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(a) Two particles are fired simultaneously from the ground at time 7=0.

Particle 1 is projected from the origin at an angle 6, 0<6< 5 with an initial
velocity V.

Particle 2 is projected vertically upward from the point A, at a distance a to the
right of the origin, also with an initial velocity of V.

Yy

&)
b
Yy

It can be shown that while both particles are in flight, Particle 1 has equations
of motion: :

x =VtcosO

y=Vtsi119——%gt2,

and Particle 2 has equations of motion:

X=a

1 2
=Vt ——gt°.
y 28

Do NOT prove these equations of motion.

Let L be the distance between the particles at time ¢.
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(i) Show that, while both particles are in flight,

I[? =2V?%? (1 - sine) ~2aVtcos6 + a?.
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(i) An observer notices that the distance between the pafticles in flight first
decreases, then increases. :

Show that the distance between the particles in flight is smallest when

t= LOS?—— and that this smallest distance is a /1_ singd
2V (1-sin8) 2
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(iii) Show that the smallest distance between the two particles in flight occurs

agcos@
25in6(1-sinb) '

while Particle 1 is ascending if V > \/
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(b)

A particle is projected from the origin with velocity v ms™ at an angle & to the
horizontal. The position of the particle at time ¢ seconds is given by the parametric
equations

X =Vicosx

. 1 5
y=vtsma—-—2‘gt s

where g ms~2 is the acceleration due to gravity. (You are NOT required to derive
these.)

(1) Show that the maximum height reached, 4 metres, is given by

L2
_ V2 sin” o

2g

h
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2
(i) Show that it returns to the initial height at x = —g—sm 2¢¢ .
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(iii) Chris and Sandy are tossing a ball to each other in a long hallway. The
ceiling height is H metres and the ball is thrown and caught at shoulder
height, which is S metres for both Chris and Sandy.

H

¥ A

d

The ball is thrown with a velocity v ms~'. Show that the maximum
separation, d metres, that Chris and Sandy can have and still catch the ball
is given by

d:4><\/(H—S)(—;—Z]~—(H—S)2, if’v224g(H—S), and

d="- if v2<dg(H-S).
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(b) The diagram shows an inclined plane that makes an angle of « radians with

the horizontal.

yi

=
A projectile is fired from O, at the bottom of the incline, with a speed of V' m/s
at an angle of elevation @ to the horizontal, as shown.

With the above axes, you may assume that the position of the projectile is
given by

. 1
x =VtcosO y=Vtsm9—5gt2.
where ¢ is the time, in seconds, after firing, and g is the acceleration due

to gravity.

2

For simplicity we assume that —— =1.
g

1 Show that the path of the trajectory of the projectile is
y=xtand —x’ sec’ 0.
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(ii) Show that the range of the projectile, » = OT metres, up the inclined plane
is given by

o sin (6 —a)cos O

cos’

(iii)  Hence, or otherwise, deduce that the maximum range, R metres, up the
incline is
1
R=——7—.
2(1+sina)

[You may assume that 2sin 4cos B =sin(4+ B)+sin(4-B).]
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(iv)

Consider the trajectory of the projectile for which the maximum range R is achieved.
Show that, for this trajectory, the initial direction is perpendicular to the direction at
which the projectile hits the inclined plane.

tand —tan o

‘(Hint: Firstly show that m, , =tan@ , then show that x =————— and hence

sec’ @
show that m, . =—cot@).
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A cap C is lying outside a softball field, » metres from the fence F, which is # metres high.
The fence is R metres from the point O, and the point P is 2 metres from O. Axes are based
at 0, as shown.

At time £ =0, a ball is hit from P at a speed V m/sec at an angle o to the horizontal, towards
the cap.

(a) The equations of motion of the ball are 4

XZO, y:'—g

Using calculus, show that the position of the ball at time ¢ is given by

x=Vtcosa

y=Visina—-+gt’ +h
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(b) Hence show that the trajectory of the ball is given by 1

g

=h+xtano —x?—=2——
Y 2V?%cos?a

gR

(c) The ball clears the fence. Show that }? > ——=——
2sinacosa
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(d) After clearing the fence, the ball hits the cap C. Show that 3

tana >

(R+r)r '
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(e) Suppose that the ball clears the fence, and that ' <50,g =10,R =80 and A =1. 2
What is the closest point to the fence where the ball can land?
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(7)(b) A projectile is fired from the origin O with velocity ¥ and with angle of
elevation 6, where 6 # 7. You may assume that :

x=Vtcos® and y=—3g*+Vtsinb,

where x and y are the horizontal and vertical displacements of the projectile
in metres from O at time ¢ seconds after firing.

(i) Show that the equation of flight of the projectile can be written as

_ I 2 V:_
y=xtan0 A (1 +tan’0), where 22 h.
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(i1) Show that the point (X Y ) , where X =0, can be hit by firing at two different angles
6, and 6, provided X* <4h(h-7Y).
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(iii) Show that no point above the x-axis can be hit by firing at two different angles

6, and 0,, satisfying 6, <—} and 0, < -;5.
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It can be shown that Whﬂe both parucles are m ﬂlght Partlcle 1 ‘has equatlons
ofmouon : B, B . :
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Let L be the distance between the particles at ime .
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E‘—;])-SQ—ZM (i)  Show that the range of the pr03 jectile, » = OT metres, up the inclined plane
is given by
®) The diagram shows an inclined plane that makes an angle of e radians with
the horizontal. (6’ a) €08 9
r= —————-
o cos® &
S A
(0ech = o k=vosh.

A projectile is fired from O, at the bottom of the incline, with a speed of V' m/s
at an angle of elevation & to the horizontal, as shown.

With the above axes, you may assume that the position of the projectile is
given by

x=Vtcos8 ' y=Vtsin9—%gf2.

where ¢ is the time, in seconds after firing, and g is the acceleration due
to gravity.

2V -1

For simplicity we assume that

@ Show that the path of the trajectory of the projectile is
y=xtan @ -x"sec’ 4.
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(iv)  Consider the trajectory of the projectile for which the maximum range R is achieved.
Show that, for this trajectory, the initial direction is perpendicular to the direction at
which the projectile hits the inclined plane.

(Hint: Firstly show that Mo = tgn & , then show that x = tﬂﬁz_t;ng_ and hence

show that m, , = —coté).
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(b) Hence show that the trajectory of the ba]l is glven by
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(d) After clearing the fence, the ball hits the cap C. Show that
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(¢) Suppose that the ball clears the fence, and that(¥’ <50, g=10{R =80 anlA%1. 2 THSCS
What is the closest point to the fence where the ball can land?
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(i) Show that the point (X, ), where X # 0, can be it by firing at two different angles (iff) Show that no point above the x-axis can be hit by firing at two different angles
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