentiation 1
¢ finds gradient of tangent to circle in terms of 0 1
¢ completes equation of tangent to circle using appropriate trig. identity 1
ii e compares coefficients for two forms of equation of PQ to obtain results for tan, secG 1
s obtains quartic equation for ¢ 1
* factors then rearranges to get required cubic equation 1
iii ® graphs y = x’ - 4x showing intercepts and stationary point in 4™ quadrant - 1
* compares vertical translations to deduce existence of such a point on 3" quad. branch 1
¢ uses turning point to deduce existence of such points on 1* quad. branch for stated ¢ 1
iv e sketches hyperbola and circle, touching in first quadrant, with two common tangents 1
© gives coordinates of point where curves touch and equation of this common tangent 1
» gives coordinates of point of contact on hyperbola for second common tangent 1
* gives equation of this tangent and coordinates of its point of contact with circle 1
Answer
i
x=ct y=% x=1+cosf y=sin8
f?f;c &__c -(z{:-sine Q:cose
dt df tz d 9 d@
dy c 1 dy __cosd
"‘£:~t_z+cz_t_2 - dx sinf
Tangent to hyperbola has equation Tangent to circle has equation
y-f=- tlz(x ct) y—sin9=—cése(x—l—cose)
sing

2,
x+1'y=2ct xcos0 + ysin@ = cos” 8 +sin® 8 + cos 6

xcosf+ ysin® =1+cosf

ii. When these two tangents are in fact the same line, PQ is tangent to both curves. Comparing

the equations x+£’y=2¢t and x+ ytanf=secH+1 (rearrangement of tangent to circle at Q),

these equations give the same line when ¢* = tan@ and 2¢f—1=secf.

Then
I+tan’ G =sec’§ = 141" = (2cr - 1)?
=4 +der =0
1 —4c’t+4c)=0

t20 = —4c*+4c=0
(B a0 -

[5




iii.

=2
y=x —dx yaA R
_ 1
i—?’xz 4 y=x' -t L yex e d
1
dy .2 /\\ , y=x'—4x
F R {/\ \1/ >
.2 __ 16 -2 0 2
TEETVE T / '/ *
i(_z_ :lé_)
AVERENE)

The graph of y=x*—4x+k, k>0, is an upward vertical translation of y = x* — 4x.
Hence forall ¢ >0, y=x'~4x+ ;iz has exactly one negative x-intercept corresponding to

one negative f value satisfying *, thus giving exactly one point P on the third-quadrant
branch of the hyperbola where the tangent to the hyperbola is also tangent to the circle.

For =< —3—\/=, y=x—dx+ —1 also has two distinet positive x-intercepts. Hence for ¢* > == 3f
there are two distinct positive ¢ values satisfying *, giving two such points P on the
first-quadrant branch of the hyperbola.

iv. When ¢ 3‘/_ —4x +— =0 becomes x*—dx-+ 31\/6_ =0. From the graph, this equation

has a double root %, and a third root == (smce the sum of the roots is zero).

J’
ct=3 A
%: % = A s, curves touch at (% 7) with common tangent x+\/— 3y=3.
TTY
4 ct=-3 secO=2ct—1=-7 ints of contact of d
L = an ", points of contact of second common
e %=—g fnf= 1 =43
tangent x+ 4\/— 3y=—6 are (—3 - £) on the hyperbola and (— —i) on the circle.
VA
(x-D*+y" =1

Question 5
a. Outcomes assessed : E3

Marking Guidelines
Criteria Marks
i e uses de Moivre’s theorem to show result 1
ii eexpands (z' +z7)(z* + 2z +27) 1
o rearranges, regroups and applies result from i. to obtain required trig. identity 1
iii ® uses double angle formula and identity from ii. to simplify equation 1
¢ obtains general solution for cosd = 0, or obtains all solutions for - <6< 7 1
¢ obtains remaining general solutions 1
Answer
i. z=cosf+isinf. By deMoivre’s theorem, z" =cosnf+isinnd for n=1,2,3,....
Then z™" =cos(~nf)+isin(—nd) = z " =cosnd—ismnd
Hence z"+z™" =2cosnd
ii. (' +z)E )P+ )=+ 2 Y+ 2
=2+22 4z vt 4 24
" 2co86. 2c0826.2c0s360 =2 +2c0520 + 2cos46+ 2cos66
4cos6 cos26 cos36 =14 cos 26 + cos 40 + cos 660
iii. cos” 0+ cos® 20+ cos’ 30 = cos0=0 = @=2mr+Z=(4m+])Z
2c0s’@+2cos” 20+ 2cos’ 30 -2=0 L O=@EmEDE, (dmEDE, @mz1)=
(14 cos28)+ (1+cos4B)+ (1+cos60)-2=0 for m=0,+1,+2,..
1+ c0s26 + cos48+cos66 =0
4cosBcos20cos30 =0
b. OQutcomes assessed : ES
Marking Guidelines
Criteria Marks
i euses Newton’s 2" law to derive equation of motion 1
suses ¥ — 0 as v— U to express equation of motion in required form 1
ii e finds primitive function for ¢ . 1
e cvaluates constant of integration to establish required expression for ¢ in terms of v 1
e rearranges to find expression for v in terms of ¢ 1
iii & integrates to find x in terms of ¢ |
e substitutes and rearranges to obtain required expression for x 1
iv o calculates percentage of terminal velocity gained in first second 1
e calculates distance travelled in first second. 1
Answer
i.
kv i. By Newton’s 2™ Law, Fo0as vl — [=£& r=£
mx = mg — mkv k £ v
e i=g-hv .'.X:%(U—v)




ii. i,

-
LAY 7T v=U-diUc U
dt U
U _&4
g dt _ 1 x=Ut+—2-—e U +¢, cconst
T T —v g
U dv U-v
t=0 2 U?
—gtr—lnA(U—v), A const. }:’0:0“"‘—'“3 Ne=—T—
U x=0 g 2g
=0 ? 4
. i| = A:-—z— x=Ut+——-(%e Ut——l-)
V=;U U
U’ 1
8 _mo1-Y x:Ut——(l——]
U U g\U 2
-6 gl v 1 1
e TAT tv. t=1= ———==(1-€")~0-04758
v U 2 2
v, ~£
-'-5=1—%e v x=100—1000><(—[‘;-—'—;—)=52-4187

- particle has gained 4-8% of its terminal velocity
and travelled 524 metres during the first second.

Question 6
a. Outcomes assessed : E4

Marking Guidelines
Criteria Marks
o uses relationship between coefficients and sum of roots to find one root 1
o substitutes this root into the equation to find the value of & 1
Answer
Let x*+3x*+7x+k=0 haveroots oo—d, &, oc+d. Then considering the sum of the roots
300=-3 wa=-1
Then (=1°+3-D*+7(-1)+k=0 = k=5
b. Qutcomes assessed : E7
Marking Guidelines
Criteria Marks
i e finds area of square cross section in terms of x 1
e expresses volume as limiting sum of slices and hence as integral 1
ii ® expresses dx in terms of du 1
e converts x limits to # limits and simplifies new integrand after substitution 1
1

e evaluates resulting definite integral

Answer

1\ 1\
i. Area of square cross section is 4= (2y)’ :4(1—|x") , since y=(1—lxlz) , —l<x<l.

1 V¢ 1 4 1 4
Hence V = ;\1&%214(1 —lxll) Ox = 8}}_1310;(1 - xi) Ox= SL(I— \/;) dx  (using symmetry)

u= I—\/;
x=(1-u)
dx =-2(1—u)du

¢, Qutcomes assessed : ES

x=0=u=1
x=1l=u=0

Marking Guidelines

V= 8J10u4. —2(1 ) du
= IGJ.Ol(u4 - )du

= 16[}1{5 ~%u6:|;

Ioo

1

w

Criteria

Marks

i e finds gradient of tangent by differentiation

o finds gradient of normal at P and hence deduces required expression for tano
ii e draws diagram showing forces on P
iii ® resolves vertically and horizontally to find simultaneous equations

o finds r in terms of g and @

o finds N in terms of m, g and @
iv ® considers expressions for r, N and the height of the bowl to find limits for @

bt et e e e

Answer

i yz—x2:1, P(r, \/1+r2).

dy
2y——-2x=0
ydx * ‘
& _x
dx y

', normal at P has gradient

_ N1+

ii. Forces on P

=

iii. Resolving vertically and horizontally, by Newton’s 2" law

Nsinf=mg
Ncos8=mra’
1
0] =tanf = g7
(2) ro*
\/1+r2_ g
¥ ro’
2
g
r =, =1
w4
1 4
r=Y8 ~®
wz

iv. Considering expressions for rand N, o*< g

Also y<5 =142 <5 =L <5
o

10

¢y
(2)
Then from (2)

2
N? = m’r’o*sec’ 0

= m’r’o" (1+tan’ 6)

=m’@* (" + r’tan’ 6)

2 2
_ 2 4| & g
=mw [—‘7—1'?;{\]

[
= (2’ ~0'")

S N=m2g" - o'

o<y

.'.\/%_ws\/;




Question 7
a. Outcomes assessed : E§, E9
Marking Guidelines

Criteria Marks
i eexecutes integration by parts 1
o evaluates numerical term and simplifies new definite integral to obtain reduction formula 1
ii e finds value of J; 1
¢ uses reduction formula to evaluate required integral 1
iii & obtains rgduction formula for ;1-!17, ,r=1,2,...,n 1
* obtains required result by summation and simplification 1
iv e shows integrand lies between 0 and 1 for 1< x < e and deduces required inequality 1
v e shows 0 is limiting value of ;,1-![,, as 1 — oo then deduces required result 1

Answer

ir :j‘e(l—lnx)”dx, n=0,1,2,..

n

ii. 7,= [ 1dr=e-1

Fornz1, I =-1+3],
1"—[ (1-Inx) } jx n(1- lnx) (~Lydx ==1+3(~1+21)
=—4+6(=1+11)
=—] +nJ'I (l—lnx) dx =—10+6(e~1)
I ==1+nl_, n=12,3,.. =—16+6e
I -1 ¥ v.1€x<e = 0<nx<1=0<(1-Inx)" <1
i, ~L=—t—b =12 . ) .
rt ol ! .'.OSJ(I—]nx) dxﬁjldx
I -1 I i 1 1
b= ! <] <e-
rtorl (r—l)' 0< I <e
N Z Z v. os]—"'s—eu'l
11”'— =17 1)' n n'l
A "“I But limE—=0 o lim=2=0
2 Z 2 e pl n—e gl
=17'
r Then i S ) fimfzo
_..i:_il_,_]_o o AT T
n! ri 0l .1
B o e o emlimd m=0
~1" 01 o
L w1
=1 lim Yy —=e
=e— —_ n—)ml_=0y!
r!
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b. Outcomes assessed : PE2, PE3
Marking Guidelines

® uses angle sum property of a triangle to complete proof

Criteria Marks

i e copies diagram, shows given information, realises a circle can be drawn through C, D, E 1
e explains why CD is a diameter of circle CDE. 1

» deduces that M is the centre of circle CDE and hence ME, MC are radii. 1
ii ® uses i. to deduce ZECM = ZCEM 1
* uses equality of vertically opposite angles to deduce LNEA= /ECD 1

* uses equality of angles subtended by same arc at circumference to deduce /NAE = ZEDC 1

1

Answer

I

A unique circle can be drawn through any set of 3
non-collinear points.

of circle CDE.
W ME = MC (radii of a circle are equal)

B
il. ZLECM = £ZCEM (Z's opp. equal sides are equal in AMEC)
ZNEA= ZCEM (vert. opp. Z's are equal)
W LNEA=ZECM = ZECD (D, M, C collinear)
Also ZBAC = /BDC

~LNAE = ZEDC (4NAE, £BAC same angle; £EDC, ZBDC same angle )

Consider the circle that passes through C, D and E.
Since ZCED =90°, CD is a diameter of this circle.
Also, given M is the midpoint of DC, M is the centre

( £'s subtended at the circumference by the same arc BC are equal)

* LANE = £DEC =90°  (third £'s of A's NAE, EDC also equal since / sum of each is 180°)

S MN L AB

Question 8
a. Outcomes assessed : HS
Marking Guidelines

e rearranges to get required result

Criteria Marks

i e uses sine rule in ACAD to relate sides CD, 4D and opposite angles i
* uses sine rule in ACDB to relate sides CD, DB and opposite angles 1

» combines resulting equalities to obtain ratio 4D : DB in terms of sine ratios of angles 1

* uses internal division information and trig. identity for sine to deduce required result !
ii ® expands sine of a sum and of a difference 1
¢ divides by product of cosine ratios to rearrange result in terms of tangent ratios 1

1
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In ACAD, by ext. £ theorem, In ACDB , by £ sum 180°,
LCAD=06-qa ZCBD =180°—-(0+ )
CD AD CD DB
= (1) == (2)
sin(6—o) sino s1n{180 -6+ ﬁ)} sin 8
6] N sin(@+ ) _ ADsinf sin(@+P)sing_ AD _m
(2)  sin(@—o) DBsina “sin(@—a)sinf DB n
ii. nsino(sinB@cos B+ cosfsin ) = msin S(sinfcos o — cosFsinr)
Dividing both sides by cosccos fcos@ gives
ntan o(tan 6 + tan §) = mtan B(tan 6 — tan )
(n+ m)tano tan § = tanB(mtan f — ntan )
tanf = (n+ m)tanctan B
(mtan - ntana)
b. Outcomes assessed ;: HS, PE3, E9
Marking Guidelines
. - Criteria Marks
i e realises that the definite integral cannot be negative for any real A 1
» expands the integrand to write a quadratic expression in 4 1
o finds the discriminant of this quadratic expression i
euses A £0 to deduce the required result
ii e substitutes =1 and g(x)=1 1
¢ evaluates integral involving { g(x)}2 to obtain required result 1
ili » squares both sides of result from ii. \ 1
e applies result from ii. a second time with f(x) replaced by { Vi (x)}2 1

Answer

i. Since >0, ["{Af(x)+ g} dc=0 forallreal 1.

[fareo+ g} dr=4? [f Fo) de+ 22 Fnge de+ [ g} dx

Considered as a quadratic in 4, this expression has discriminant A<0 .

4{ [T reme) dx}Z ~4ff F@Y d. [{ gt} dr<0

0

{jo Fx)ex) dx}2 <["r@f ax. [ g} ax

ii.Let a=1 and g(x)=1. Then J:lzdle = {jo’ 1% dx}ZSJI{ JY dx

0

i, {jol /) a’x}4 < {j;{ @Y dx}z SLI{{ f(x)}z}z & - {jﬂ' o) dx}4 < [{re} @
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