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Marks
Section I
10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section
Use the multiple-choice answer sheet for Questions -10
1 1
B C
m Not to scale
D
A . .
ABCD is a cyclic quadrilateral inscribed in a circle with centre O such that £BOD =140,
What is the size of ZBCD?
A e
B 10
© 10
D) 130°
2 P(x) is an odd polynomial. When P(x) is divided by (x—2) the remainder is 5. 1
What is the remainder when P(x) is divided by (x+2}7
Ay 5
{B) -5x
(Cy . 5x
o 3
3 P(Qat s at’) is a point on the parabola x* = 4ay with focus F (0 , a) and directrix 1
y=-a, where a>0. Which of the following is an expression for the distance PF?
(A aff-a
® 2at-a
Q) Z2at+a
o afta

Student name fnmmber ...
Marks
4 Which of the following is an expression for %(x\fxz + 2) ? 1
@ =
242
B e
¥ +2
242
© =
x+2
2x*+x+4
)] >
x+2
Which of the following is an expression for cos(A + B) - cos(A - B) 7 1
(A) -2sindsinB
(BY —2cosAcosB
© 2cosAcos B
(D)  2sindsinB
i
Not to scale

Two circles, one with centre A and radius 8cm, the other with centre B and radius 2cm,

" touch externally at F. C is a point on the larger circle ad D is a point on the smaller circle

such that CD, of length 8 cm, is a common tangent to the two circles. The common
tangent to the two circles at # meets CD at E. What is thé length of FE ?
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B) Scm
(€C) dem
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Student name / number

Marks
77 “Which of the following is an expression for i X 19 1
detl 2x+1
@
(2x + 1)
2
@ T
(2x + 1)
2
© 3
(23: + 1)
4
o) o
(Zx + 1)
8 If x=2af and y=3af’, which of the following is an expression for % ? 1
Ay
B
S (8) T4
oy o
3
9 Which of the following is an expression for L o i 1
- (n-1p " (n+1)
ntl
@ Sr
e+l
®) py
W +ntl
€ o
LR+l
) n!
10 Which of the following is an expression for sin8x 7 1 ‘
sinx .
(A) cosdxcos2xcosx
{(B) 2cosdxcos2xcosx
{C)  4cosdxcos2xcosx
(D)  8cosdxcoslxcosx
5
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Marks
Seetion I

60 marks
Atterapt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Aunswer each question on a SEPARATE page of your own paper, or writing booklet, if provided.

All necessary working should be shown in overy question.

1

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a)  Find the coordinates of the point P(x R y) which divides the interval joining 2
the points A(—4,5) and B(5,-1) intomally in the ratio 2: 1.

(b)  Find the number of ways in which 2 brathers and 4 sisters cau line up in a queue
(i) without restriction,

(ii) so that the 2 brothers are not next to each other. 2

(c);

B

A€ and BD are two chords of a circle which intersect at E inside the circle.
M is a point on AE and Nis a point on BE such that MV || 4B,

(i) Give areason why £BDC = ZBAC.
(ii) Hence show that MNCD is a cyclic quadrilateral. 2

(@) Let P(x)=20"-3x"-3x+2.
(i} Show that (x-+1} isa factor of P(x}. S 1

{if) Hence express P(x) asa product of three linear factors, 2

20t +1)
1+
(i) Hence solve the equation sinx+ cosx =~1 for 0° <x<360°. 2

(e)(i) Use the substitution f=tan% toshowthat sinx+cosx+1=




Question 12 (15 marks)

Student name / numMbBEr  .....oveiineiiirvreeaenaee -

Use a SEPARATE writing booklet.

(@)  Find cotrect to the hearest degree the acute angle between the lines 2x+y -3 =0

and x—3y+2='0.

(") Bach multiple choice question has 1 correct answer and 3 incorrect answers.

(d

©

A test contains 4 muitiple choice questions,
(i) Find the aumber of ways in which the 4 questions can be answered.

(i} Find the number of ways of getfing 2 correct answers and 2 incorrect answers.

(9

R

5

B o
N

Two circles intersect at 4 and B, M is & point on the first circle and N is a point on
the second circle such that AM/BN is a siraight line. P is a point on the first circle and

( is a point on the second circle such that MP produced and N produced meet at R,

(i) Give a reason why £RPA=/MBA.
(if) Hence show that RPAQ is a cyclie quadrilateral.

(i) Express ¥3cosx-+sinx in the form Rsin{x+¢) where R>0 and 0°<x<90°,

(ii) ‘Hence find the range of the function f{x)= s/g cosx+sinx,

T(2ar , af’) is a point on the parabola x* =4ay with focus F(O , a).

(i) Use differentition to show that the normal to the parabola at 7' has equation
xtty—2af—at’ =0,

(ify Hence find the coordinates of the three points on the parabola such that normals
to the parabola at these’points pass through the point (0 . 6a).

Student name / DUMBET  ..cvviriiereeerinrriee.

Question 13 (15 marks) Use a SEPARATE writing booklet.

()  Find the number of ways in which 2 consonants and 1 vowel can be chosen
from the word NUMBER.

2x—1

(b)  Solve the inequality zx.

{¢) A cubic equation has roots e, § dnd y such that ofiy = -2,
and ¢ + i*+9* =10.
(i) Show that e+ f+7=—-4.
(ii) Hence find the value of aff+ By +ju.

(d) T(Zat , ar’] is a point on the parabola x* = 4ay with focus F (0 s a) . The point Af
divides the interval FT exterally in the ratio 2 : 1.

() Show that Mis the point M({4at,2at*—a).
(i) Henee find the Cartesian equation of the locus of Af as T'moves on the parabola.

©

M

Two circles touch each other internally at 4, MAN is the common tangent to the
circles at A. ABD and ACE are two straight lines which cut the smaller circle at'B
and C, and the larger circle at D and E.

(i) Show that AABC || ADE .

ABx AC _BC?
ADX AE  DE*’

(ii) Hence show that



Student name /number  .ooeviciiiennee

Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)  Find the number of ways in which the leters of the word ORANGE car be
arranged in a circle so that every consonant is diametrically opposite a vowel.

®)

Nat to scale

A

AR is a diamefer of a semicircular picce of horizontal ground with radius  metres.
CD is a vertical flagpole of height i metres standing with its base C on the arc AB.
From 4 and B the angles of elevation of the top D of the flagpole are 45° and 30°

respectively. Show that =7

{c)(i) Show that cosec2f—cot26=tan@.
(iiy Hence find the exact value of tan22-5°.

(d) P(Qap , apz) and Q(Zaq ) aqz) are two points on the parabola x* == 4ay such that
OF and OQ are perpendicular to each other.
(i) Show that pg=—4.

(i)’ Hence show that AGPQ has area 4a1[ p—ql .

(¢)  Thepolynomials P(x) and O(x) are such that P(x)= (x’ - I)Q(x} + Ax+ B
for some real numbers 4 and B,
(i) Show that A=1{P(1)~ P(-D} and B= e+ Pe-n}.
(i} Hence show that if P(x} is an even polynomial then the remainder when P(x)
is divided by (x‘ - 1) is independent of x.

Marks
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Independent Pfeliminary Exams 2013  Mathematics Exfension 1 Marking Guidelines

Section I

Questions 1-10 (1 mark each)

Question | Answer Selution Outcomes
reflex/BOD = 220° (one revolution is 360°)
1. B -~ ZBCD = 10° (£ subtended at the centre by major arc BD is twice PR3
that subténded by the same arc af the circumference )
Using the remainder theorem, P{2)=5. Then P{-2)=-P(2)=-5
42 A since P{x) is odd, hence required remainder is —5 PE3
PFis equal to the perpendicular distance from P to the horizontal line
3. D y=ea., LPF=af' +a PE3
i —1
%(x\}xl +2) = 1.(.\:2 +2)' +x .%(x’ +2) t2x
~1
4. |c =(x*+2)" {(x" +2)+x2} PRS
242
2 +2
cas(A+ B): cos Acos B —sin Asin B
3, A cos(A—B)=cosAcosB+sinAsinB P3
= cos{A+ B)-cos{ A— B)=-2sin dsin B
DE = FE = CE (fangents fo a cirele from an external point are equual)
6. o} Hence E is the centre of the circle through D, F and C. PE3
Given DC =8 cm, this circle has radivs 4 cm. .. FE=4cm.
i[ x J= 1 ._(2x+1)—-1x .2 =(2x+ I)—z
7 B x| 2x+1 (zx ¥ 1)
r L PE5
d—l( - ]=-:-2(2x+1) S ——
dx*\ 2x+1 - (23.’ + 1)
dy dy dx bat
R T PIA
3 nti)|Bt-n+l)
9, B 1, N I ),.pe PR3
(r=1)1 {n+)t nt" (n)nl al
sin8x = 2sin4x cosdx = 4sin2xcos2xcosdx = 8sinxcos xcos2xcos dx
10. D sin8x . . P3
»———=8cosdxcos2xcosx
sinx
1

Queston 11

a. Outcomes assessed : P4
Marking Guidelines
Criteria Marks
» finds the x coordinate of P 1
» finds the y coordinate of P 1
Answer
A=2,5)  B(5,-1) _
2 1
104 ~2+45 P(2,l)
241 ' 241
b. Oufcomes assessed : PE3
Marking Guidelines
Criteria Marks
i ® gives the comect number of unrestricted arrangements 1
1

ii » counts the arrangements with the brothers next to sach other

1

Answer

i. 61=720 ways

» finds the number of arangements with the stated resiriction by subtraction

li. Grouping the brothers as one item gives S| arrangements. Hence considering the two orders of the
brothers, there are 2% 51= 240 amrangements with the brothers next to each other.
Hence there are 61— 2% 51 =480 arrangements where the brothers are not next to each other,

¢. Ontcomes assessed : PE2, PE]

Marking Guidelines
Criterda Marks
i * quotes appropriate circle property i
ii » identifies equal corresponding angles with parallel lines 1
» applies appropriate test for a cyclic quadrilateral 1
Answer )
A4 D i. ZBDC= #BAC (angles in the same segment standing on the
A same are BC are equal) ) :
w c Hi. ZBAC = /NMC (corresp. £'s across parallel lines are equal)

~ ZNDC = ZNMC (B, N, D collinear ». ZNDC, ZBDC same £
o MNCD is a cyclic quadrilateral (CN subtends equal £'s at points

M D on the same side of CN')
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Q11 (cont}
d. Outcomes assessed : PE2, PE3 )
Marking Guidelines

Criteria

Marks

i  applies factor theorem
ii # factorises P(¥) into alinear and & quadratic factor, or finds a second linear factor

» completes the factorisation into linear factors

Answer

L P()=20 -3 ~3x4+2.  P(-D=-2-3+3+42=0 . (x+1) isa factor of P(x).

i, P(x) e (x4 I2x% = 5x+2)=(x+ D2x -~ )(x - 2)

e. Oufcomes assessed : P3, P4 )
Marking Guidelines

Criteria .

Marks

i e writes expressions for sinx, cosx interms of ¢
» takes a common denominator and simplifies

ii # writes equation in terms of ¢ to find ong soluticn for x
v fests x =180 fo find the second solution

[P SEN

Answer

2 1-£ 2+ (1~ r’)+(1+t) 2(,+1)
‘l+ 2+l 2
1+1* 1+t 1+1 147
2+1) _
1+
Then #=—1, ~tanf=-1, 0°<F<I80° .~F=135° sox=270°

i. r=tau192£ =3 sinx +cosx+1=

fi. For x#180° : Substituting #=tan% transforms equation to give

For x=180° : shax+cosx=0+(-1)=-1 . x=180° isalso 4 solution.

Hence sinx+cosx=-1 for 0°<x<360° has solutions x=180° 270°

Question 12
a. Outcomes assessed : P4
Marking Guidelines

Criteria

Marks

o writes an expression for tan@ using the gradients of the fines
« writes the angle to the nearest degree.

1
1

Answer

-2 |
1 + X (—2)

1+6

tand = =7 ..0=82°

Q12 (cont)
b, Ouetcomes assessed : PE3

Marking Guidelines
Criteria Marks
i ® writes the numbers of ways 1
il » realises there are ‘Cz possibilities for selecting the two questions to bé answered correctly %
» realises the remaining questions can sach be answered incorrectly in 3 ways
Answer
4*=256 ii. 'C,x3%x3=54
¢, Outcomes assessed : PEZ, PE3 - :
: Marking Guidelines
Criterla Marks
i » quotes an appropriate property of a cyclic quadritateral 1
ii » deduces ZNDA = ZRP4 -1
= applies an appropriate test for 4 cyclic quadrllateral 1
Answer
i, Bxterior angle RPA is equal fo opposite interior angle MBA
in eyclic quadrilateral A{PAB.
it. Similarly ZMBA= ZNQA in cyclic quad NOAB
5 £NQA = ZRPA

-~ RPAQ is a cyclic quadrilateral (one exterior £ Is equal
* fo the interior opp. £)

d. Oufcomes assessed : '3, P5

. Marking Guidelines
Criteria Marks
i & writes expression with correct value of R )3
* writes expression with correct vatue of o i

ii » states the tanéc of the finction

Answer
i \E_cosx +sinx = 2(§cosx+%sinx) =2sin(x+ 60")

i, The range of f{x) is {y:-—ZSySZ}



i

Q12(cont)
e. Outcomes assessed : PE3, PE4

Marking Guidelines
Criteria Marks
i e finds 4 at T' !
dx
« finds the equation of the normal at 7 }
ii ¢ deduces an equation for ¢ at the required points on the parabola 1

# solves for /fo find the coordinates of these points

Answer
i
dx
x=2at = —=2a
dt LAy _dy ] 2\ {1as eradiont — &
. & E_E E—f . normalat T(Qar,ar ) hasgradwnt—}-
y=al® = -Z=2af

and equation y—all=—%(x—2at) , giving x+fy—2af—af’ =0.

0+6af—2at—at’ =0
af (4—11)=0 )
Hence the three points, with parameters £ =0, 2,~2, are (0,0), (40, 4a), (—4a, 4(1)

ii. (0, 6a) ties on normal at T if

Question 13 .
a. Outcomes asgsessed : PE3
Marking Guidelines
Criteria Marks
= counts the number of ways of selecting the consonants 13
« multiplies by the two ways of selecting the vowel i
Answer
From NUMBER, 2 consonants and | vowel can be chosen in *C, x2 =12 ways
b. Ontcomes assessed : PEG
Marking Guidelines
Criferia Marks
« applies an appropriate method for removing t.he. variable denominator 1
« obfains the inequality x <0 : ;

o realises that x=1isalsoa solution

Q13 (cont)
¢. Outcomes assessed : PE2, PE3 R )
Marking Guidelines
Criterla Marks
. i 1 1
i »expresses o+ f+7 interms of ofy and -—B+ ,B—+_ then evaluates
1
ii » cxpresses aff + By + 9 interms o+ f+y and o + B2+
« cvaluates af+ By +9o 1
Answer
1
Lo a+fry= aﬂy(— = —]=
of By m
i, aﬁ+ﬁy+m=5{(cx+ﬂ +y) ~(o*+p? +y’)}=%(16 10)=3
d. Outcomes assessed : PE3 .
i Marking Guidelines
Criteria Marks
i » finds the coordinates of M 1
ji » eliminates /to write y in terms of x at M 1
« simplifies Carfesian equation of the ocus of Minto a standard form 1
Answer
L , il. Atdf, x=dat and y=2af*~-a.
Fo,a)  1{2at,ar) -
ny==(at) -
2 ;-1 a
: : _2E
I%2at +{=)x0 2xaf +(-Dxa T
21 * 2-1
M(4a! \2a* — “) ’ Hencé locus of M has equation x* = Ba(y+a)
e. Outcomes assessed : PE2
Marking Guidelines
Criteria Marks
i  quotes altemate segment theorem to deduce one pair of equal angles 1
» completes similarity proof, noting the commen angle at A 1
ii » deduces sides in proportion i

» uses ratio statements fo deduce required result

Answer

2x—12x
x

0z x{x2 —(2x- 1)}
202 x{x -1y

Lx<0or x=1
and x=#0

. ;(2::— l) zx' and x#0 (Multiplying both sides by x* which cannot bs negative)

{since (x—1)* 20)

i. ZNAB = ZACB and ZNAB = ZAED
(£ between tangent and chord drawn to the point of contact is
equal fo / subtended by that chord in the alternate segment)
Hence in A4BC, AADE :

~ A4BC] AADE ( 2 angles equal and hence equianglar)

/4 iscommon and ZACB=/AED.

it -j:'—;: jg Ib;g (corresp. sides of sim tlar A's are in proportion)
AB _AC BC _BC ABXAC BC?
L —X——=—x—— and hence
"AD" AE DE DE ADX AE JDE2

)
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Question 14
a, Outcomes assessed : PE3

Marking Guidelines
‘ Criteria Marks
s counts the arrangements of the vowels relative to a particular vowel 1
1

» multiplies by the number of arrangements of the consonants in positions opposite the vowels

Ansver . .
0 ) Place O on the circle, then count the arrangements relative fo O,
The remaining vowels can be arranged in 4 X2 ways.

Then the consonants can be aranged opposite the vowels in 31— 6 ways.

Hence the number of arrangements is 4 X 2 X6 =48 ways

b. Qutcomes assessed : PE6

Marking Guidelines
Criteria Marks
o finds BC and AC in terins.of / 1
» deduces ZBCA=90° {

o uses Pythagoras’ theorem fo prove resuit

Answer

In AdBC, BC=hcot30°=h3, AC=h and
ZBCA=90° (£ in a semicircle is a right angle).

Then since A>0 and r>0, h=r.

¢, Outcomes assessed ; P3, P4

By Pythagoras’ theorem, 34+ k= (2r)1 . AR =4rt

Marking Guidelines
Critéria Marks
i = writes with conmon denominator sin26 ) 7 1
» uses appropriate doubie angle identities to simplify and hence establish result i

ii » substitutes for 8 to obtain required exact value

Answer
1 cos26
i " sin20 ii.  tan22-5°=cosec45®—cot45°
1-cos26 =V2-1
"~ sin20
_ 2sin’#
" 25infcosH
sinf
cosd
=tfanf

i, cosec20-—cot28=

Q14 (cont)
d. Outcomes assessed ; PE3
- Marking Guidelines
Criteria Marks
i » uses gradients of OF and 00 to deduce resuit 1
ii » finds the required area or its square in terms of p and g 1
» rearranges to give required result after substitution of the value of pg I

Answer

i. P(Zap s ap’) and Q(Qaq \ aq’) . OPL1OQ = my, .m,,=-1 where my, = % %
K gx%=-—l Spg=—d
ii. Area AOPQ = % OP.OQ where OP* = (ZGp)z +(ap ) =a'p? (4+p2).
(Area AOPQ)1 =1a'p? (4 +p’). a‘q’ (4 +q’)

%a4(},q)’{15+4(p’+q2)+(pq)2}
)

1a(pq) {16 +4{(p - +2pg) (pq)z}

Substituting pq =4, (Area AOPQ)2 =164* ( p- . Area AOPQ =44 I J ql

e, OQuicomes assessed : PE2
Marking Guidelines
Criteria Marks
i » substitutes x =11 fo obtain simultancous equations for 4 and B 1
» solves for 4 and B fo obtain required result ‘
ii o notes that Ax-+ B is the remainder on division of P(x)} by (x*—1)
¢ uses the definition of an even function to deduce A4 =0, giving the reguired result

—

Answer

PM=4+B ()
P(-D=—A+B (2)
O-@) = PU)y-P-1)=24
M+@) = PO+P(-1)=28

i Pey=( -1+ 4x+B =

Then A=LP)- P(-D} and B=L{P@W)+ P(-1)}

iil. P(x)= (x’ Hl)Q(x)+ Ax+ B tolls us that (Ax+ B) is the remainder when P(x) is divided by (x* -1}.
If P(x) is even, then P(~1)=P(l} giving 4=0, so that the remainder is B which is independent of x.




