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STANDARD INTEGRALS

=-i~x"”, me-lix=0,ifn<0
n+l :

=hlx, x>0
='le‘" a=0
&a

1, :
=—sinax, a=0
a
1
=-—cosay, a=0
a
1
=—tanay, a=0
a
1
=—gecax, a=0
a
1 4=
=—tan?Z, a9
a a

L X
—sin? =, a>0, -a<x<a
43
2 v
=h1(x+\b. -a ),x>a>0

=]n(.1:+a.bc2 +a2)

NOTE: Inx=log,x, x>0
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; .
Student nate / number 4 Stadent name / number

Marks

. ' Marks
Section I ’ 4 On the Argand diagram below, P represents the complex number 2. 1
10 Marks . . Y4
Attempt Questions 1-10. '
Allow about 15 minutes for this section. - oF
Use the mulliple-choice answer sheet for guestions 1-1C. - 5] x
i1
1 What is the value of Jim ——— 7 1
2 ova j=1 ) - Which of the following Argand diagrams shows the point @ representing z+% ?
@ o @w .
® 4
© 1
™ 2 i b
g
2 A4, B, C are three consecutive terms in an arithmetic progression. 1 ®) va
sin| A+ C
Which of the following is z simplification of _"gﬁl ?
(A)  ZcosB ] . ) 0
®B) sih2B g x
{C) cotB
® 1
(C) yi
' . x o)
3 'What is ths number of asymptoies on the graph of the curve y= P 7 1 .
x - [¢; x
A 1 ;
® 2
© 3
MOy 4 o Y4
Q - -
0 T x




Student name f number

Marks
2z
What is the acute angle between the asymptotes of the hyperbola. %— ~y=11 1
(EVI
® F
© 5
® %
‘Which of the following is an expression for J‘l [rsiny dx after the substitution f=tanf 7 1
9 8
A) ]J_. dt
o 142¢
1
2
——dl.
(B) 8 1+2¢

1
1
C — e
© L(m)’”
! 2
—_—
® L(m)zr

The region in the first quadrant bounded by the curve y=4x" —x* and the x axis between 1

x=0 and x=2 isrotated through 27 radians dbout the y axis. Which of the following
is an expression for the valume ¥ of the solid formed ?

@ Ve[ iy
N
© V=8xf:~/47y 7
.(D) V=16EJ:J4—_}’ dy

Student name / number

8 The equation x* + px-+g=0, where p£0 and g#0, has roots ¢, f,7 and 5.
What is the value of e* + 8%+ + 8% 2

A) 44
® -2
) r'-2¢
o p
9 )

A particls of mass m attached to a string of length 7 is suspended from a point O with the
string inclined at an angle £ to the vertical where 0 <& <% . The particle moves with
constant angular velocity @ in a horizental cirele of radius » at a distance /i below O.

The forces acting on the particle are the force due to gravity and the tension T in the string.
‘Which of the folfowing statements is NOT correct 7

(A T>mg

® T=mw

© k= f;

@ tang- £
re

" 10 Whatis the value of $'= E“:}o(l—p)’_l where 0<p<1?
: =1

A Ss=1
® s
P
© s
l-p
L
5=
R

Marks



Student name / number

Marks

Section X[

90 Marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this seetion.

Answer the questions in writing booklets provided. Use a separate wriling booklet for each question.
In Questions 11-16 your responses should inctude relevant mathematical reasoning and/or ‘
calculations.

Question 11 (15 marks) Use a separate writing booklet.

(@) If z=1-2f and w=3+i findin the form a+ib, where a and b are real, the value of
@) z+%. , - 1

@iy = . - 2
W .

(b)  Thecomplex number z is givenby z= 2(cose+ isinB), where F<6<¥ .
() Bxpress cachof 2* and % in modulus/argument form. : ‘ 2
(ii} On an Argand diagram the points ( and R represent the complex numbers z* 2
and -E respectively. If the points @, O, R are collinear, find z in the form a+ib

where a and b are real.

{©) On an Argand diagram shade the region where beth l z—1 121 and -—1} Largz S‘} . 3

(@ Let IN=J (a-—x)‘cosx dx , where a>0 and n=0, 1, 2, ..
Q

{i).. Show that [ =ng™"' —n(g_—l)[ I (1: - 3
. . .
(i) Hence find the vahse of j (%—x) cosx dx . 2
il

**Student name / number

) Marks
Question 12 {15 marks) Use a separate writing booklet.
(2}  Find the equation of the tangent to the curve »*—xy+y” =1 at the point P(I . l) 3
on the curve.
. 2x-3 ‘
Find } ———dx.
® J P A5 3
(¢)  Useihe substitution x=tan@ to evaluate J dr . 4
1 x“& 1+
@
x=1
P X

7 The region beunded by the curve J.;-hf;:l and the x axis between x=0 and x=1
is rotated through 27 radians about the line x=1,

(i) Use the method of cylindrical shells to show thiat the volume ¥ of the solid formed is 2
1 2
givenby ¥ =2nj (1 —x)(1~\/;) .
-]
(i) Hence fiud the value of ¥ in sirplest exact form. 3
8




Student name / number

) Marks
Question 13 (15 marks) Use a separate writing booklet.
{a}  The polynomiat P(Jc)z %4 e’ + bx* has a factor (x + 1)1 . Find the values of 3
the real numbers a and 5.
(t) Theequation x*+dx’+a’ +dx+k=0 hasroots &, i, B and- -;4 .
«
(i) Show that k=1. 1
(i) Show that b=d. 2
()  Theequation x*+3x*+2x+1=0 hasroots @, f and ¥. Find ;hc mouic cubic 3
equation withroots &2, B and 7%
@ 4
A
4.3
y=fx
1 B
4
In the diagram the curve y= f(x) has equation j(x)=3— 2Jd—x.
On separate diagrams sketch the graphs of the following curves showing the
coordinates of any endpoints, any intercepts on the axes and the equations of
any asymptoies.
@ y=log, f(x). 1
@ y=f7(x). 1
R |
(i) y=-—F+. 2
/(=)
@) y=£(<)- :

Student name / number

Quesiion 14 (15 marks) Use a separafe writing booklet.

@

L)

A particle of mass m kg is dropped from rest in a medium where the resistance

to uotion has magnitude Z5#0* when the speed of the particle is vms™ . After

Marks

't seconds the particle has fallen x metres. The acceleration due fo gravity is 10 ms2, A

(i) Bxplainwhy 5=J5(400-+?) .
(i) Find an expression for £ in terms of v by integration,

(i) Show that v=20(1HJ—;J .
I+e

(iv) ¥ind x as a function of %

r
o

2
In the diagrem, I is a focns of the hyperbola _x;_% =1 with eccentrisity e.
a

This branch of the hyperbola cuts the x axis at A where 4F = k. P is the point
on the hyperbola vertically above F and the nermal at P cuts the x axis at B

making an acute angle @ with the x axis.

1

-

(ii) Show that PF=h{e+1) .

(i) Showthat tanf=

A bowl is formed by rotafing the hypecbola above through ong revolution about

the x axis. The bowl is then placed on a horizontal tabls with point 4 on the tablo.

A particle P of mass nt is set in motion around the inside of the bov/, travelling

with constant angular velocity @ in a horizontal circle with centre F,

§i1) Siow thrat- @t oo e
(i) Sliowr o he(e+1)
(iv) Nis the nonnal reaction force between the particle P and the bowl. Show that

N
if the hyperbola used to form the bowl is a restangular hyperbola, then —
. g

14

3

5"




Student name / number Student name / number

Marks

. Marks -
Question 15 (15 marks) - Use a.separafe writing booklet. . Question 16 (15 marks) Use aseparate writing booklet.
1 3 . . N
() The hyperbola xy = &, ¢>0 touches the ellipse 57 + zz_ =1, a>b>0 atpoints @ If A(x) and B(x) are odd polynomial farctions show that the produst 2
) a b P(x) = A(x) .B (x) is an even polynomial function.
Pend (, where P[cp;-i} ligs in the first quadrant,
2
(b)
B
C
2,7
T+ 5=1
d B
() Bxplain why the equation (bc)1 ¢ ~(ab) i +(ca) =0 hesroots p, pip,p - - 2 _
where p>0 . . ' M e N
(i) Deducethat p=-2— and ab=2c ’ 2 -
C\E In the diagram, MAN is the commmon fangent to two circles touching internally at 4. 4
iii) Show that if §and §” are the foci of the hvperbola xy = o : B and € aré two points on the larger circle such that BC is a tangent o the smaller
o . . . are the foci of the byperbola xy =2, then tho quadlateral 3 cirele with point of contéct . AB and AC cut the smaller circle at E and F respectively.
with vertices P, 5, 0 and 8 has area 26(a~5) . . ) Copy the diagram. Show that AD bisects ZBAC .
(b)({) Ifuisapositive integer and ¢ 0, by considering the stationary values of 3 () &, band eeatercal numbers such that a>b>c>1.
1 xreV - I zeeY (e @ Show that a*F'e® > a*b'c” . 2
x|=—] — for x>0, show that — - 2 I7 .
1) x(nﬂj T wibat 2\ S51) 2|5 Pre>0 audsite (if) Houce show that ala+blnb+clne>blna+clnbaluc . 2
when equality holds, ‘
(i) Deduce that for n+ 1 positive real numbers x,, i=1,2,...,n+1 1
(oo 1 Y : (@  Inan Argand diagram the points P, B, B, B,..., P, represent the roots I, &, W, .., a0
ntl% | 24 [Z,Z:x'] respectively of the equation z° —1=0, where &= cos?E+isinZ |
(iii) For any set of n positive real numbers x, i=1,2,..,n where n22,proveby 3 (i) Show that (z—ﬁ))(z—(r)z)...(z—ﬂ)H) =1+z+ 2 +..+2" and hence show that 2
mathematical induction that their aritimetic msan-};(gcl A,k ix‘ljs greater than _ toe PR-3-PR w WPPRep=tpe w4 - e '
. .
or equal to their geometric mean (x]xz..,rn)' . State when equality holds, justifying (i) Show that pp]1 + pp; 4+ o+ PPH’ =2n. 3
your siatement.
1
{iv} Deduce (nl]' < %(n%-l) . . 1

1t 12




Section 1T
Question 11
a, Outcomes assessed; E3

Independent Trial HSC 2015 Mathematics Extension 2 Marking Guidelines
" SHection 1 Questions 1-10 (1 mark each)
[Quéstion | Answer i Solution Oufcomes
11 B Lim-J' hl-1 Ii (h+1)—1 1 1 1
== B2
=0 (et HR‘(J};ﬂﬂ) 2
Siﬂ(t“' C) sin2B  2sinBeosB
2 B=4{A+C) - =S =
A A ARy BT AV T E2
C y= x =14 ! 1 1 and 1
= = Sx= = =
) 2.1 R , X and ¥y are asymptotes. E6
4 D z+%=2Rez, 50 () lies on the x axis with twice the x ceordinate of P. B3
5 € Asymplotes have gradients + . tan9=l %ﬁ-lmﬁ ~0=% E3
= tan®
f faﬂzz I+sinx=14+—3 2 (1+r)2
dt=%sec’ §dx AT el
2 _ % ) 1 2
6 D v Lol I LA R B8
o I+sinx u(I‘H) 1+t
x=0=r=0 ' 2
ragsst=l S v
) y=4x1—x4 5V=n'(:cf—x;)6y
T N S
oAt d=dey =J‘c{(2+1,4ﬁy)~(2—1/4—y)}8y
xt 2] =4-
7 A ( ) 7 =2m\J4—y By E7
(¥ -2)=t4~y § .
V=lim » 2mj4-y & =27‘EJ’ J4-
=2ty 0 yey o it
4 -
0‘4"‘1"“"1—0 .-.(a‘+ﬁ“+y‘+6“)+p(a+ﬁ+y+5)+4q=0
8 A B +pfitg=0 o Byt 48
78+ 0 +4g=0 B4
¥4 pytg=0 ( ) C oo ? :
84 pS+g=0 (a +f 4y + 8 ):—4g
TeosO=mg = T>mg '
: Tsing=mre' = mising @* = T=mla*
9 D ES
! tanf = mra’ =>I-—~L—~g—2- and tanﬂ—@—
mg tanfd @ g
sEpe2p(t=plespli=pf +ap{t=pfes - @ - |
" B (1-p)S= p( )+2p( ) +3p(l p) A2 2
O-@=  pS=p + p(1~p) +p(1-p) +p(i-p}'+
) 1
wpS=—Et =1 o Sme
1-{l~p) 14

« ghades the correct region

Answer

4

.17‘+y2:1

-1 onN - x

y=-x

Warking Guidelines
Criteria Marks
i =writes correct sum i
i » uses the complex conjugate of w to write with real denominator 1
» oxpands and simplifies numerator then expresses in required form i
Answer
z @ (1-2)(3-i) 1-7
i z+W=1-2i4+3-i=4-3i it —ﬁw—g——ﬁﬁ—= — i
W Wi PF 41 10 b1
b. Outeomes assessed: E3
- - Marking Guidelines
Criteria Marks
i «writes expression for square of z 1
« writes expression for reciprocal of z 1
{i * compares arguments to find & 1
+ writes z in required form 1
Answer
. N P . 2 as 1 1 st
i, z= 2(cos&+ ;smB) nEt= 4(m529+:sm26) and —= 2(cos(—f)) + zsm(-B))
z
fi. Z<argz’<n and ~F <arg}~<~ﬁ . ~0,0,R collinear = argz’ =1r+argé
z
20=r+(-0)
Hence & —%— and z= 2( 53-+rsmi) 1+~f§ i
c. Qutcomes assessed: E3
Marking Guidelines
Criteria Marks |
= shows part of circle, ceatre origin and radius 1, as a boundary of the regien H
» shows lines y=+x as boundaries of the region 1
1




Q 11 (cont) -
d. Qutcomes assessed: E8 o
Marking Guidelines
Criteria Marks
i +uses integration by parts, evaluating the first term 1
« uses integration by parts a second time 1
« simplifies to obtain required reduction formula 1
ii » uses the reduction formuala 1
» evaluafes the remaining definite infegral i
Answer
i
j (a—x]" cOSX a&::[(a—x)! sinx} Hf (~-M)(a—:a:)h—1 sinx dx
1] o 2
=0+ n[ a —-:c)H (~ cosx):l - n(n - I)J (a— x)H cosX dx
] g
S = na™t n(n— l)IHl
H, a=%and = j’msx(zx =[simx]f=1. - j’(g—x)’ cosx dr=1, =2(§)- 2, =72
0 0
Question 12
a. Outcomes assessed: E6
Mbarldng Guidelines
Criteria Marks
+ difforentiates implicitly to express desivative in teros of xand y 1
» evaluates this derivative at P to find the gradient of the tangent 1
» finds the equation of the fangent 1
Answer .
. dy  y—2x 1
:,. 3 At P{1,1), 2 =—
Xty =1 ( ) dv 3y -x 2.
2x— (y+x%)+3y2%= 0 - Tangent at P has gradient —3 and
& equation  y—I= —-%(xml)
(3y1.—x)—d;=y—2x i x+2y-3=0
b, Outcomes assessed: E8
Mayking Guidelines
Criteria Marks
+ rearranges the integrand into a sum of standard forms 1
» finds one function part of the primitive i
. - -

' find§ the second Aliction part of the primitive =~ -
Answer A

J‘____Zx—?i @:J 2(IH2) + ! }dx=tn{(x¥2)2+1]+tan"‘(x—2)+c

X —4x+5 (3:—2]2+l (.1:—-2)1+1

Q12 (cont)

¢, Ontcontes assesseds E8 e
Mzarking Guidelines
' . Criteria Marks
+ transforms integrand 1
* converts limits h 1
» writes primitive finction 1
* evaluates using limits L
. Answer .
x=tan@ f 1

e =sec? 06 ! m(ﬁ‘=J{COSG?9&Of9 da

=—| cosech i
x=v3 = =% [ooseot ],
x=1 = 0=% <=2

#V14x* = tanBsinfsec? 6 . =-§(3\E~2\/§)

d, Outcomes assessed: E7, ES

Marking Guidelines
- Criteria Marks
i * wites an expression for the volume of a typical cylindrical shell . . St i .

- = takes the limitiag sum of shell volumes to express ¥ as a definife integral
ii » expands the integrand S et
+ finds the primitive fonction
» gyaluates ¥ in simplest exact form

—

Answer

i

1-x :

1-x-8x Ignoring second order terms,
(1—«/;)2 V=gin}ﬂ§2n(l—x)(l-xf;)2 8x
x—+ P

6V=fr(R+r)(R—r)h o ) e x’
=n{2(1Hx]—5x},5x_(1_J;)2 =2 L(l )(1 J_) b

[

R
-
I

| V=2ﬂf'(l~x’—2\/;+2x\/;)d):
:_27$|:xr-%.r3ﬂ%x%+-§x§]‘0
4 . o




Question 13
a, Outcomes assessed: E4 A Y
Marking Guidelines
Criferia Marks
»uses P(~1)=0 to obtain one equation in a and & - . 1 -
»uses P(—1)=0 to obtain a second equation in g and & ; 1
*solves for gand b 1
Answer
P(x)=x*+a + b’ P(-1)=0 = a-b=1 (I D-2x() - =
—-2%(l) =
P(x)=6r+3am’+20r  P(-1)=0 = 3a-2b=6 (2) -b=3
b. Qutcomes assessed: Ed
Marking Guidelines
Criteria Marks
i +uses the product of the roots to deduce the velue of & 1
ii « writes a second monic quartic equation satisfied by the reciprocals of the roots ’ 1
» compares coefficients fo deducs the resuit - ) 1
Auswer .
4 3 2 . 1 1
x* b+ e’ b det k=0 i k=o.—.f.—=1
2 ﬁ

4 3
ii. The reciprocals of the 1aots of x*+ b’ +ex® +de+1=0 satisfy (1) +b( ] [1] +d[ ]-H 0
X x

. 1 L I
Hence o, ?};, B and 7 are also the roots of x*+dx® +ex® + bx+1=0 . This is only possible if

the two monie quartic equations are identical. Hence comparing coefficients of x orx, b=d.

¢. Outcomes assessed: E4

Marking Guidelines
Critexla Marks
« writes an equation in terms of Vx thatis satisfied by the squares of ¢, i, 7 1
» rearranges this equation to eliminate surd expressions 1
« completes the rearrangement to obtain the equation as a monic cubic equation in the usnal form 1

Answer

i . 3 2
& B, 7 satisfy ¥+3¢+2x+1=0. Henoe o, B, v* satisty (3] +3(x') +2(s*}+1-0.
This second equation can be rearranged to give e (x+ 2) = —(l +3x] and hence x(::;+2)2 = (1~ir3x)2 .
Hence o?, §%, y* areroots of x*+4x% +4x=1+6x+9x" .

Since the monic cubic equation with roots @, B2, ¥° is unique, required equationds x°=5x"—2x-~1=0,

-Q13 (cont) : N

.

a. Outcomes assessed: E6 (LRI

Marking Guidelines

Criteria Marks

i »comect shape with endpoint, x mte:cept and asymptote shown
ii * correct shape with x and y intercepts and endpoint shown
iii « left branch correet shape with asymptote and y infercept shown
» second branch correct shape with endpoint shown
iv » correct shape and position with y intercept shown
» x intercepts and endpoints shown

[ U U g

Answer
i,

Py

A y=1"6)

= In f{x} . 1/'(3 »4)

¢,

s

EE—— 1

iii.

3 X —1

iv., v R
¥ ! , a2 YIS
S}

P
R

(2,9 ©.3)

{4, 15

X

J
-
ES ll‘-.-a
1
=y
PN
-

E}




Question 14

a. Outcomes assessed: ES
Marking Guidelines

" Criteria Marks |-

i »considers resultant fores on the particle and invokes Newton's second law
ii * expresses derlvative of f with respect to v as sum of partial fractions
- finds # as a function of v by integration, using initial conditions to evaluate the constant
iii = rearranges to find v as a function of £ in required form
iv » rearranges derivative of x with respect to £ into a standard form for integration
v finds x as a function of ¢ by infegration, using initial conditions to evalvate the constant

et P et et e

Answer
—o Forces on the particle
i = A By Newton’s second law :
x=0 ;ilo-mvz ’ HiE = g — oy’
=0 G e
mg = 54007
x
.ay 204y dy 2et
i, ==Z{400-+* jii. &= v, —=20{1~
a ~l(40-v) " Ty " 20[ N
dr 40 , A0 _f
207 1+¢ = 20— ) x_zo{f+21u(1+e )+c}
1 1 - 40 x=0
= + = Ld =—
20+v  20—v I1+¢ 20 £=0 = ¢=-2h2

f=In _20+v re
20-v

v=0whenf=0 = ¢=0

- eln 204y
20—~y

oy 20{r+2m[1+;- ]}

Q14 (cont)

b, Outcomes assessed: E3, ES ..
Marking Guidelines

i Criteria ' Marks

i « finds the coordinates of P in terms of g and 2
+ uses differentiation to find the gradient of the normal at P
» deduces the value of tanf in terms of &
ii + writes & in terms of @ and e to deduce required expression for PF
iii » resolves forces on P vertically and horizontally, applying Newton’s 2% Law
+ finds an expression for tan@ from the simuitaneons equations
+ uses values of tanfl and PF from previous parts to obtain required resuit
iv + finds tand when the hyperbola is rectangular '

+ uzes an appropriate tigonometric identity to deduce the required expression for N.

—

bt et pt e pa

Answer

y i, Flae,0), A(a.0). ¥=d(-1).

At P, Ex*j—a—l.';-—(ez—l) a(82-1)=e

Hence normal o hyperbela at P has gradient
Lo tan(lBO"nB) tanef—‘}-
e e

ii. h=AF=ale-1). LPF=ald-1)=h(e+1) .
h From i.and ii. : Forceson P

™ N

9\ = h(e+1) i:
- tanB=l """"""
e

Applying Newton's 2" 1 aw and resolving forces
vertically and horizontally
2

Fay

tanf=——ro
Neosl=mg. |.. g, - r. g
A St =
Nsing = mra? } 1 h(e+l)m’ he(eﬂ)
e g
iv. e=+2 = tanﬂzji .'.secﬂ:@:,ﬁ - ry_ 13
) ' : mg cosf 2

PF=e.PM= e[ae—EJ P(ae, a(e* - 1})
e




r

Question 15
8. Qutcomes assessed: E3, E4 : .
Marking Guidelines
Criferia Marks
i »explains why this equation gives the hyperbola parameter value at any intersection point -
« deduces the nature of the zoots from the fact that the curves touch at P v

ii = relates sum of products of roots faken two at a time and caefficients to obtain expression for p
» relates product of the roots and coefficients to express ab in terms of ¢

ii » deduces quadrilateral is a parellelograra and finds length of diagonal 55’
« finds perpendicular distarce from P to 857 interms of a, b, ¢
« finds expression for area of quadrilateral and rearranges into required form

i s b b bk

Answer

3,2 2
c

i. The hyperbola intersects the ellipse at a point with cooxdinates (cf , %J when .~ +—=55
) a

tb1=['

Rearranging this equation glves (bc)2 f- (falf:t)1 a3 (ca)2 =0.
Since the hyperbola touches the ellipse at P, pmust be a double root of this equation. Since P lies in
the first quadrant, p>0. Since the equation is a guadratic in #*, —p must also be a double roof.

(ab)z 2y __(C.a)z
(bc)z P ( p) —(b-c):

2 a¥
a2pt=—|Z P‘E(HJ
7={3) b
2 1 2
N [y e nab=2c"
2 b .
jil. §, 8 licon theline y=x and O is the midpointof S§° . Since parameter at Qis-p, Olsalso

the midpoint of P(). Hence the quadrilateral with vertices P, §, 0, §" is a paralilelogram {diagonals
bisect each other) and the dizgonal $5° divides the quadrilateral into two congruent triangles.

- Area PSQS’ =2% Area APSS .
P ..“
\/_ P .

cp
Perpendicular distance from P[cp,ﬁj to ling y=x is d =L——ﬁ=—c—
P Jeer o2
e |ala-b)
” 2’ m:\E
at-20t and a>b>0 _

=L - Lah
acy2 ) 2

$(eV2,02)  .557=2x80= 220 426 =4e
o drea PSQS’ = dx §8' = 2¢(a—b) .

ii. pz-i—lhz:(—p)%—(ﬂp)2 =

p>l = p~—a—-
- cs&

IOk el d
L4 P 2 a But o’ —2c*=a’~ab T

Q15 (cont)

b. Outcomes assessed: HE2, E2 . - g,
’ Marking Guidelines
Criteria Marks
i = derives f{x) with respect to x ’ T 1
+ finds the valie of x>0 for which f takes ifs minfmum value 1
» finds this minimum value of f and states when it is attained 1
il  selects appropriate values of x and ¢ to deduce result 1
iii » defines an appropriate sequence of statements and verifies the first is true i
+-shows that if the £® statement is true, then the (e+0Y™ is conditionally true - 3
» completes the induction process and states with explanation when equality holds i
iv » selects an appropriate set of positive real numbers to deduce the result- 1.
Answer
; l{xte = . .
i f(x]=— 1 For x>0, only stationary value is for nx=c.
xin
c T ’ < ’
f'(x)—ll- rie m+l iy 0<x<;.=>f(x]<0 and x>n=:»f(x)>0
r nrl x\n+l . e
R o f (x) has minimum stationary value af x=-—
_i[l"r‘c e x+c N
Txilayl +1 o ¥
TR . " :.f(x)zf Sl E] =l Z) for x>0
1 [J:+CJ [m:—cJ By e\n n -
=y S i .
K\ ntl) A ntl with equality if and only if x=< .
n
a Fia [ 1 Foai ) 1 1-& .
ii. If c=2x, and x=x  , then x,, +c= EI\ and [—~ x| z Hzx, .
=l l Xa\ntly =)
1 il E23% 1 a5 . I "
Hence szl 2x "E"} {with equality if and only if x_, "‘_‘_Z-"l ).
n+lg 'y A Sy
iii. Let 8(m), n=72,3,.. be the sequence of statements defined by
Sy -,1,-(1'4-12 +.‘.+x‘)2(xlx2..xa){ for any set of n positive real numibers x,, i=1,2,..,n .
, 1 2 1 - 4 .
Consider 52} : {2().’1 -!-xz)} zZx, (x.) from (if), hence %(xl+x1)2(xlx2) and S(2} is frue.
If S(R) is frue -j%(xl +x,F ot .\:1)2 (’*’1"':"%)% *
k] k
Consider S(k+1) : {?}q (xl+xl+...+ xm)} "2 X, {{-(x1+xl+...+_1‘k)} from {if)
zx, (x,:c2 ._1'2) if S(K) is true using *

AL
£l

giving ’}E]Ft(x: +x,+ ---'*‘Im) = (xlxz..:cm)

Hence if S{(k) is true, then StkH1) is troe. But S(2) is irue, then 5(3) is true and so on. Hence by
mathematical induction, S(x) is true for positive integers 7, 222, .
The arithmetic mean is equal to the geometricmean if and only if x, = x, =...= x,, since result in (i)

requires that x,=x,, x,= '1L(.I: + xz), x,=1 (rl +x,+ xl], ... ininduction process for equality to hold,

iv. Considering the numbers 1,2, 3, ..., » ¢ %(14:1 2;1-3+ ...+n)> (nl)* (n.!)# < %(n+1) .
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Question 16 i
a: Ountcomes assessed: B4 . : o IR
Marking Guidelines
] Criteria Marks
» writes P(-x} in terms of A(x) and B(x) using the definition of an odd function Taet 1
» simpliffes to successfully apply the test for an even function ) e 1
Answer

) A(—x)=—A(x) and B(—x)zﬂB(x)
P A{r) (o) A5} ) ()= ()

_{Clearly the product of two polynomial finctions is also'a polynorial function)

Hence P(x) is an even function.

b, Outcomes assessed: E2
Marking Guidelines

Criteria Warks

» apples alternaie segment theorem to deduce EF and BC are pamilei o1
+ deduces equality of angles DEF and BDE '
» deduces equality of angles DEF and DAF
» deduces equality of angles BDE and DAE

bt et

© Answer

Construct EF and ED.

Applying the alternale segment theorem in
circles ABC and AEF

ZABC= £NAC = ZAEF

= EF || BC {equal corresp. £'s on rransversa! AB)
N ZDEF = ZBDE (Alt. 2's within pavallel lines
are equal)
LDEF = ZDAF (£'s subtended by same arc DF at
circumference of circle AEF are equal)

£BDE = /DAE (Alt. segment theorem in circle AEF)
5 EDAF = LDAE

Hence 4D bisects ZBAC

M N
¢. Qutcomes assessed: E2
Marldng Guidelines
Criteria Marks

{ «uses index laws and positive indices a—b, b—c¢ to deduce a™*5 "> L
» rearranges or uses further index Jaws to produce required inequality 1

ii » applies the increasing funetion In(x) to both sides, preserving the direction of the inequality 1
« uses fog laws to complete the proof 1

Answer

a s e e =", since a> byl

i it. Since f| (1) =Inx is monotonic increasing,
In{a"b'c) > In(a®tc")
lng® +mB +Inet > na® +nd° +lnc’
salna+binb+elne> bnat+clnbtalnc

-~ a™tpt e et
(aébecc)aa—db&c = (abbccc)co—c

a’b’ct > a’be”

11

Q16 {cont) i *

d. Outcomes assessed: E3

Marking Guidelines
Criteria Marks
i + factorises z" - 1, then uses the sum of # terms of a GP to deduce the required result - - 1
* recognises FF, as Il— m*l then evaluates the product using the sum of powers of 1 1
i showstf=2—2Re(m") i
» tearranges expression for the sum of squares using properties of Re(z) . 1
- = uses rolationship between sum of the roots and cosfficients of ‘z" —~1=0 to complete the proof 1
Answer : T
i (Z‘"' 1)(2-*(0)(2— m’) ...(2— a)"’) =z"--1 PL, :Ilell
a L PPXPE X .. XPP
ol EPEINEE t | RabRE! ot
(z m)(z )] )(z @ ) o . =|1_ml 'Iluwll . |1_ wa-zl
But Hz4+2 +.tz™ :z"—ll =I(I—(d)(1-mz)...(1~m"‘l]
Fiad

=1+1312 4 41
=n

.'.‘(z— ﬂ})(zﬁmz) ...(z—&)”"-)= l4z+2 +ot 2

it

2 PR+ PB’+ ..+ PP_

refgferie)
2{(n l)sze(mk)}

n2{n—Re(1+aJ Tt ro“)}

=2{n— Re(ﬂ)}

:1+|m*[1~2Rc(m*) =2n
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