HIGHER SCHOOL
. CERTIFICATE EXAMINATION
“TRIAL PAPER |

Section I

Questions 1 — 10 (1mark for each question)

Read each question and choose an answer A,.B, C or D.

2012

EXTENSION 1 - MATHEMATICS = St

General Instructions

e Reading Time — 5 minutes
o Working Time — 2 hours 7

» Write using black or blue pen
Black is preferred

¢ Board approved calculators may be
used.”

s A table of standard integrals is
- provided at the back of this paper

o All necessary working should_bé shown
in Questions 11 — 14

" Record your answer on the Answer Sheet provided.
Allow about 15 minutes for this section

Total marks — 70 . 2.

Section I: Multiple Choice

Questions 1 - 10 10 marks
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1 .
Given that sin o = 3 where o is not an acute angle.

" What is the value of sin 20.?

K By 12 0 -22 D) -5~

The point R divides the interval joming P (- 2, — 4) and Q (4, 6) externally in
the ratio 2:3.

Which of these are coordinates of R?

8 2
A) (14, -24) B) (- 14,0 O (=,2) D)(E’O)
‘s Attempt all questions B} 5 .
o Answer on the Answer Sheet
provided
o Allow about 15 minutes for this 3, lim sinxcosx
section _ x—=0  2X .

. - 1 1
Section I1: Extended Response A2 B)1 -0 ) D) 1
Questions 11 —14 60 marks '

» Attempt all questions C dx
o Allow about 1 hours 45 minutes ' 4. I 449x2 =
for this section ‘
1, 12 1. 93
= == B) —tan " —+c
A) P tan Tte ) G 2
1, 13
C) i’can"lg;x-kc D) —tan 1240
27 9 2




Which of the following is the graph of y =2 sin ™' 3x?
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1
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1
O2ln(l-x)———+c
x-1
. 1
Differentiate y=tan ~ —
X
1 . 1
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B)—21n(1—x)+L+c
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D)v—2 In{(1-x)—

2

X
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The velocity of a particle moving along the x axis is V= /x(x +2) . )

Find its acceleration a ms ™2, when x =2,

A) % B) v2 03 D)6

A particle is moving in a simple harmonic motion equation x = 32 sng/z/;?

where x is the displacement. _ \ﬂ\\/
The centre and amplitude of this particle are: (13“' -

v . : ' e
A) centre =3, amplitude =2 B) centre = 4, amplitude = 1

D) centre = 3, amplitude =5 /

C) centre = 2, amplitude =3

Il 50 50 {50 50
Thevalueof(l)+2(2 + [/3 +...+50[50];/

A)2% ) 2% @201 D) 2% x 52




Section II
‘Question 11 — 14 (15 marks each)

Allow about 1 hour 45 minutes for this section

Question 11 MARKS

a) Solve >1 2
-x .

b) The function f(x) = v/x +1 —2sinx has a zero near x = % . ' ) 3

Use one application of Newton’s method to obtain another
approximation to this zero.

Give your answer correct to two significant figures.

c) Consider the polynomial P(x) = 2x> — 3x? + kx — 8, where k is a real number.

1
Given that the roots of the polynomial are o, — and 3,
a

i) “find the roots of this polynomial, 2

ii) find the value of k. 2

d) . Vanessa wants to invite 30 of her friends to her birthday party.
She wants to give the invitation cards to each of them individually.

In how many ways can she give out these cards
i) if there are no restrictions ? ] 1

ii) if she wants to give first her best four friends their cards in any order? 1

Question 11 (continued) ’ : MARKS

e) In the diagram the chord SR with length d is produced to meet the
tangent at Q to the circle at P. :

PQ has length t and PS has length D as shown.

Q

R d S
ST L EEEEEEEEEPS >
D
ShowD?-dD~t'=0. . 2
f) fix)=x (x +4) for x<~2
i) Explain why f(x) has an inverse function. 1
ii) Find the inverse function of f{x). 1




Question 12 : ) MARKS

a)

b)

t
The tangent at P (5, 2t2j to-the parabola y = 8x* intersects

the line x axis at Q. The point M is the midpoint of PQ.

i) Show that the coordinates of M (%, tZJ . 3

-ii) Find the locus of M as t varies. 1

The displacement x of a particle moving in a straight line at

a time t seconds is given by x = 3cos% + «/gsin1 -2

i) Prove that the particle is moving in a simple harmonic motion. 2
ii) Find the amplitude. 1
-{ii) Find the first time the particle réached its maximum veloc1ty o 2

while moving in a positive direction.

'\J/Ar\/
Consider the function f(x) = (e~ 1) (6"~ 1). \\of’} Q’J

i) Find the coordinate of the turnmg point and determine its nature.
ii) Describe the behaviour of f(x)asx > - : 1

iii) Sketch the curve y = f(x).showing all the above information. 2
You are not required to find any point of inflexion.

v

Question 13

a)

b)

©)

d)

Find the exact values of x and y which are the solutions of
the simultaneous equations

2tan"! x —cos ™! y =12T'~

-1

tan x+3cos_1y=5?n‘

Use mathematical induction to prove that (n+ 3)1 > 4™* !

for all integers n= 1. r)v{\‘fl }\L\O

James placed a hot metal rod he was welding in a room with the
surrounding air temperature of 18°C and allowed it to cool.

After 9 minutes, the temperature of the rod was 82°C, and after a
v further 3 minutes it was 50°C.

If the temperature t of the rod decreases according the equation
ar =k(T—A) where k is a constant and A is the surrounding air

temperature.

i) Verify that T=A + Be K is a solution of the above equation,

ii) Find the initial temperature of the rod.

This year Rebecca is to play 6 tennis games each month.
She earns $1000 bonus if she wins more than half the games she plays
in any given month. P

The probability that Rebecca wins any of the games is %

i) Show that the probability that Rebecca earns the $1000 bonus for any
month is 0.90112 correct to 5 decimal places.

ii) Find the probability that Rebecca eams the borus every month for

the entire year. Give your answer correct to 3 decimal places.

iii) Find the probability that Rebecca earns at least $2000 in bonuses
during this year.

MARKS




Question 14

a)

/

From a point A on a road a golf ball is projected with velocity V at
an angle \t_({ the horizontal.
It lands ox'the road at the point B.

- //

/
Given that the road AB is inclined at an angle o, to the horizontal
(_\amjjJsing the axes as shown, such that OA =b and OB = a;

v 1) Show that the cartesian equation of the path in terms of a. is

. 2
y= xtanoc~—g-£§~(1+tan2 a)+b
2V

if) Show. that the distance AB travelled by the ball along the road.is.

AB=2V\/E
g

MARKS Question 14 (continued)

b) The area bounded by the curve y =4 sin ' x , the curve x? = 8y and
T

the line y = 2 is rotated about the y axis to make a tank.

\/ v The tark is being filled with water at constant rate of 97ﬂm3s_1 .

425

1 1 | |
T T T T

4 3 2 -10] 1 2 3 4

i) Show that the volume of the water in cubic metres when the
depth is h m can be expressed by
nh

2 : V=d4nh?-Zh_sin 22
2 2

i) Calculate the rate at which the water is rising when h = 1m.

23 . . . i) Calculate the rate at which the area of the surface of the water is
increasing when h = Im

0 Show that /
0™ ./ 2

Logyo g gdng, 4o o Cf=
3 4/5 n+3 (n+3)!

MARKS




2012 Extension 1 Mathematics Solutions
5. D
y=—2sin"3x

Domain: — 1< 3x < -1 thatis —%S x <

Wk

T . - i3 .
Range: - 5 <sin3x < 3 thatis—n <y <=

Also, the curve passes the origin.
sin 20 = 2 sina cosa

oyl 22 - v Hence, the only graph that matches is D
3 3
_ & - 6 C
9 : 1 2 i g, 2x-1
2 A f((l—x)’ —E)dx - f((l_x) + 1-x )dx
’ ) =(1—x)"t+2ln(1-x)+c
PE2 -8 2 =L tam@-n+e
1-x
: ~1
Q4 6) 3 i tEndente
L TEX4+BX-2 14 ’ 7. A
—2+3 .
Letu== y=tanu
o TX6E3x—4_ L, x
J -2+3 g y_ 1
Hence, R (~14, —24) ax du L
) du 1 dy 1
dx ~ x du 1+(§)2
3 C 1 1 1
Hence, wETE 1+(1)z ey
sin x cosx . i
lim = lim 2sinx.cosx X 1 8 C
x-0  2x x=0 2 )
= lim sin2x ><_1_ v=q/x? + 2x
x>0 & ’ ‘ V=xt+2x
1
= 1x3 Tl
. Pl 2 v2 2 X2+ X
) 1,
a= d(;v) =x+1
4 B dx
Hence, when x =2 thena =3
f dx _ -1_. f dx
Y 4 +9x? 9 a2 9, B
z =1-7 sin® nt=1-
1 3 2ax - Cos2t=1-2 sl.nzt then 2sin®t=1- cos 2t
= —X-f —5 So x=3+2 gin’
9 2 @ +x? = 3+ 1-cos2t
. ) =4 — cos2t.
= Liam 13 4o ) Hence, the centre of oscillation is 4 and
6 . 2 the amplitude is 1.
© S & G Publishing — 2012 Mathematics Ext 1Trial Solutions 1

10. D

Consider the following binomial
50
(407 = ()4 (50) 4 ()2
50y _s0
+ .. +( 5 O)X
Differentiate both sides with respect to x,
we get:

50(1+0%= (30) + 2 ()t +50 (5p)

Let x =1,we get:

50x2 = (50) 4.2 () +-..... +50 (gg)

But 502" = 25x 2 x 2%7= 52 x 2%

Hence, (510) +2 (520) +...+50 (ig) = 2% 52

QUESTION 11

a) Zos

2—x
(z—x)Zxﬁ >1%(2 —x)?

@—-x2)x > 4 —4x+x°

—x2+4x—4+2%x-x2>0

2% +6x—-4>0
—2(x?-3x+2)>0
~2x—1)x-2)>0

Y
1 y=-2(x—-1)}x-2)
LN ,
AN
T2y 03 x
-1
-2
-3

On the graph it can be seen that y > 0

wheﬁ 1< x <2,

Hence, 2_x—_x >1when 1< x <2,
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1
b) fx)= (x+ 1)z — 2sinx
f'(x)= %(x + 1)"% — 2cosx

) i)

i)

d i)

i)

€)

ey T0a)
R TEN
_ £(0.75)
%= 0.75- 073
1 " n
%= 0.75— (1.75)% — 25in(0.75)

1 -1
5(1.75) Z — 2¢05(0.75)
xp= 0.71277743.....
x; = 0.71 (2 significant figures)

Px)=2x"—3x*+kx -8
a X éxﬂ=4 then § =4

Now, a + §+4= 2

[N}

1o.5
¢t e
202 + 2= =50
2a* +5a + 2=0
Qo+ D(e+2)=0
So o=— % or —2
Hence, the roots of P(x) =0

are 4, —2 and —-i—

As—2 is a root then P (—2) = 0 this means
2X (2P =3 %x(2P+(-2)xk-8=0
~16 —12-2k-8=0
~2k =36
k=-18

If 30 cards are to be handed out with no
restrictions then the number of different
ways is 30!

If 4 cards are to be handed out to her 4 best
friends first, this can be-done in 4! ways.
The remaining 16 cards could be handed out
in 16! ways.

Hence, the total number of ways is 4! X 16!

PQ2=PS x PR (the square of the length of
the tangent from an external point is
equal to the product of the intercepts )

Sot?=D x(D~-d)
t2=D?—dD
Hence, D?—dD —t?=0 -




f) i)' The portion of the curve
f(x) =x(x + 4) in the \

ity
X

domain A3 2
x < —2 is shown. I
As this curve is monotonic 3
decreasing which means 4
one- one function it has _5

an inverse function,

i) To find the inverse function we
interchange x and y.

x=y*+4y
y 4y —x=0
:—-4—i\/16+4x
§0 y=——"——
_ -4 daiEx
Y=/
y=-2+/F T x

As the domain of f(x) is x <2 then range of
its inverse functionisy < —2.
This indicates that that the inverse function is

y=—2-—T T

‘QUESTION 12

a) i) Given y=8x?then % = 16x

AtP, x= é so the gradient of the tangent
atPis 16 =8t
The equation of the tangent is
y-20=8t(x—3)
¥ = 8ix — 417 + 267
y = 8tx — 22
To find the coordinates of Q we let y=0,
We get:
8tx —212=0
8tx = 2t*
=L
=y
So Qis (%, 0)
t
Now P (%,th) and Q (Z’O)

Hence, the coordinates of the midpoint M is

£,

zts  2t-0 _(ﬂ tz)
I - 1

2 2 8
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b) )

i)

iii)

ii) To find the locus of M, we know that
= %t- s0 t= %’—‘ by substituting in

64x°
9

y=ttweget y=

. 64x°
- Hence, the locus of M is y = Tx :

A cosG - 9) = Acosf cos % -+ A sinf sin%
Tet A cosG - 9) =3 cos % + x/?sin%

So Acos@=3 and Asin®=+3
. 3

By division tan8 =
So 8= E

By squaring and adding

A%in®0 + A2cos?6=3+9

A%(sin8 + cos*8) = 12

A?=12 50 A =23 as A is positive.

Hence, 2\/§cosG - 1;—) =3cos % ++/3 siné

Sox= Zﬁcos(% — %) -2
= fEsn(s-3)

y=— 1 Lz

=73 3C°S(z 6)

t X+2

But VBoos(; — ) =5
o Lfxt2) 1

i = 2( 2 ) 4(x+2)

As the acceleration is in the form

5wl
Sl

#=-—n?(x—a)
Then the motion is simple harmonic
about x = 2.
t
Asx= 2\/§cos(5 - E) —2 then

the amplitude is 2v3. -

The particle reaches its maximum velocity as
it passes through the centre of motion, that is
when x =—2.

—2= Zﬁcos (-;— - g) -2
0=2+3 cos (%—E)

t T
Socos(———) =0
2 6

t nm_m 3 5T
2 6 272’7 2"
t & 10m 16T
2 6’ 6 ' 6"
t_4-'rr 10m 16m

o) 1)

i)

i)

¥=—+3sin G—g)

Whent=4?n, )'(=—\/§sin1;—= —3,
which is invalid as it is negative.

Whent = 12_17:' % = —ﬁsina?n =43,
which is valid as it is positive.

Hengce, the first time the particle reaches its
maximum velocity in the positive direction

R 107
is when t = =

fx)=(E*-1)(*-1).
=™ g™ —eg"+1
So f'(x) = 3™ - 2™ — &
=g (3™ - 2e"— 1)
=" (3e™ —3e" +e* — 1)
=g"(3e" (" -1)+1(e"~ 1))
=g (3¢ + 1) (" ~1)
Let f'(x) = 0 to find the possible stationary
turning points. we get:
e*(3e*+ 1) (e"-1)=0
bute* > 0 forall x
Hence, the only solution possible is when
¢*= 1 that is when x=0 and
f0)=(1-1)(1-1)=0
So (0, 0) is a turning point.
Now, £ (x) = 9e™ —4e™ ~ &*
Sof"(0)=9-4-1=4>0
Hence, there is a minimum turning point at (0, 0)

f(x) =e™—e®—e*+1
as x—»—w, e*—»0, s0 e —e*—e"_»0
Hence, f(x)—»1 ’

2
Asymptotey=1 , |

T i - T 4
4 02 -1 f i
Min (0, 0)
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b

a) 2tan x—cos”! y=

Rl

QUESTION 13

M

@

Multiplying (1) by 3 and then add to (2),we get:
7tan“‘1 X =3—n+§E
2 6

°\|u. oia

tem"1 x+3cos! y=

7tan"! x =7—n
3

_ T
tan 1x=—3— Hence, x=+3

By Substituting in (1), we get:

n_ cos™! y= il
3 2
-1 T 3
cos =— Hence, y=—
Y 6 y 2

Prove that (n+3)I >4"*! for n>1
Forn=1

LHS = (1 +3)! =41=24
RHS=4*=16

Since LHS > RHS then the statement is true

for n=1

Assume the statement is true for n =k that is
(+3)] > 45+
Our aim is to prove it true for n = k+1 that is
(k+4)l > 4%
Starting from the assumption and multiplying
both sides by (k + 4), we get:
(k+3) (k+4)> (k+4)x 4!
(k+A) > (k+4) x 4¢*!
> ox 4K 4 4 x 4k
> fox 4% 4 4k+2
> 42
Note: The sum of two positive is greater than
only one of them.
Hence, if the statement is true for n= k then
itisalsotruen=%k+1.

Now the statement is true for =1 and
by mathematical induction it is true for
n=2,3 and so on.

Hence the statement is true for all
integersn > 1.




¢) i) HT=A+Be"
2=k Be" ButT- A =Be"
Cooar
Hence, Fri k(T-A)
ii) Given A =18 then T =18+Be"

When t=9, T=82 When t=12, T=50
So 82=18 +Be*™ So 50 = 18 + Be'*

64=Be™ (1) 32=Be'™ (2)
By dividing (2) by (1) we get:
32 _ ik
=€ 6
64
1_ &
2
In(5)=3k
k= -2
By substituting in (1),we get:
ox- 2
64 = Be 3
64 = Be~3In2
B=512

Now, T=18+512¢e"
To find the initial temperature we let
t=0, we get:

T=18+512 ’=530°C

d) i)  Probability(win more than half the games)
= P (win 4games) + P (win Sgames)
+ P (win 6 games)
4 12 5 r\1 6 170
‘@) @) ol @) vl 6
0.24576 + 0.393216 + 0.262144
0.90112

it

It

if) P (win bonus for 12 months) = 0.90112 2
=(0.286676...
=0,287 (3 d.p.)
iif) P (win at least 2 months)
= P(win2)+ P(win 3)+P(win 4)+P(win 5)+P(win 6)
=1-[P(win1)+P(win0)]
= 1—'[ 120, 0.90112" x0.09888" + C,,0.09888" ]
=1-19.553377x107"" + 8.735776 x 10" ]
=1-9.640734 x 107"
= 0.9999...
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QUESTION 14

a) i) Vertical motion Horizontal motion
=g #=0

¥y =—gt + vsina X =vcoso
1 .

y=-— Egtl + visina + b x = vtcosa

So t=—2=
vceosa
Hence, the equation of the path is :
=——g( )2+v( x )sina+b
veosa, veosa.
y= —-g——sec a+xtane+b

=———(1+tana)+xtanu+b

ii) From the diagram, tan o.=—
By substituting in the equation of the path,
we get:
y~F(1+ ) +xxt+p
“E(E+ B) +xx 4 b
2
y=%(a+b) +x>< + b

Now, B(a, 0) lies on the equation of the path.
By substituting the coordinates of B, we get:

_ _ g [ aiah’
0=-22 () +axZ+ b
0———(a +b%) +b + b
But from the diagram, AB? = a* + b? then
0=—-2£V—2(ABZ) +2b

s 9 ( AB?) =
that is 21;,(AE‘) 2b

A= 27
g

AB=2VJE.
g

b) i) y=%sin“1x then -%=sin“1x
"So x=sin ('ny)

Now, V=nf0h8y dy — thohsin2 (%) dy
V=1tf0h8y——sin2 (%) dy

V=7:fh 8y—5+lcos(ﬂ)dy

el 2 2 ()]

V= n[4h2—§ +71tsm( ) - 0]
V=4nh2——2- + sm(%)

" _ _mh . (mh
ii) V=4nh? 2 +sm(2)>

.dv T T T
—_—= ~—-+—cos(—- )
m 8xh 5t3 2h
dv dv , dh
=8

Now, E T At

But Do 2 then
dt 2
. b3 b ™ dh
= [Bnh— 7 + 5 cos (;h)] X
“'When h =1, we get:

92" {BTI— -+~ cos( )]x—‘;—t

ki 1711 dh

2 2 dt
dh _ 9 -1
dt 17

iii) A= T ( szarabola - Xzinverse)
_ e
A=n(8h— sm2( " ))

=x[8h —%+%cos (nz—h>]

dA _ _m . (TR
El-—n[S 45111(2)]
aa _ da

dt ~ dh

dA Th 9
=T [8~—sm( )]X—i—;
Whenh=1,

d4 T 9
E‘—ﬂ:[g—z]x;;

_ o _ -1
= 53(32 ) m?s

cj 1+ ="Cy+ “C1x+“C2x +, hCnx“U
(140" ="Co x>+ "Cix’ + ..+ nCn x"+2
Integrating both sit‘ies. with respect to x, we get:
J2(L+ 2 dx = [("Co+"Cix + .4 "Cox") dx
LHS = [x%(1+ x)"dx
Letu=1+x then du=dx _
LHS = [x*(1+x)" dx

fu~1)*u"du

il

o f(un+2 — gqmtl + un) du
S P I n+l
Saml Tagd Tty e
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=+ ————-(x S

n+3

ris = [ (o) =+ (3) 2 + 4.4 )"m dx

=—31'(g) 2y 4 (1) xh +n+3 (2) A C
Now, by considering that the fact that
LHS = RHS and by Substituting x =0
into both of them, we get:

(x + 1)n+1

S S S
n+3 n+2 n+1l
(n+1)(n+2)-2(n+3)(n+1)+(n+2)(n+3)

(n+3)(n+2)(n+1)

=C

(n?+3n+2)—2(n*+4n+3)+(n*+5n+6)
m+3)(n+2)(n+1) -
2 —
(i) (L)
2(n1) _
n+3)l

——(x +1)mE — ——(x O e

=%(3)x3+z(1)x4+---+m(n)x"”+%,%

By substituting x = —1, we get:
__im 1/n (~1)™+3 2(nl)
SE (0) + 4(1) ot (n) +

s 30302~ 25

L (x + 1)




