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QUESTION 1. (START A NEW BOOKLET)
@ Fnd [-Z_ ¢
xlogx 2
kX
; : dx
! () Find | —prirm———o
g J x +6x+10 2
(¢) Use the substitution 2=+1~x to evaluate I;:’Jl- x dx 3
YEAR 12 TRIAL HSC EXAMINATION
2003 {d) Use integration by parts lo evaluate _[ ;sin" x dx 3
MA I IIEMA I ICS ) (e) (1) Find real pumbers &, & and c such that Sx7-5x+14 ~Eih, 2
(F+4)x-2} x*+4 x-2
, I Sx’-5x+14
iy Find | S—miun
EXTENSION 2 e ;
Time Allowed: 3 hours
(plus 5 minutes reading time)
~ INSTRUCTIONS TO CANDYDATES:
e ALL questions should be att=mpted.
»  All questions are of equal veiue (} 5 marks).
»  Part marks are shown ¢n the right hand side.
¢ Marks may not be awarded for carsless or badly arranged work.
»  Standard integrals are provided on the back page.
®  Board-approved calculators may be used.

»  If you use a second booklet for a guestion, place it inside the first.
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QUESTION 2. (START A NEW BOOKLET) Marks
' (a) Each of the following statements s either true or false. Write TRUE or FALSE QUESTION 3. (START A NEW BOOKLET)
for each statement and give brief reasons for your answers. (You are NOT @ 4
required to gvaluate the integrals.) R y

4 .

1= .
M Jeta=o 1 /”‘\
' - sy
= »x
(i) Jitan’x dx=0 1 / \
4

Let f(x)=—{x—3)(x+1). In the diagram above, the graph of y= f(x) is drawn. On
separate diagrams, and without the use of calculus, sketch the following graphs. Indicate

ten x 5 1
{it) jo cos’ x dv>0 clearly any asymptotes, any intercepts with the coordinate axes, and any other significant
features. Each diagram should 1ake about ten lines.
. v dx y dx i ) - lf
> y=lf(x) 2
o Ll |
G y= _._f(]x) 5
(b) Consider the polynomial P(x)=8x"- 8x? —x+ 1.' You are given that
P(x)=(x ~ 1)Q(x) where Qfx) is a cubic polynomial. 3 iy ymef™ )
(i) Find O(x} @) = f ,
(iiy If the equation §{x) = 0 has one rational root then find the four solutions o i
to the equation Pfx) =0 )
(¢} () Solve the equation cos48=cos@ giving the general solution, 8 ;
. f
i
(i) Show that cosd8 =8cos* 6-~Bcos’ 6+ |
{iii) Show that the equation cos48 = cos8 can be expressed in the form
Bx" —8x% ~ x+1=0 where x = cosf.
{iv) Hence using part (b)(ii) find the exact value of: Inthe diagram sbove,th circle (¥—2)"+ y7 =1 i drawn. The region bounded
27 by the circle is rotated about the line x = 1.
(o) €05 —
3 (i)  Use the method of cylindrical shells to show that the volume of the solid so
x formed is given by 3
[{33] cos—
’ V~4ﬁ!’(x—l] 1= (x=23" dx
- 1
(ii} By using the substitwtion x —2=sin#, or otharwise, evaluate the integral in 4
pan (i) to find the volume of the solid.
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QUESTION 4. (START A NEW BOCKLET)

(@) (i) Factorise the cubicspolynomial z* +8 5

o) over the real field of numbers

A

B over the complex field of numbers
Let w be one of the complex roots of the equation z*+8=0
{ii) Show that w’=2w-4

(i) Hence simplify (2w—4)°

(b) .The diagrasn shows the point 4 at 2 height % ventically above the point .
It also shows the point B which is positioned at a horizantal distance 4
from ©. A projectile is fired from A directly at point B with a velocity V. At the
same instant a projectile is fired from point B directly a1 point A with the same

velocity V. 16

de.,
|
Y

v d
1 ¢t § be the angle between the horizontal at 4 and the angle of projection.

{iy Show carefully that the equations of motion of the twa projectiles are given by
x, =Vrcosé xy=d~Vrcosg
2
y,:h-—Vrsine—ﬁ y,,:V:sinB—g—r—
2 2
(i1} Show that the two particles will always meet.

(iil) Show that the height, H, at which they meet is given by

K g +d%)
B~

(iv) Find the range of values of ¥ such that the two projectiles meet above the x-axis,

TPHS Mathamaiics Extensian 2 Tral HSC Examination 2003
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QUESTION 5. {START A NEW BOOKLET)

(2) Theequation x*+2x*+bx —16=0 has roots o, B and ¥ such that B =4 §

{b)

(i) Showthatd=-20
(i) Find the cubic equation with roots given by &%, B2 and ¥*

(ifiiy Hence find the value of &’ 4 5+ ¢

Consider the roots to the equation z” ~1 =0, These roots are plotted on
an Argand diagram. The points represented by these roots are joined io form
a regular n-sided polygon. 9

2

()  Show that the area of this polygon is given by 4,= %sin—
n

{il} Show that the perimeter of the polygon is givenby P, =2n sinZ

n

(iliy Show that F, »24, for ail positive integers r.

(iv) Showthatthe lim 4,=7% using the result that 1im§5%—ﬁ=l and
EE e

substituting an appropriate expression for #.

{v) Findthe limP,

TPHS £ ton 2 Thal HSC £ ion 2003
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QUESTION 6. (START A NEW BOOKLET) ' QUESTION 6. (Continued)
1 _ 2 . . » fd .
() The semi-cllipse given by L (y~2} =1 where 0. y < 2 is drawn below; é ) The sqm:-elhps? in part (a) is rotated about the y-axis to form » salid of revolution.
9 4 A pamclg of unit mass slides smoothly in a horizontal circle on the inmer surface
qf the solid so that it passesthrough the point 2. The particle moves with a constant
linear speed v. 9

CH] =T o Y 3 i

The point P(r, h) lies on the ellipse where r > 0and 0 <h <2. The tangent at P makes an
angle & with the positive direction of the x-axis. .

@ Show that tancr= 9(24I k) (i)  Draw aforce diagram showing the forces acting on the particle at 7.

2«}4—- 2 by ‘ {tiy B Iving th i i
Gi) Hence, show that tana= 3(2(_ B ) } By resolving these forces horizontally and vertically show that
H
e g4-2-n) ]
2—h

(iiij Show that the acute angle between the normal at the point P anc.l thc"venica] line x =r
is equal to the angle between the tangent at P and the positive direction of the x-axis.

(iii) If A =1 then find the normal reaction of the surface of the solid on the particle.

(iv) If the normal reaction is equal to V2 times the weight of the particle, then find
the height & of the particle,

TPHS Mamematics Extansion 2 Tral HSC Examination 2003
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QUESTION 7. {(START A NEW BOOKLET)
QUESTION 7. (Continued)
(2} (i) Show that %(log,(sacxﬂanx)) =secx 1 ‘ © ]
L
z
(i) Hence or otherwise show that LT seex dr= log,(fﬁ + l) 2
1
(i) Lot 7, = [Tsecx dx. Use integration by parts 1o show that for n 2 2 .
L.
1 2
e 3
2
3 ﬁf +L =7
Gv) Hence find I, 1 4
)
2 H
In the diagram above, a solid is constructed with base the ellipse lﬁﬁ—+ 9-’5- =1
Each cross-section perpendicular to the y-axis is a plane figurs that js similar 1o
the region R described in part {b). Find the volume of this solid. 4

In the diagram above, the shaded area R is bounded by the upper branch of the hyperbola
y=vx*+a’, the lines x = -a and x = a, and the x-axis, where a is positive. Show that
the area of this region is given by a’(wff +log (v2 + 1)] You may use the resuits of

part ().

TPHS Mathamatics Extension 2 Trial HSC Examinalion 2003
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QUESTION 8. (START A NEW BOOKLET)

{a) Theregion R, boonded by 0€x< 2,05y € 4x? —x? is rotated abowt the y-axis.
The solid so formed is sliced by planes perpendicular to the y-axis.
Express the areas of the crobs-sections so formed as a function of y, the
distance of the plane from the origin. Use this result to calculate the volume

of the solid.

@& (i) Show thatthe ares bounded by the parabola x” =44y and the latus rectum,
; 82
y=a, s equal to 3

(ii} A panticular solid has a trianguar base with side lengths all 6 metres.
Cross-sections taken parallel to one side of the base are parabolas,
Each parabolic cross-section is such that it has its latus rectumn lying

in the base of the solid.

Using part (b)(i) find the volume of the solid.
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