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2 Unit Review - Application of Calculus to the physical world,
Velocity and acceleration w.r.t. time

(i) Displacement :

x refers to displacement .................... [1]

(ii) Velocity :

v = Rate of change of x w.r.t time..... [2]

=lim x(t+AH)—-x(7)
t—0 Ar
_ dx

_;’—t:x

Note : Particle at rest means v = 0
Positive velocity is motion to the richt and negative velocity is motion to the left.

(iii) Acceleration :

Acceleration is the change in velocity over the change in time.

a = Rate of change of v w.r t. time .. [3]
P
—a VT

Note : Positive acceleration is "speeding up" and negative acceleration is "slowing
down'',

(iv) From Acceleration to Velocity to Displacement :
Acceleration —Velocity—>Displacement
Remember to integrate.

3 UNIT
Velocity and acceleration in terms of x

In the 3 Unit component of your course, velocity and acceleration are generally given in terms
of the displacement of the particle, x rather than time, 7.

(i) Velocity as function of x

When given v = % = f(x) rewrite it as gt __1 before integrating w.r.t. x.

dx  fix)
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Examples

(1) Given that v =2x—3 and initially the particle starts at x =3 m.
Find an expression for x in terms of 7.

X

B 3(e¥+1)

2
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(2) Given that v = cos?2x and initially the particle is at x =

Find an expression for x in terms of .

oo |3

m.

x=ztan"' 21+ 1)
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(ii) Acceleration as function of x
Make sure that you know the proof of the alternative form of the acceleration

a= %sz) .

Examples
(1) A particle moves on a line so that its distance from the origin at time 7 is x.

(a) Prove that %i—;—c- = %(%vz)

d?x

b) If =
®) I3

=10x—-2x} andv=0atx=1, find v in terms of x.

v=1,410x? —x*-9
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(2) An object falling directly to Earth from space moves according to the equation

where x is the distance of the object from the centre of the Earth at time #. The constant £ is
related to g, the value of gravity at the earth's surface, and the radius of the earth, R, by the

formula :
k=gR?

Show that, if the object started from rest at a distance of 10? metres from the earth's centre,
then it will reach the earth with a velocity of approximately 11 200 ms™.
(You may assume R = 6.4 x 10°m, g =9.8 ms™?)
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(3) (a) The acceleration of a particle moving in a straight line is given by
¥ = - 2e™

where x metres is the displacement from the origin. Initially, the particle is at
the origin with velocity 2 ms™.

Prove that v= 2¢77

(b) What happens to v as x increases without bound ?

e2 >0asx >, v—>0
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(4) A body moving in a straight line obeys the law :

% =4x where x denotes the position in metres from O, and 7 in seconds.

(a) Show that %G@ _ %

(b) Find the velocity as a function of position if the body is initially % m on the positive side
of O travelling at 1 ms™" in the positive direction.
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(c) Find the position as a function of time and calculate the distance travelled by the body
during the first 1% sec.(Leave your answer in exact form.)

%(e3 -1)m

(d) Will the body ever come to rest ?
In answering this question, give a brief description of the motion.

As?>0,x >0,y —> ®©
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Simple Harmonic Motion

RULE :
A particle in said to be in S H.M. if it obeys the rule :

Remember to use :

Other forms of acceleration : ¥ = % -;-vz)

Summary :

X=-n“x
v2=n?(a’-x?), —a<x<a
x = asin(nt + o)

=asinntifx(0)=0
=acosntifx(0)=a

Be familiar with the nature of the velocity and acceleration of a particle executing S.H.M.

Centre of motion
0 v =max/min
i

¥ =max/min =0

| .
¥ =max/min
<——— Amplitude ——»
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Examples

(1) The velocity v ms™" of a particle moving in simple harmonic motion along the x-axis is

given by
2 N . 2 e
v* =-5+6x—x* where x is in metres.

(a) Between which two points is the particle oscillating ?

(b) Find the centre of motion.

(c) Find the maximum speed of the particle.

(d) Find the acceleration of the particle in terms of x.

2 ms

¥=—(x-3)
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(2) A particle is oscillating in simple harmonic motion such that its displacement x metres from
a given origin O satisfies the equation

dx

i —4x, where 7 is the time in seconds.

(a) Show that x = acos (2 + ) is a possible equation of motion for this particle,
where a and [ are constants.

(b) The particle is observed at time 7= 0 to have velocity of 2 ms~! and a displacement
from the origin of 4 metres. Show that the amplitude of oscillation is /17 metres.

(c) Determine the maximum velocity of the particle.

217 ms™
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(3) A particle P is moving in the x-axis with acceleration ¥ = —4x ms2.

(a) Find the equation of the motion in the form x = (#), given that initially the particle is at

the origin, moving with a velocity of 6 ms™!.

x =3sin2¢
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(b) Sketch a graph of distance x against time # for the first 27t seconds.
(c) How far will the particle move away from the origin during its motion ?
-3<x<3
(d) Calculate the average speed of the particle during the first 2% seconds.
12 ms™!
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(4) The displacement of a particle at time ¢ is given by :
x =cos 37— 2sin3t.

Show that the particle is moving in simple harmonic motion and find the period and
amplitude of the motion.
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Projectile Motion

The equations of motion
Must be able to derive the equations of motion of a typical projectile motion as shown below.

”

P(x,y)

Notes : [1] Always choose the point of projection as the origin.

[2] Be familiar with the horizontal and vertical components of the velocity as shown
below

| Vsino

Vcoso
Six equations of motion
¥=0 ... [1] V==g [ii]
x=Vcosol .......... [1i1] y=-gt+Vsino ............ [iv]
th
x="Vtcosa ........... [v] y= - + Vesinaol ... [vi]
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Exercises

HSC '82

(10) A particle P is projected from a point O on a horizontal plane with initial velocity ¥ ms™
in a direction inclined at angle o. upwards from the horizontal. At time ¢ seconds after the
instant of projection its horizontal and vertical distances from O are x metres and y
metres respectively. Air resistance may be neglected. (Draw a diagram)

(i) Write down expressions for x and y as a function of 7.

(i) Show that the time of flight 7"seconds and the range R metres are given by

_2Vsina , _ V2sin2a
= g R= g 7

and derive a similar expression for the maximum height reached by P.

P V2sin’o
2g
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(iif) A ball is thrown from a height 1 metre from the ground and is caught, without bouncing,
2 seconds later 50 m away, also at a height of 1 m. Assuming no air resistance, and that g has
the approximate value 10 ms=2, find :

(a) The velocity and angle of projection of the ball,

=218 . V="5,29 ms™!

(b) the maximum height of the ball above the ground during its flight.

6 metres
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HSC '81
A stone is projected with velocity 10 ms™ at an angle of elevation 6 = tan™'2 from the top of

a vertical cliff 27 m high overlooking a lake.

AY

B D

A 4
B
0 X

(i) Write down the equations of motion of the stone, assuming the origin to be a point O at the
base of the cliff, and that air resistance may be neglected. Hence derive expressions for the
horizontal and vertical components of the stone's displacement from the origin after # seconds.
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(i) Calculate the time which elapses before the stone hits the lake and find the horizontal
distance of the point of contact from the base of the cliff. (You may assume the approximate
value 10 ms~2 for g))

24 m
(iif) What is the maximum height reached by the stone ?

(iv) The path of the stone in the air is a parabolic arc. Write down its equation in cartesian
form.

y=—2xt+3x+27
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CSSA '85
©) c
4 200 m
180 m
D
B 100 m

AB and CD are two buildings situated 100 metres apart on level ground. Their heights are
180 m and 200 m respectively. An object is projected from point 4 at an angle of 45° to the
horizontal, and this object strikes point C. (Take g as 10 ms2).

Show that the time taken for the object to get from 4 to C is 4 seconds, and find the value of
the initial velocity of projection.

25./2 ms!
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CSSA '81
(1) A plane is flying horizontally at 300 ms™ at a height of 2 000 m above a level target area.
It releases a bomb directly above a point A on the target area. Calculate :

(a) The distance from 4 where the bomb lands.

(b) The velocity (i.e. magnitude and direction) with which it strikes the ground.
(Neglect air resistance. Use g = 10 ms2)

1361 ms™! at 3341 |
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2 Unit Review - Application of Calculus to the physical world. .
Velocity and acceleration w.r.t. time

(i) Displacement :

x refers to displacement ................... [1]
(ii) Velocity :

y = Rate of change of x w.r.t time......[2]

=1im x(t+A)—x(f)
t—>0 Ar

Note : Particle at rest meansv=20
Positive velocity is motion to the right and negative velocity is motion to the left.

(iii) Acceleration :

Acceleration is the change in velocity over the change in time.

a = Rate of change of v w.r.t. time ...[3]
&
a=" =v=%

Note : Positive acceleration is "speeding up" and negative acceleration is "slowing
down''.

(iv) From Acceleration to Velocity to Displacement :
Acceleration —>Velocity—>Displacement

Remember to integrate.

2

3 UNIT .

Velocity and acceleration i feyms of x

In the 3 Unit component of your ¢dufsg, velocity and acceleration are generally given in terms
of the displacement of the particle, ¥'tather than time, 7.

(i) Velocity as function of x

When given v = % = f{x) rewrite it as d_ 1

- dx fx)

before integrating w.r.t. x.
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Examples

(1) Given that v =2x—3 and initially the particle starts atx =3 m.
Find an expression for x in terms of z.

Js -
s =0 =3 v
Vo3 -3 o
23 .4 1-3) = 4 loge3
" . 4= lo(]e( )< be 5.
T = sy . . (zx -3 >
’di‘- - ———[-—— M - n-3 /
ar oy [/ S ‘“ﬂ“(—r)
N3 21t
{ —_— .
L g’m p / o
- 0% = 3t %3
- é\OO\Q(D\—-Sy ¢ -
_ 3t
o= floge 3. 4¢ LEom——
: : 1.
(= - lloq( %
_3(ezr+1)
B 2
(2) Given that v = cos?2x and initially the particle is at x = % m.
Find an expression for x in terms of 7.
e N )
[\ [DS 1X +=0 1;:%- \/:JZ_
P
& .J_
= I3 s
Ve ook / i t fan
Sy trg = S /
_&LE_ . SPLEN Ml = dana
S\ i 9% = dow (2t
et X ok
3 4o (Z{+D
RILYAURYS
0= Lran% 7C
N
s

x=1tan 12 +1)
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(i) Acceleration as function of x
Make sure that you know the proof of the alternative form of the acceleration

-5).

Examples

(1) A particle moves on 2 line so that its distance from the origin at time tisx. -

(a) Prove that dlx (gc(%vz)

0* 2
7.1;@% e

(b)Ifdzx—IOx 2x3 and v=0 at x= 1, find v in terms of x.

s 0w - ’Z)L; = ?D(jiz(;’\zvl>

B
avt = oy po,
= bt - X
;. ¢
s 5 Ly o
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4 C.E.M. - Ext, 1 Review - Velocity & Acceleration as f(x)
(2) An object falling directly to Earth from space moves.according to the equation - (3) (a) The acceleration of a particle moving in a straight line is given by
dx__k | §= -2
drt x?’ ’ '
where x is the distance of the object from the centre of the Earth at time #. The constant £ is Ef;c;;x. m;;til;;s;:ﬁ;? dlzprlrall;:_elm et from the origin. Initially, the particle is at
related to g, the value of gravity at the earth's surface, and the radius of the earth, R, by the e ty ’
formula k=gR?. v Prove that v=2¢"2. =0 1 =0 V=,
. - 2 e‘i = i ( 2 v 1)
Show that, if the object started from rest at a distance of 10° metres from the earth's centre, ax '\ 2
then it will reach the earth with a velocity of approximately 11 200 ms™. \
(You may assume R = 6.4 x 10°m, g=9.8 ms™) vy = o) fe RIP
\ = 0 = K = Pl ' -k
\;Jt =t v=0 = -0t s
L=gR? l = e
= 9.8 <(L bt o
( _\L‘. ‘l = 'Z e 4 C
= 4. pl x(0 )] 9 -
-1 tc/
o=k ol ¢t =0
= — - 2 iL .
1 al’k\ Al ) Vo ~
S CUREEE A
gyt s -y d
. . yr o= L\— e—l . /
- - + C. ) o " ~ S
o . k=i T voeodes
- ‘—’g— 4 ¢ .
(]
¢ = - yoluok
L i 0vx(®™'?
v’ - 401408
- b .
Tz b 4xl0®:
) 0 lxd-"
CRAIRE b4 (0" - ‘)(0 140 % (b) What happens to v as x increases without bound ?
Vo= by / : os 1—f00 _
. . e >0 /
= 11200 me0 3sf) :
: V0.

‘E——)Oasx—)oo; v—>0J
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(4) A body moving in a straight fine obeys the law :
d’x

e 4x where x denotes the position in metres from O, and # in seconds.

d d’x
(2) Show that a(%vz =a

wle) < v

dt
v
ax
-/
Jt

(b) Find the velocity as a function of position if the body is initially % m on the positive side
of O travelling at 1 ms™ in the positive direction.

= )
|

st Juwdio
D

7‘;Jj \/‘_l’ \/
iq :2(’“1“(

S,
0. /

1
avt o= ot

ot

Vo /

bt v o 4w 0\/-\Vh
AR

v
v?
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(c) Find the position as a function of time and calculate the distance travelled by the body
during the first 1% sec. (Leave your answer in exact form.)

d
S
dE
w0 \ 1= hett
t z j-l;)k d\)\ ] % - e)’%
) 3
7 lone kAL ST
2 10 / d= o 00
't:b 1=

z E l

| 2%[63“{0}
e —1‘09“/1. =7 (¥ )/vv\
\

1.3
(d) Will the body ever come to rest 7

In answering this question, give a brief description of the motion.

v=e’t
VED o wil wel o /#o recy -
- —t - -~
St>w et ovTRo
1xh et Y oo_/

lEt>O,x—>oo,v——)oo J
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Simple Harmonic Motion

RULE :
A particle in said to bein SHM. if it obeys therule 1 |¥ = -n’x

Remember to use :

Other forms of acceleration : ¥ = %(%ﬁ)

Summary :

% =-n%x

v =n*(@?-x?), —a<x<a
x = asin(mt + o)

=asinnt if x(0) =0
=acosmt ifx(0)=a

Be familiar with the nature of the velocity and acceleration of a particle executing S.H.M.

Centre of motion
=0 v =max/min
L !
1

v=0
| 1
% =max/min f=

1 .
0 ¥ =max/min
4—— Amplitude ———»

C.E.M. - Ext. 1 Review - Simple Harmonic Motion

Examples
(1) The velocity v ms™ of a particle moving in simple harmonic motion along the x-axis is

given by

v?=—546x—x> whereXx is in metres.
(a) Between which two points is the particle oscillating ?
Vi on(pr-1Y)
e A e O
Sy- (3
n=\

o=
cewirt, of otion. 3.

lf‘L&E/

(b) Find the centre of motion.

=3/

x=3
(c) Find the maximum speed of the particle.
wmaL v- owhain o= b
Viz 546(2) 3"
Y4 / =
vz 2w 2ms™

(d) Find the acceleration of the particle in terms of x.
0= E%L (% Y.

5\1\1 (505 162 %)

v -/
2o (-1)

At

y)

%¥=—(x-3)
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@A gartlcle }s_oscﬂlat{ng in simple ha.mlomc motion such that its displacement x metres from . . (3) A particle P is moving in the x-axis with acceleration % = —4x ms2. '
a-given origin O satisfies the equation

(2) Find the equation of the motion in the form x =f{(#), given that initially the particle is at

X _ 4y wheret is the time in seconds. the origin, moving with a velocity of 6 ms™.

ar .
(a) Show that x = acos(2¢+ ) is a possible equation of motion for this particle, =0 1=0 V=t
where a and B are constants. vz one (ar- ) /
1 < -0gin(tep ) 32y (0r-0)
Xz -y cos (2tef)
. sl /E/ O =t
-l
0= %
. . >35S
) s Dncosbh (5’7 oy st ?D?(bu oq |y 0‘} :
. wotvon Y= 05 ne)

A= S&m&u]/

(b) The particle is observed at time ¢ =0 to have velocity of 2 ms™ and a displacement
from the origin of 4 metres. Show that the amplitude of oscillation is /17 metres.

e w(ote )
¢ o= 4ot M/
k-6 =

(] _
aﬁy&

(¢) Determine the maximum velocity of the particle.

ML Vom0

v y(n)
|

vz wms!
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12
(b) Sketch a graph of distance x against time ¢ for the first 21 seconds.
i‘WQ
A 23
T
Ior L
) 1
TR
_ 3 — 1 (5)
7\/7\ \/ﬂ
S ' / .
U
(c) How far will the particle move away from the origin during its motion ?
SERSES /
(d) Calculate the average speed of the particle during the first 2n seconds.
Coy - X
vz r
_2
o/
- 12 1
= we
an- ms™!

C.EM. - Ext. 1 Review - Simple Harmonic Motion
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*-(4) The displacement of a particle at time 7 is given by :

x = cos 3t —2sin3t.

- Show that the particle is moving in simple harmonic motion and find the period and
amplitude of the motion.

1= - 3kindt - b s 3t
%= - Acsit 4+ 1§sindt

= -9 [cosat/ 2sin¥t)

- ~ 1.

~ SHM.

L=os 3t - 25indt.

AT ﬂ’md:i/

:ﬁ/ o(l

o' 1,

i

1 CDSU/H +ow\"’l.)

0z {7 /
T: & /
-
_ 'S S_
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Projectile Motion

The equations of motion

Must be able to derive the equations of motion of a typicat projectile motion as shown below.

YA

P(x,y)

Notes : [1] Always choose the point of projection as the origin.

[2] Be familiar with the horizontal and vertical components of the velocity as shown
below

Six equations of motion

=0 e fi] P == e [1i]

x=Vcos0 oo [id] y=—gt+Vsino .......... [iv]
2

x=Vicos ..o [¥] y=-2—+Visina .......... [vi]
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Exercises

HSC'82

(10) A particle P is projected from a point O on a horizontal plane with initial velocity ¥ ms™
in a direction inclined at angle o upwards from the horizontal. At fime 7 seconds after the
instant of projection its horizontal and vertical distances from O are x metres and y
metres respectively. Air resistance may be neglected. (Draw a diagram)

N

o

& 4

(i) Write down expressions for x and y as a function of 7.
3= Vs / g = Vsinu-gt

R +
4t Vitotk \,\: Visind - ‘l{

(i) Show that the time of flight T seconds and the range R metres are given by :

_ 2Vsina 5 _ Vsin2a
T= 3 s R="—5""

and derive a similar expression for the maximum height reached by P.

’

Time of th\»’f ( RLoungg .
=0 1= Viwsa
i - 4t -y A an s
\ﬂgiw—‘l.l -0 - Vs __/9
. oot S - y: . /%/
’t(VS\V\m 7)20 %Q\Y\l -
10 o B - using
. 1V$(%\d
o a2 \L“,V%ﬁ R
Vi ¥ tsin ta >
\ﬂ:,\/(’,—gv%—d\)sfnd\ - % L———-—-———ﬂl ‘
P m \[1 Sin 2k
D) 49 . 2
v 2 Sin 4 /3 po Visin'a

M
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(i) A ball is thrown from a height 1 metre from the ground and is caught, without bouncing,

2 seconds later 50 m away, also at a height of 1 m. Assuming no air resistance, and that g has
the approximate value 10 ms™2, find :

(&) The velocity and angle of projection of the ball,

%me@‘ﬂ
1
:-n
© (t= 1),
12 Vteoso y = AStindt - 2)3;_‘ /
o= OV COSd\./ 0 = v - o)
W = VIOsd ‘0 = vand T

v (sintd 1 costel) = WOt 020,

T

\ SN 2,
AR YTY

= ﬁmwsw
-0
(058 = o /

o \
o= 21U [0=21%8"; V=529 ms” |
(b) the maximum height of the ball above the ground during its flight.

1t ’
t oy VAgho - 5 1)
Ssmon 2L - 5 4 )
/

= b /

M \Mu\‘rﬁ\\)r. Y b

C.E.M. - Ext. 1 Review - Projectile Motion 17
HSC '31

A stone is projected with velocity 10 ms™ at an angle of elevation 8 = tan‘l% from the top of
a vertical cliff 27 m high overlooking a lake.

AY A
S
N

a3
o g

—

i 4

(i) Write down the equations of motion of the stone, assuming the origin to be a point O at the
base of the cliff, and that air resistance may be neglected. Hence derive expressions for the
horizontal and vertical components of the stone's displacement from the origin after ¢ seconds.

. 10 Y= -0
. 3 .
o - (OCDQ(”CIV\ v lﬂ = 0% L’f&m"j > - ot
Sl o
5 - 0 x3 " o+,
= ¢ wms
J -
A€ =8
Y = bt —th*/c

1:0 ( \5:27 | 0217

y= b - '5’(“'9/'
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(fi) Calculate the time which elapses before the stone hits the lake and find the horizontal

distance of the point of contact from the base of the cliff. (You may assume the approximate
value 10 ms™2 for g.)

y= (- 51427 A vt
O= bt-5¢*+27 1= gt 55 i3t
Bt bt -27:0 / - §¥x3
Etiol5¢ + a9t -27:0 llyw
At (t-3) + 9t-3)0
(5e+t-3)z0
£ -1 oy 13

5
1/

24 m
(iii) What is the maximum height reached by the stone ?
3
gz Q. \)):Jo(%>~r)(—€)zrz7
0 = L-10t. = ouy
ot = 6 / 5
o3 Z28.8 w
=T /"

(iv) The path of the stone in the airis a parabolic arc. Write down its equation in cartesian
form.

1:8{ q:(.{_ﬁ)"&z‘i"z
2
A

_ s
—_— 6y *}’7

y=—gxt +3x+27
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CSSA '85
6 c
4
200 m
180 m
D
B 100 m

4B and CD are two buildings situated 100 metres apart on level ground. Their heights are
180 m and 200 m respectively. An object is projected from point 4 at an angle of 459 to the
horizontal, and this object strikes point C. (Take g as 10 ms™).

Show that the fime taken for the abject to get from 4 to C is 4 seconds, and find the value of
the initial velocity of projection. ’

n:0
Y © v

= Vst j = Vs -0

w o/ - Eont [/

v
1:F %:%-Wﬂ@b
2
t= = ot
v = - = 41
/ Y LT fy
1200, Y=To9" ‘
10 109)"
900 =780 - U2
locovo
.__ﬁ‘ = go.
1= falwo) v = 1250/
156/ v —__flc)ﬁ V\/\g‘l’
= ug

25,2 ms!
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(i) A plane is flying horizontally at 300 ms™ at a height of 2 000 m above a level target area.
It releases a bomb directly above a point 4 on the target area. Calculate :

20

(a) The distance from 4 where the bomb lands.
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(b) The velocity (i.e. magnitude and direction) with which it strikes the ground.
(Neglect air resistance. Use g= 10 ms™2)
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