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PRINCIPLE OF MATHEMATICAL INDUCTION :
There are four main types to consider, namely :

TYPE 1 : ALGEBRAIC
Prove that the following are true for all positive integers ».

D) 1+0+2)+.. +(Q+2+..+2" =2 —p-2
)
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@) S =@m+1)i-1
r=1
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@) S @ 43y =@ - 1) +1G" - 1)
=1
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TYPE 2 : DIVISIBILITY OR MULTIPLICITY :

(1) Prove that 3" +5 is divisible by 8 for all odd positive integers 7.




C.E.M. - 3 Unit Review - Principle of Mathematical Induction Page 5

(2) Prove that 37 + 7™ is a multiple of 4 for all positive integers #.
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TYPE 3 : INEQUALITIES :
This is more likely in the 4 Unit paper. Nevertheless, you should try a couple of these.

(1) Prove by mathematical induction that 5” > 3n+7 forn > 1.
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(2) Prove by mathematical induction that 5” —3 > 4" +20 forn =2 3.
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TYPE 4 : MISCELLANEQUS PROBLEMS
Again, these questions are more likely to appear in the 4 Unit paper. Nevertheless, try these
couple of examples.

(1) A sequence is defined by u; = 2,u, = 8 and for all positive integers 7,
Upg = 4(un+1 - un)

(a) Evaluate w3 and u34.

(b) Verify that u, = n(2") for n = 1,2, 3,4 and investigate whether this result holds for all
positive integers.
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(c) Prove that the result in (b) is true for all positive integers.
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(2) Given that #; = 1,u3 = 5 and u, = Suy-1 — 6p2 forn=2,3,4, ..

Prove by induction that u, = 3" —2" is true for all n.
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In most of the sclutions, steps 1 and 3 have been left out.

TYPE 1 :

(1) Step 2 : Assume true forn=kie 1+(1+2)+. .. +(1+2+.. +2ky =2k — -2
Required to prove that it is also true forn =k +11ie.
1+(Q+2)+.. +(1+2+. +2F) =2 —(k+1)-1

Proof: LHS. = 1+(1+2)+...+(1+2+..+25)+(1+2+..+25)
— 2k+1 _k_2+.1_(2fj1____1_)

- 2-1

=2kl g2 428 ]

=22k _ -3 =202 _(k+1)-2=RH.S as required.

k
(2) Step 2 : Assume true for n =kie. 2 r(¢)=(k+1)! -1
r=1
)

Required to prove that it is also true for 2 rHy=k+2)!-1

r=l
Proof : LH.S. = f )+ (k+ D+ 1) = G+ D=1+ + D+ 1!

r=1
=G+ DIQ+k+D)-1=G+DIk+2) -1

= (k+2)!-1=RHS.

k
(3) Step 2 : Assume true for n=kie. X (27 +37) =@ - 1)+;3* - 1)

r=1
Required to prove that it is also true for n=k+1 i.e.

k1
Z (2»—-1 +3r—1) - (2k+l _ 1) + _;_(3k+1 _ 1)

r=1
k
Proof : LH.S. =2, (27! +3" 1)+ 21 43K
r=1

= 2F-1)+1@ - 1)+ (2F+35) =2.2F -1+ 43k +3F -

— (Dl _ Z’__-}_li_l: bl _ 3_kﬂ._~_1_
2 D+ 2 5 ¢ D+ )

=@" - 1)+;3*' -1)=RHS.
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TYPE 2 :

(1) Step 2 : Assume true for n = ki.e. 3% +5 = 8M where M is an integer.
Required to prove that it is also true for n =k+2, (nis odd)
i.e. 3¥2 + 5 = 8N where N is another integer.

Proof : LH.S. =3F324+5=9(8M —5) +5

=89M—-45-5=8(OM~-5)=8N=RHS.

(2) Step 2 : Assume true for n = kie. 3% + 7% = 40 where M is an integer.

Required to prove that it is also true forn =4k +2
i.e. 3¥2 472 = 4N where N is another integer.
Proof : L.H.S. =3%32+ 781 7=93k47 7k
= 9(4M — 71y +7.7%1 = 4.9M — 16. 7+
= 4(9M — 4.7%1y = 4N where N is another integer.

=R.H.S.

TYPE3:
(1) Toprovethat 5" >3n+7 = 5"-3n-720
Stepl: Letn=2,LHS=5?-6-7=12>0
True forn =2.
Step 2 ; Assume true forn=/kie 5-3k-72>0
Prove also true forn=k+1ie 51 ~3(k+1)-7=0

LHS. =5¢5-3k-3+7=5(5%-3k-T)+12k+39>0
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(2) To prove that 5" —4"-23 >0 forn>3.
Step 1; Provetrue forn=3ie 5°-4°>-23=38>0
Step 2 ;: Assume true forn=Fkie 55 -4*-23>0

Prove also true forn =k+11i.e. 51 —4%1-23>0

LHS. =555~ 44F 23 =5(5% - 4% -23) +45+92>0

TYPE4 :
(D @) uz =Muz—u1) =48 -2)=24 and uy = 4(u3 —uz) =4(24 - 8) = 64
(b) Letn=1, u; =1(2') =2 is true.
Letn =2, uy =2(2%) =8 is true.
Letn=3, u3 =3(2% =24 is true.
Let n =4, us = 4(2%) = 64 is also true.
(c) Assume true for n =k, i.e. uy = k(2¥).
| Prove true for n=k+1, i.e. up = (k+1)(2H7)
Proof . upn = 4y —uj) = 4[k.2° - (k— 1)2+"]
= 4[k.2% - k2% 4201 =k2k 22 — |2k 22 4201 22
= 2k 2 _ 2k 4 2R — 2B () — fr+ 1)
=281k + 1) =R H.S.
(2) Step 1: u, =3%-22% =5 which is true.
Step2: Assume forn=kie u;=3%-2%and forn="k+1ie upy =35 -2
Prove true for n = k+2 i.e. upyy = 352 —2F2
Proof : L.H.S. = s = Sk — 6. = 5G*! - 21y - 6(3* - 2F)
=153F-6.3F-10.2¥+6.2F=93% -4 2

=323k-222F=3k2_2F2 R H S.




