. Student name / number

. . Marks
Section T
10 Marks
Attempt Questions 1-10,
Allow about 15 minutes for this section.
Use the mulfiple-choice answer sheet for questions 1-10.
1 What is the value of 9-8%107—2-3x10* ? 1
N Ay 7-5%x10'
7.5x10*
NSW INDEPENDENT SCHOOLS ®) 6
T _ . ©  9-7977x10
2016 (®y  9.-7977x10°
Higher School Certificate 2 What i the valto of 24:( D 2 . .
. ' ' . at is the value of- - ’
Trial Examination =g
. A -30
Mathemati © 1
a' e m a I CS ’ : © 1w
o™ 30
General Insiructions Total marks — 100 3 Which of the following quadratic expressions is positive definite 7 1
s Reading time - 5 minutes Section I - Pages 2 - 4 ‘ (A) ¥ +5x+2 '
s  Working time — 3 hours 10 marks i By ' +5x+4
¢ Board approved calculators may be Atternpt Questions I - 10 : Q)  x*+5x+6
ed. ' 2
s ) . Allow about 15 minwtes for this section . @) ¥ +5xhE
+  Wrte uAsmg bIack_ or blue pen Section TI - Pages 5 — 10 . o ‘ o '
+ A lable of standard integrals is % . : 4 Which of the following trigonometric expressions is equivalent to tan (f{-—x) 7 1
provided at the back of the paper marf_s (A)  tanx ‘
¢ All necessary working should be Attempt Questions 11 16 (B) cotx
shown in Question 11— 16 ;léggrnabont 2 houts 45 minutes for this © —tanx
®»  Write your student number and/or ) ) D) —cotx
name at the top of every page
_ 5 What is the range of the function f (x) =vi-x 7 1
This paper MUST NOT be removed from the examination room o ) (&) O<yp<l
(B) 0sgy=l
© -ley<«l
@ -l=gys1

I - 1
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Student name / number Student name / number

- Marks . : ) Marks
6 If k denotes the score when a fair die is rolled once, what is the probability that | Section IT
(8k+-1) is a perfect square 7 | 90 Marks
“w Attempt Questions 11-16
® & Allow about 2 hours and 45 minutes for this section,
3
© 1 Answer the questions in writing booklets provided, Use a separate writing booklet for each question.
2 ¥n Questions 11-16 your responses should include relevant mathemaiical reasoning and/or
o % calculations.
. 2 . Question 11 (15 marks) tse a separate writing booklet.
7 What is the value of j l x ldx ? 1 : 2
-2
A 0 (8  Find in simplest exact form the value of (3— 2\/5) . 2
® 2
© 4
o 8 ()  Solve the quadratic equation 2x*—5x—3=0 . 2
8 What are the amplitude and period of the function f1 (x)= 2—-sin2x ? 1
(&) Amplitude 1, period 7 ) ] (c)  Differentiate with respecttox
(B} Amplitude 1, period 27 ) 6] sin(1~ x) : 1
(C) Amplitude 2, period n° : (i} xlog,x ' _ 1

(D}  Amplitude 2, period 2

(d)  Find the equation of the tangent fo the curve y= —x—l at the point (2 s 2) on the curve. 3
x—

9 Which of the following is an expression for %(ez’ fan x) ? 1
(A)  26%fanx
2% 2 2
B)  eVsec’x . (&) -Evaluatc in stmplest exact form J. %Ldr . 3
i ]

© 2(1 +tan® x) e
D) (1 + tanx)2 e

()  Theregion bounded by the curve y= 5 1+1 and the x axis between x=0 and x=1 3
. . X
10 Whatls the pumbor of real roots of the equatu?n x(x—2) log x=0'7 1 ' is rotated about the x axis to form a solid . Find the volume of the solid of revolution in
Ay O ' simplest exact form.
® 1
© 2
® 3
! Al




Student name / number
Marks
Question 12 (15 marks) Use a separate writing booklet.
(@ Find J.'sccx(cosx +sccx) de . 2
(t)  Find the coordinates of the point of inflexion on the curve y=x-3x* +6x . ‘ 3
* (6) A parabola has equation 8y=x>—6x+1.
(i) Write the equation in the form (x-h)z = 4a( y—-k) .
(ii) Find the vertex and focal length of the parabola. 2

(iti} Find the coordinates of the focus and the equation of the directrix of the parabola.

(d)  Inthe diagram below, ABCD is a parallelogram. Side 4B has equation x—-2y—3=0,
side BC has equation 2x+ y—16=0 and vertex D has coordinates (—1, 3) .

Yai
C
NOT TO SCALE
D
B
0 \/ %
A

(i} Show that ABCD is a rectangle. 2
(i) Find the coordinates of the vertex C, . : 3

Student name / number

Question 13 (15 marks) Use a separate writing booklet.
(a)  The gradieat fanction ofa curve y=f (x) isgivenby f ’(x) = §+

The curve passes through the point (4 ,5) . Find the equation of the curve,

(b)  The diagram befow shows the parabolas y=4x—x* and y=x?—2x , The graphs

intersect at the origin O and the point 4.

(i) Find the x coordinate of the point 4.

(iiy Find the area of the shaded region bounded by the tworparabolas and the x axis,

(<}  Blaise rolls a fair die twice.

(i) Find as a fraction the probability that the scores include a3 ora 5 but not both.
(if) Find as a fraction the probability that both scores are odd given that the highest

score showing isa 5.

9
(d)  Use Simpson’s Rule with 5 function values to approximate j (log‘ Jr)1 dx , giving
. 1

your answer correct to 2 significant figures.

~

4

4

T

Marks




Student name / number Student name / number
. Marks Marks
Question 14 (15 marks) Use n separate writing booldet. Question 15 (15 marks) Use a separate writing hooklet.
. i . . gt ing. kg3
(2)  Find the values of x for which the function y=x-—x" is decreasing 2 (®)  Find in simplest exact form the value of j & de . - 2
a .
(t) The 8% term of an Arithmetic Progression is 23 and the 11% term is four times 3 jon 21 _ )=
the 3* term. Find the first term and the common difference. () Solvo the cquation 2log, x~log, (x 4) L . ?
(c) After {ime ¢ years the value sV ofacar is given by ¥ =24 000 e'o'” R (G) The diagram shows the graph of the C;][VC y=Na—-x where a>0. The 3
(i} Find the decrease in the value of the car during the fourth year. 2 normal to the curve at the point P(xI , yl) passes through the origin O(O s 0) .
2 : )

@

(i) Find the percentage decrease in the vatue of the car during the fourth year.

In ABC, AC=BC and /BCA=90°. In ACDE, DC=EC and ZECD=90°.

DA and BE infersectat F.

E

(i) Copy the diagram. Prove that ABCE=A4CD .
(i) Showthat D4 L BE .

By considering the gradient of OF in two different ways, find the value of x .
. y _

~ {d){i) Solvethe equation sinx=cosx for 0<x<2rm. - : 2

(ii) On the same diagram, sketch the graphs of the curves y=cosx and y=sinx for 2
0<x <2m, showing clearly the infercepts on the coordinafe axes,
3 (iii) Find in simplest exact form the area of the region enclosed by the curves y=sinx 3
and y=cosx for 0Sx<527.

h'~3




Student name / number

Question‘lﬁ {15 marks) Use a scparate writing hooklet.

()  Given that the limiting sums § and §, of the series both exist, where
S, = 1+sin’ x+sin* x +sin’ x+...

8, =1+cos’x +cos' x+eosbx ..,

(i) Show that §,=sec’x and §,=cosec’x .

(ii} Show that 5 +8,=35 S, .

(b) A particle is moving in a straight line. After time ¢ seconds s displacement x mefres
froma ﬂxeq poinf O onthe Hne is given by x=¢-3log, (t+ 1) . The particle retwms
to its starting point after T'seconds.

(i) Find when the particle is at rest.

(i) Find in simplest exact form the distance travelled by the particle in the first T seconds
of its moftion.

(iii) Show that ¢ =(T+1)3 .

(¢} A cylindrical coniainer closed at both ends is to be made from thin sheet metal.
The container is o have a radius of » cm and a height of A cm such that its
volume is 20007 cm”® .

(Such a cylinder closed at both ends has surface area § and volume ¥ given by the
formulae §=2mr +2mrh and V=mrh.) ’

-

¥

(i) Show that the area of sheet metal required to make the éontaincr is (2:1171 + 4000”) em’.

(i) Hence find the minimum area of sheet metal required to make the container,

Marks

Independent Trial HSC 2016 Mathematics Marking Guidelines

Section 1 Questions 1-10 (1 mark each)

Queslion | Answer Solutien Duicontes
1 D | 9.8x10"—2-3%10" =(9-8~0-0023)% 107 =9-7977 x 107 r3
. .
2 ¢ | DD =-144-9+16=10 H5
1
3 D |For x*4+5x+8, A=25-32<0. For other expressions, A >0 P4
4 B tau(%—x)z cotx HS
5 Blosi-x®s1 0 f(x)<1 P5
6 C Jk=1,2,.,6 = 8k+1=9,17,2533,4,49 .. P(square)=$=1% R3S
2 P) ) N
7 | e L| x,]d:=zjexdr=[x1]:=4 ' e
8 A | -1<sindx<1l n1<2-sin2x<3 .. Amplitudeis 1. Periodis 3F=n H5
g D j—[e" tanx) =2 tanx+ e sec’ x =" (Ztanx +tan’ x + l) = (l+ tanx)2 e s
10 c x(x—-2)[ogex=0 for x=2,1 { x=0 is outside the domain) .. 2real roots | H3
Section I1
Question 11
a, Oufcames assessed: P3
Marking Guidelines
- Crlteria Marks
» expands the square 1
 simplifies 1
Answer
2
(3-242) =9-12248=17-1242
b. Oufcomes assessed: P4
Marking Guidelines
Criteriz Marks |-
+ factorises, completes the square or substitutes into the quadratic formula 1
»writes down both solutions 1

Answer
23t —5x—13=0 ~20+1=0 or x-3=0

(2x+1)(x—3)=0 x=—% or x=3

e
[=r]

He




Q1 (cont)

¢. Qutcomes assessed: HS

Marking Guidelines
Criteria Marks
i »applies the chain rule 1
ii » applies the product rale 1
Ansyer '
i isin(l—;;:)’:.—cos(l—x) i ixlog x=1log x+x.l:10g x+1
ax S ody o ¢ x ¢
d. Outcomes assessed: HS
Marking Guidelines
Criteria Marks
» differentiates . 1
+ finds the gradient of the tangent 1
« finds the equation of the tangent 1
Answer '
_ x
Y=1 -~ tangent at (2 . 2) has gradient —1
dp L x=1)-xl and equation y—2=—1(x—2)
de (x-1)f y=Lee-x42
-1 - y=-x+4
(x-1)
¢, Qutcomes assessed: HS
Marking Guidelines :
Criteria Marks
« finds the primitive function 1
* gvaluates 1
+ simplifies i
Answer
2 2
J. Lad s =I (1+-3] de=[x+Inx] =(2-1)+(n2~In1)=1+ 2
L X . x
f. Outcomes assessed: HE
Marking Guidelines
Criteria Marks
* expresses the volume as a definite infegral 1
» finds the primitive function 1
* gvaluates 1

Answer

2x-+1

1 1
_Vsnj»—l—dx =—£[ 1 1:Hg(§—1)=g— = volumeis % eu.
3

o (Zx + l)2 2

units

Question 12
a, Outcomes assessed: X8
Marking Guidelines
- Criteria Marks
» simplifies the integrand 1
+ finds the primifive fanction 1
Answer
fsecx(cosxﬂecx)dx = J(H-sec’ x)dx =x+tanx+tec
b. Outcomes assessed: HO
Marking Guidelines
Criteria Marks
» finds the second derivative 1
» finds the zero of the second derivative and the corresponding y value 1
» checks the change of sign of the second derivative near its zero to verify inflexion point 1
Answer
3 2 .
=x"—3x"+bx t
J{; 2220 at (1,4)
—=-=3x ~6x+6 dr ) (1 ,4) is a point of inflexion.
dx . Ay v 0 #e
P Sign of —51 —1— 52
£ _6x-6 e
di®
¢, Outcomes assessed: P4
Marking Guidelines
Criteria Marks
i »writes equation in required form 1
ii « states coordinates of vertex 1
» states focal lenpth 1
iii » states coordinates of focus 1
» states equation of directrix 1
Answer
i, Bye=x’—6x+l ii. Vertex (3,-1), focal length 2

8y+8=x"—6x+9
8(y+1)=(x-3) iii. Foous (3, 1), directiix y=-3
(x-3f =ax2{y~¢-1}

o




QI12(cont) .
d, Oufcomes assessed: HS

Marking Guidelines
Criteria Marks
i « finds the gradients of A8 and BC and shows product is -1 ’ 1
» deduces ABCD is a rectangle, giving a reason

ii » finds equation of CD
+ solves simultaneous equations for coordinates of C, finding one coordinate
+ finds the second coordinate of C

[

Answer

i. AB: x-2y-3=0 BC: Zx+y-16=0

x-3=2y y=-2x+16 MM g, =—1 and Z4BC=90°
tx-3=y ~ ABCD is a rectangle
S, =Y Sl =—2 (parallelogram with one vertex £ 90°)

ii, CDJ{AB .. CD hasequation x—2y=k for some constant k.
D(-1,3) on fine = —1-6=k ~k=-7 :
y=6 = x=2y-T=5

H (o x=-2y=-7 (1 (2)-2x(1) = 5y=30
enee s 2xty=16 (2 y=6 ~.C has coordinates (5,6)
Question 13
a. Outcomes assessed: H
Marking Guidelines
Criteria Marks

+ finds a primitive of the first term of the gradient function 1

+ finds a primitive of the second term of the gradient function ’ 1

» svaluates the constant fo find the equation of the cuzve 1

Ansyer

+ -1
! (x):%—x+4x f(4)=5 =» 5=‘}X16+8\/‘I+" .. equation of curve is

— 12 1 o= 3
flx)=dx*+8x7 +e 5=20+c A o
IRy =) - emcts 3
b. Outcomes assessed: P4, H8
- Marjdug Guidelines : ]
. Criteria Marks
i *finds x coordinate of 4 1
ii + writes definite integrals for required area 1
» finds the primitive functions l
* evaluafes 1
Answer

i AtA, ¥*—2r=dx—x? ii. Area is given by f(xz—zx)dx +f(4x—x’)dx
2 3
2x7 = 6x=0 =|}x’—xi}:- + [2x2—%x’]:

7 i{:ﬂti =3 = %(27—3)4(9—4)+2(16—9)—%(64:.27)

Area is 3 sq.units.

Q13(cont}
¢, Oufcomes assessed: 0S5, H9 -
Marking Guidelines
Criferia Marks
i » counts outcomes in required event 1
* wriles probability as a fraction ° b
ii « identifies reduced sample space and counts possible outcomes -1
* counts outcomes in required event and wriles probability as a fraction 1

Answer
i. I rolt . ii. Fall .
1{2|3]4]|5]6 ' 1]2i3]4151]6
1 |+ 1 v
JOEEONE D v
IAEIEIRIRE * i 3 v
4 * 4 V'
RN AR EIROEIEL
6 * 6

Sample space has 36 equally likely outcomes.
Required event has 18 outcomes *
Probabitity is #=1 .

Required event has 5 cutcomes *
Probability is §

d. Outcomes assessed: T8
Marking Guidelines

Sample space has 9 equally likely outcomes V.

Criterla Marks
= uses correct x values and value of i 1
= substitutes correctly into formula 1
» calculates correctly 1
+ makes no intermediate rounding errors and expresses approximation fo 2 significant figures 1

Answer .
x 1 3 5 7 9 | =2
s | 0 (w3 | {ms) | (w7 | (9}
X 1 4 2 4 1

f(iog‘x)’ dx u'§[o+4x(m'3)’ +2%(Ins) +4x({ln7)’ +(1n9)’}
~19-988
=20 (o 2 sig. fig.)

i
i




Question 14 .
a. Oufcomes assessed: HE
Marking Guidelines

Q1ld(cont)
d. Outcomes assessed: H2, HS

Marking Guidelines

Criteria Marks

+ explains why angles at C are equal
* notes given equalities of sides

Criteria Marks
» forms inequality with first derivative negative 1
* solves for x 1

© Answer
1-2x<0
y:x—x2$%=l—2x 1< = decreasing for x>%
b, Oufcomes assessed: P4, HS
Marking Guidelines
Criferia Marks

= wrifes a pair of simulfaneous equations from the given information
+ uses elimination or substitution to write an equation in one pronumeral
+ solves and finds both required values

Answer
T,=23 = q+7d=23 3a+21d=69 (1) N)-(2) = 23d =69
T, =4T, = a+10d=4(a+2d) 3a-2d=0 (2) sd=3and a=2

First term 2, common difference 3.

¢. Outcomes assessed: H1, H3

Marking Guidelines
Criteria Marks
i * writes numerical expression for decrease in value 1
= calculafes this decreass 1
ii » writes numerical expression for percentage decrease 1
1

+ calculates this percentage decrease

Ansyer

i AV = 2400007 — 24 0006 = 24 000{e™ &2 ) =-1691-956  Ans. $1692 (rearest §)

24000{e ™ - &™)

YT X100 (g ~1)x100 =—9-516

ii.

Ans. 9-5% (to 1 decimal place)

ii » explains why triangle CDE has 45° angles at F and D
s writes ZFED, /EDF interms of ZBEC, ZADC respectively

» uses the congruence from i. to show £EFD =90°

i  applics an appropriate test for congruence, presenting conventional deductive proof 1

[P,

Answer

In the diagram DC = EC and AC=BC

i. n ABCE , AACD
BC=A4AC (given)
EC=DC (given)
ZBCE =90°+ ZACE (adding adi /'s, given ZBCA+90%)
LACD =90°+ ZACE (adding adj £'s, given ZECD =90°)
~ ZBCE= £ACD
~ ABCE= AACD (545)

ii. Inisosceles right AECD , ZCDE=/CED=45°

(£ sum is 180° A's opp. equal sides are equal)

In AEFD,
ZLFED = /CED+ £BEC =45°+ £BEC
ZLEDF = £ZCDE— Z4ADC =43~ /4DC

But ZBEC= ZADC (corresp. £'s in congruent A's are eqtial}
=~ LFED+ ZEDF = 90° .
W ZEFD=90° (Zsum of A is 180°)

~ DAL BE
Question 15
a. Outcomes assessed; H3, HS
- : Marking Guidelines
Criteria Marks
» finds the primitive and evaluates &° 1
1

+ completes the evaluation

Answer

[ a4




Q15 {cont)
b. Outcomes assessed: P4, H3 :
Marking Guidelines
Criteria Marks
» uses log laws o obtain quadratic equation in x 1
» factorises this quadratlc {or completes square or applies quadratic formufa) 1
» realises domain is restricted and quotes only one solution for x 1
Answer
ZIogzxwlogz(x-l-‘i): with domain x>0 ot =248 and x>0
2[0g1x=lug22+lng2(x+4) x—-2x-8=0
logzxizigg22(1-+4) .'.(x—4)(x+2):0 and x>0 sx=4
¢, Oufcomes assessed: HS, TE7
Marking Guidelines
Criteria Marks
» uses differentiation to find the gradient of the normal OF 1
» uses coordinate geometry to find the gradient of OF and hence writes equation for x 1
» solves the equation 1
Answer
1 _ya-x
y:(a—-x)’ - —ZL 2 a—x[—-
or 1
dy "
E=—%(a—‘x) - 2.r1,{a—11:1fa X,
o 1
- ~1 = %, Ja—.vcl (2":“1):0
2Va-x
S = fa—x sx=a or xl=-%-
d. Outcomes assessed; HS, HS
Marking Guidelines
- Criterla Marks
i finds one solution, using an appropriate trigonometric ideatity 1
* states the second solution 1
ii » sketches one graph showing the intercepts on the axes 1
« sketches the second graph showing the intercepts on the axes 1
il » expresses the required area in terms of a definite integral 1
« finds the primitive 1
« evaluates 1
Answer
i
sinx=cosx O0Zrx<2m sfanxy =1
sinx
=1 (since cosx#0 =&,
cOsX ¢ ) 4 é‘%

015 d. (cont)
it ¥

1

iii. The required arca enclosed between the curves is given by

=
A=J (smx—cosx)dx

= —[cosx + sinx]f
+

—:.»-{(cos%-—cos{-)-{-(sin%‘;sin%)} Areais 242 sq. units

g4
=22

Question 16
a, Qutcomes assessed: HS
Marking Guidelines
- Criteria Marks
i »deduces the required expression for one limiting sum 1
+ deduces the required expression for the second limiting sum i
i « takes a common denominator for the sum 13
1

« yses an appropriate frig. identify fo simplifylthe sum and show it reduces o the product

Answer _
i. Given the limiting sums exists (#rue for x=m§ for any integer m)

8, = L+sin? x +sin® x+sin® x-+...  is the limiting sum of the GP with a=1, r= sin*x

8, = 1+-cos®x+cos® x+cos’ x+... is the limiting sum of the GP with a=1, r=cos’x

1 1 i 1
“8m———=———=sec’y and nS,=———w— =cosec’ X
I-sin®x cos‘x [—~cos’x sin’x
. i 1 sin?x+cos’x 1
il S48,= Gt = S =58,
cos’x sin'x  cos'x.sin®x  cos'x.sin'x




Q16(cont}

b. Outcomes assessed: HS, H3
Marking Guidelines

" Criteria

Marks

i s+solves =0
ii » finds x values for f=0 and =2

» considers change of direction to find distance travelled
iii » writes an equation for T

» uses [og laws fo obfain required expression

— . =

Answe}' :
i x=t-3log, {t+1) . 2<0 for t<2, >0 for £>2
3

i=l-— Particle is initially at x =0, moves lefito x= —(31{13— 2] at time

trl

=0 =t=2 =2, then changes direction returning to x=0 attime (=T,
Particle at rest at time 2 5. Distance travelled in first T'secondsis 2(31n3w 2) m.

fii. 0=T—3log,(T#1) = T:3log,(T+1)
7'=log, (7 +1)’
s =(T+1)

¢. Outcomes assessed: H1, Hd4, H3
Marking Guidelines

Criteria

Marks

i »uses fixed volume to express / in terms of 7
+ expresses surface area in ferms of » only
ii » finds first derivative of § with respect to r
» finds the zero of the first derivative
+ verifies that this zero corresponds to a minimum S value
» finds the minimum § value

o p—

Answer
i mPh=2000m o h= 20?0 A S=2nrt +2mrh= 2m~2+402i
r
as 40007 gy 8000z )
o4y —— —=d4r+ >0 for r>0
" — dr? r* f
dS 4mg -
=2 -1000) ~ Minimum § for r=10, S, =2wx100+
dr 1 ( = .
ds .. . 2
E;:G Jor r=10 .. Minimum aceais 6007 om




