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Mathematics

General Instructions

Note:

Reading Time - 5 Minutes
Working time - 3 hours

Write using black or blue pen.
Pencil may be used for
diagrams.

Board approved calculators may

be used.

All necessary working should
be shown in every question,

This is an assessment task only and does not necessarily reflect the content or format
of the Higher School Certificate.
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Total Marks — 120

Ll

Attempt all questions.

All questions are of equal value.

Each section is to be answered
in a separate bundle, labeled
Section A (Questions 1, 2, 3),
Section B (Questions 4, 5, 6) and
Section C (Questions 7 and 8). .

Examiner: C.Kourtesis
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Section A
Start a new answer sheet

Question 1, (Start a new answer sheet.) (15 marks)

Marks
@ o f dx
Find .
JJa=0x 2
& o 4 3
Find | ——c——dx
JG-)@2-%)
(c)  Use integration by parts to find 3
Jte“- dt
(d)  Use the substitution u=2+cosf to show that 4
% sin20 2
7 sin
L ) +cos@d9~2 +410ge(3j
(e) vid 2
Evaluate J [sin x| dx
]
(f)  Determine whether the following statement is True of False, and give a brief reason 1

for your answer.

fax 15
ax 3R
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Question 2. (15 marks)

Marks
(@ () Express w=—1-i in modulus-argument form. 2
(i)  Hence express w'” in the form x + iy where x and y are real numbers. 2
(b)  Find the equation, in Cartesian form, of the locus of the point z if 2
k—il=|z+3.
(¢)  Sketch the region in the Argand diagram that satisfies the inequality 3
1 1
— L -
Re(z)_ 2
@ @O On the Argand diagram draw a neat sketch of the locus specified by 1
n
D=—.
arg(z+1) 3
(ii)  Hence find z so that Iz! is a minimum. 2
(¢) Points P and Q represent the complex numbers z and w respectively in the Argand
Diagram.
If AOPQ (where O is the origin) is
equilateral Q(w
. T P(z)
(i)  Explain why wz=z cis-g. 1
o] "
(i) Prove that z* +w’ = zw. 2
SHS 2003 Extension 2 Trial HSC Page 3

Question 3. (15 marks)

@

®

IA
=
IA

Sketch the following curves on separate diagrams, for —

m[g{
b

[Note: There is no need to use calculus.]
)] y =tanx

(i) y=|anz|

i) y= tan!xl

iv) y=tan’x

Consider the function f(x)= i-f— , x>0
x

@) Determine the domain and write down the equations of any asymptotes.
(i) Show that there is a minimum turning point at (e, ).
(iii)  Show that there is a point of inflexion at x =¢”.

(iv)  Sketch the graph of y = f(x).
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Section B
Start a new booklet.

Question 4 (15 marks)

@

®

(i) By solving the equation 7’ =1 find the three cube roots of L.
(i) Letw be a cube root of 1 where w is not real. Show that 1 +w + w’ =0.

(i)  Find the quadratic equation, with integer coefficients, that has roots 4 +w and
4+w.

A monic cubic polynomial, when divided by x* +4 leaves a remainder of x + 8 and
when divided by x leaves a remainder of ~4 . Find the polynomial in expanded form.

Consider the polynomial P(z)= ¢* +az® +bz+c where a, band c are all real.
If P(8i)=0 where 6 is real and non-zero:

(i)  Explain why P(-6i)=0

(i)  Show that P(z) has one real zero.

(i) Hence show that ¢ = ab, where b> 0.
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Marks

Question 5 (15 marks)

@

®

A particle of mass m falls vertically from rest at a height of H metres above the
Earth’s surface, against a resistance mkv when ifs speed is v m/s. (k is a positive
constant).

Let x m be the distance the particle has fallen, and v m/s its speed at x. Let g m/s? be
the acceleration due to gravity.

(i)  Show that the equation of motion is given by

dv

s

=g—kv
(iiy  If the particle reaches the surfaced of the Earth with speed V; , show that
2
m(l_"—"o] WK JEH g,
g 8 g

@iii) Show that the time T taken to reach the Earth’s surface is given by

1 g
T=-1 .
k n(g—kV)

(iv) Showthat V,=Tg—kH.

1 kH
(v)  Hence prove that T < % + -g—

The letters A, B, C, D, E, F, I, O are arranged in a circle. In how many ways can this
be done if at least two of the vowels are together?

A man has five friends. In how many ways can he invite one or more of them to
dinner?
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Question 6 (15 marks)

@ G

@id
(i)
@iv)

™

® O

(i)

(i)
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Expand (cos6 + isin 6)° and hence express cos36 and sin36 in terms of cos6

and sinf respectively.

3
Show that cot 30 = ;t—z?’—i- where t=cot8.

Solve cot360=1for 0 <0< 27,

T S5r om
Hence show that cota.cotﬁ-.cot—ﬁ =-1.

. . . . 3 Sr o
Write down a cubic equation with roots tanl—z-, tani-z—, tan—l-z-.

[Express your answer as a polynomial equation with integer coefficients.)

Draw a sketch showing that if f(x) and g(x) are continuous functions and
f(x)> g(x)>0 for a< x< b then

b b
j f(x)dx > J 8(x) dx.

. . . . 3 T
Show that y =tanx is an increasing function for 7 <x< 3

r
Prove that famdx > loge(i) .
rox 3

4
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Marks

2

Section C
Start a new booklet
Question 7 (15 marks)

@ ¢
i Il = J x(inx)"dx (where n is a non-negative integer)
] &€ n
show that [, =———=1I

> =51 (where n21).

(ii)  Hence evaluate ;.

Y
‘ »X

o V6

()

The diagram shows the graph of y = x*(6—x*) for 0 < x < +f6 . The area bounded
by this curve and the x-axis is rotated through one revolution about the y-axis.

Use the method of cylindrical shells to find the volume of the solid that is generated.

Question continued .....

SHS 2003 Extension 2 Trial HSC

Marks




Question 8 (15 marks)

Marks
© » (@) Two of the roots of x* +ax’ +bx+c =0 are & and . 4
A
Q Prove that o8 is a root of x* —bx® +acx—c*=0.
(b)  The points P, and P, represent the complex numbers z and z, on the Argand
diagram.
B Py(z,)
B(z)

The two circles intersect at 4 and B. The larger circle passes through the centre C of
the smaller circle. P and Q are points on the circles such that PO passes through 4. 0 ‘ >

QC is produced to meet PB at X.

Let ZOAB=6. @  Prove that [~ 2| 2 ||~ ;] 2
(i)  Make a neat copy of the diagram on your answer sheet. Gy It ,z__ %l =2 prove that the maximum value of || is W5 +1. 3
(iiy  Show that ZBCX =180"- 6. 2
(iliy Prove that ZPXC =90°. 4

(¢) () Prove that if the polynomial equation P(x)=0 has a root of multiplicity », 2
then the derived polynomial equation P’(x)= 0 has the same root with
mutltiplicity n—1.
(i)  Ifthe equation x° +3px” + 3gx +r=0 has a repeated root, show that this 4

.. r—pq 2
root is where p” #q.
2(p*-4q)

This is the end of the paper.
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STANDARD INTEGRALS
[ n

x'dx = ! xml,n¢—1;x¢0,ifn<0
J n+l

('_1_ =Inx, x>0
Jx

(o, 1o SYDNEY BOYS HIGH SCHOOL
eTdx =—e", a0

J a MOORE PARK, SUIH{Y HILLS

Jrcosaxdx—;smax a#0 2003

Jrsmaxdx~—lcosax az0

r f TRIAL HIGHER SCHOOL

Jseczaxdx=;-tanax, CERTIFICATE EXAMINATION
{ secaxtanax dr =1 0

Jsecax an ax --;secax, a#

1 1

X
dx =—tan 1—, a#0
a

2 a

J a2t
[ am0acnca Mathematics Extension 2

JJ—-Z—-Z-dlen(x+\/x2~a2)x>a >0
x‘-a

21 2dx=ln(x+\/x_2:;2_) =
Jf_ Sample Solutions
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Burgshion 1.

" a) dx " l_j” A,
(%~ x> 3 Fer 2
A3
= :")" Sin % L S A

(b m@—j’;:*) it

= A4 (2~ 7‘)43(7_ |)

..;2 E"U E"‘]}

@ ./ “'ﬂ x|y
2./ A%, d—,
= a el

= 1 YA

If =2l 4.+ =3

I I\

Ew{fxaqr«»L if nael \\

—r

Mr—é—pt Ao $8 ab,trc,awhwa

YN Py

T S TRREE
_(_OL) vf ~ n;:ar& ate- -
Lot = A ¥yeare
B X (2T :
= e 8 = -sheds
5 I£620 k=3
EPWAE e Hhuzz
=LA /zJ(' "‘—)»‘* @
=R Lu "21‘““31 e
2,(1;21“2 fzuaj e
=281+ 2 I*w;} i

=244 dn

Buagire. 20

(a)('x) Wom ol P
= . 3 .
= ‘(2 LEey ("q'fr) . e

(u) w ‘(rcuj(- ))‘L

Bt B

B

£ aes (- “)
@”1 eir (= 4m)
&4 eor T &

W 13 o & miwimnn o 4 thooes,
oA L L,
/L 3 (4 r(**)))

= ..(em._.

Ny

‘(g...

sy = -a

&

%)
29
% Mr.nqw—u( oY

: _g)_d_.__u_z—.a.,ﬁ;..%ﬂ_
ar_lulz |3) et .
< Ro¢ =4 (%M
w3 2. a) Doy

2&1 4«.J’"’?‘
14

Y
3"),?"( L - 7_)
(;,
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o = 3t e F ()
- A4 \ 7
-’:.. o YL R =55
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ke =

5

. R T

i) < eg
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v -\ R

- F P te =@ = il
A e
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Lo G of Cancacihy o ema
*
2 Pl of indyisn_ak (Qz' £)

"

Y

v t

- | Le,.%)
T g

[ R Y O B s Tatr

=

A

[ S LA
Qé}ﬁ)l ',!;‘« (wavl)

=
= fnot RAnng 42
9 (L) 3

- 2 = K K

I/ e

B+ @ o

Bel=0,
(-2 +z+1) =0,
Lp=1 o TiEYIZA
2
14 V3
=1 or ) N

(i) (w~1)w? +w+1) =0 fom (I).

Noww#1, ., wi+w+1=0,
(i) a+f=4+wti+a?,
= T+1+wtw?

=7
af = 16+ dw + 40? 62,
= 12441+ w+?) 41,
=13
L2 =Tz 413=0.

(b) P(z) = 3+ ax? + bz 4o
P(0) = a=4.
P(z) = (g2 + )z + o)+ 7+8.
P(0) = da+8= —4,
o= 3,
(24 4)(@=3) +8=2 - 32% 445~ 12+ 2 +8,
o P(z) =% - 32% 4 55 - 4.

() (i) As the polynomial has real coefficients, if (x — 18) is & factor

then (z + i6) is eleo a factor (conjugate root theorem).,
L., P(=if) =0

(it) (24 6%) is o factor of P(x). Let (z —a) be the Jast factor.
Sumn of roots is §i ~ fi + a = -a.
e, @ = ~a which is real,
%, a ls real and there Is one real root.

(i3i) Toking roots two at. & tive,

&= 6%+ fia - bia,

o= §
L b>0 05 8RR
Product of roots, —c = =§%%(—~a),
¢ = 6%,
= ab,

m 5. {a) () mky 3P = ma = mg—mkv,

a= g=kv,
ie. ug = g~k
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&

|

2 fdz [y~kn

1fg~kv —kdy

=—k g-ku‘i”’ -
z:z—-%-%)n(g—ku%#c,
Wh«l¢=0,1; 0, o ox &ing.

v
sv=-}n lw -5
Whens:H,v-Vo, .
[OOSR U < ]
-4 k’lII(y—kW T
Rearranging, In (u‘é) + E_Ya__\\_k 2. o,

g )
2

ie, ln(l-—-m)+k«‘/‘-’~+k—£ =0
g 12 g

o 2. g-lw,

at b
—& oY
jdt e PR T
t= »;ln(g-—ku)-ra.
'\Vheni:l),vxso, < e= g,
1
Soi:;ln e Iw
When ¢ =T, u—Pn,
1
o T=gin{ A

(iv) Inf1~ o) = ~&T from (fii).

Substitute in (i1),
2
e+ 24l o,
3
)
9 1
Vo = g7 ~kH,

(v) Terminal velocity occurs when % =0,
ie Vp= %
Now ¥ < ¥,
<
<y
Vo =+ ':gﬁ from (iv),

T< Ex-«&-w;—l,

RH
T< k+—9—.

P

{b) At least two together == nos all sepexate,
Total number of axrangementa in a circle = 71
Number of arrangements where scparated = 84|
. Ways with at leest two together = 7! 314!
= 4804,

(¢) Number of ways = (Z) +@H+O+ O+
"

= 31

(8) (i) cis38 = (cisd)*, by De Moivre's Theorem.
{6, c0ad0 +75in36 = cos® G+ JisinPees? @ + 3% aln? Hcosd 4 i¥aind A,
Equating real and i lmagmary parts,

©0830 = oas®§ — ain? Hcosd,

cas® 8 — 3(1 - cos?§) cos b,

cos® § ~ 3ooad + cos*f,

408”6 — 3cos

85in6 cos* § ~ sin® 0,

Bsinf{1 — sin ) — sm’ﬂ

3sinf 3sh>“ 8 —sin’ B,

3sind ~ 4sin® 0.

sin3¢

L IO B I |

cos 3¢
sin3¢’
4c08% 0 — 3ooaf
3sing~4sin® 6"
. Aot~ 3c0t8.90c?8
3se0?f — 4 '
- 400t} 9 — 3 catd.(1 + eat3 §)
3(1+cot8g) -4 !
. 4eot0— oot f ~Boot?0

(i) cot38

3+43cot° -4
_ cot*d - Goot§)
T Seotfe-d
= :F—_‘S:,uainglamw.
(i) Now cot 38 = 1, 0géswm
a 5 On 24m
¥=1 T 0530 < bo (%T)

)
_x 5 91: I.'h' 7r 2w

-3t
i) -x—ﬂ——*l‘ =1
Lt =3t Ut 10,
Ascoth = col: x+e),
b= 1"2' LRl % ave the only distinct values from (iii) above.
Sot:mtﬂsxmtn, cot 5%, cotg-}sxet,heroow.
b il

Product of the roats, 1 = cot -1-5 °°‘ﬁ bR




1 3 3
) Fommzti=0

2 =325z 41 =0
®) (v

/4= 1)

£2 J(@) dx is shown by A + B and
'\ .t : [, gtx) da (s shown by B,
N4 Wisclear that 4 + B > B,
N i, J, Fm) da > [P g(a) d.
DN T )
B . TNNlL
0

0 . ’
(i) y=tanz,

= cefu>1Va,
+» tana fa an increasing function, %

(i) Whenz= 3 i tanr=1,

andfor § <z g ¥ tavz > lastenzlsan Incressing function,

3?> -8z >0, v
§ #
..bypm(.y[ “ﬂn/ az \ /
< x ® [ AN /
fy % <
® e
=in(3-4), 10 STTEns N 1
4 vEETm s =
= e, .
tan s 4 05
i —r:fdz>h_|5. (See eketch]
* 0
0

< F (discontinuities at % are autside the range).

(PoasmonT
R

(& (n L fx(mx”/m
[%‘(y\u’\ Q"“"\ An

s [yt - f:f*-"“f"*f:'i

A
1 i
P
R g A j»« Ly
s 452V 4.0 oy I,
Voo IT
T sea )
ko
o L,= % -3 T
- >
* g3 [a7-1]
*
na"-%v*‘% _‘5—;@1:] P ¢
3 = w
,_.e"_'é:_g."i-'-i-ﬁ?"'g e N 1;'_( et [";]1
- Lr-v‘ r N M N
4 -3 -3 (%7-4)
A
-

Sup

- amJ’vm‘(e-f’) An-
=@ {&La—wr)"—\
~or (2?5177
~ i [x‘q--—.?g

)




(‘u\ ) R = Aﬁc?m@ ( aglen imrtha ttms

Mh%ﬂw e 4.1-4;,«/)
RS = - @ (ﬂ»—f««‘w- Lt st )
('™ nad pA =i~ @ /Wﬁ gt

P4~ 36020 {tmgle an A ctlin oy Aburtte,

'hﬂmuo_)

R D
(1960 = 1300 = F0o'mrn)

€3 Lt

P = fde (.4.;,%,4&»&4-)

APexaa fex (S asn sy .

oS a eha CW%-;'* a7u,7
gttt Al
e Pl Y EYToM ["“Wb"“’(ﬁ %)

S Af = 90°.

ey

(Q.za.:mw e

(G 1&.%7 "ta""‘-‘-v“b""“'=0/2 LAY (M ik
EST R
MWM%MW <A Ay ey,
M) oy -G
TEITE e Xong deaemg @
(Ve gyt e s(g) remo

- ? Lo

—— A e b =
¥ TR Ry rt T

3
—¢ 7 a3 ~bexYHex3 =
D oS racx - =0

0R b Veacn—cY = a
ra

ey a3 .
i34 f&-"&lf é,,.uw W MM ,/"G(LM.... 7/5'6.

3 s }
o /@7 7f-7w/5~w iden Lreapotte

l3=av] * (vl > (34
- /svva,l% ’3" ""5)’,.

~ l5-2 )13 - 1% )

a7 Y NI I SF

Y]
g1 == ¢ 2{x(
1=y |- 40
Ier=alypet €5
AT S
‘(a.. 4 ]a/"/ 3 t/f
et 4 i /'S/(‘”
L lgl S e b ) [3) 2K

G M{'b"—g-v{:a_




4 (O 9{ Prinmo Amasaat yﬂax%ﬂ v, a4,
Ao, Fppr= (5—&\‘:’ P
Plar el =ty Y P,
= (»-4\"" L—vv Dar - [ Y (@&‘\J
il tamin Pl e a W.».L
e APEN G-\ Pt iy ‘W”? Teo.
Y Ale ™ T,
sl Kttt 47 MLM -t

m 7.4._\ :r_s‘spx_v&-ai,z FEO Kk A vk YAt
Groy 2

. &’-3;:.4"4-3}44../;0 — (D

3 hps *—3?”,@4_“.,\,(,\‘
oYt e g e @D
Abwan 3 4-#;..:.";—7,.4:0' —D
Ft 0 e @
f-u".hz?,.a«fAm -
a,) > P
A 35)
R G =)
Qéﬁ)'—‘?,)& '/‘pf,rao

R S Ay

=4

a‘(ﬂ‘z) )




