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Section A
(Start a new answer sheet.)

Question 1. (15 marks)

Marks.
2 3 2
Evaluat —dx.
(@ valuate fo e
(b) Find Icosxsin“x dv . o 1
(©  Use integration by parts to find 2
jte"dt.
(d () Find real numbers g and b such that 2
1 a b
==+ .
x(m~2x) x m-2x
(if) Hence find 2
J‘ dx
x(mw—2x)
3 N 2
@ Evalmate [ (2-[sf)ax. : .
® ()  Use the substitution x=a=rtto prove that 2
a a . !
[ Fd= [ fla- .
(ii) Hence evaluate 2

A J?logg(tanx)dx

J"“)L %2 (-**’M'\ Aw Let W P ~C A WY vt
<

N EYYAS v L
PR 1“1'.

INERINC TR
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Section B

Question 2. (15 marks) (Start a new answer sheet.)
Marks - .
St o
(@ If z=2+i and w=-1+2i find 2 Question 3. (15 marks)
Marks
Im(z~w). (@ If2-3ii Iynomial z* "
. —3i is a zero of the polynomial z” + pz + g where p-and g are real, find 3
. the .
(b)  Onan Argand diagram shade the region that is satisfied by both the - 2 ) valués ofpandg
conditions
Re(z)22 and [z=1[<2 (®) I, f and y are roots of the equation x* +6x+1="0 find the polynomial 2
=z <2. : equation whose roots are o8, Py and ary .
(¢) - Iflz|=2 and argz =06 determine 3
_ ‘ . +4 )
o i @ arg( i ) (c)  Consider the function f(x)= 3(%“) .
zz. 22
(i)  Show that the curve y = f(x) has a minimum turning point at 5
(d)  Iffor acomplex number z it is given that 7 =z where z# 0, determine the 2 x=—4and a point of inflexion at x=—6. #
locus of z. ” .
(i)  Sketch the graph of y= f(x) showing clearly the equations of any 2
’ asymptotes.
. s T . 2n 3
(é) A complex number z is such that arg(z+2)= z and arg(z—2)= 5
Find z, expressing your answer in the form a+ib where a and b are real. (@ . Usemathematical induction fo prove that 3
nl>2" forn>3 where n is an integer.
(f)  The complex numbers z,, z, and z; are represented in the complex plane by 3

the points P, Q and R respectively. If the line segments PQ and PR have the
same length and are perpendicular to one another, prove that:

Pt 287 +2," 4+ 2 =22)(2, + 25)
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Question 4 (15 marks)

@

®)

(©)
Jl

If f(x)=sinx for -w<x<7w draw neat sketches, on separate diagrams; oft

@ y=[r®I =

. = 1
(ﬂ) y f (‘x + 1 )
(i) ¥ =s@)

@ y=7{sH)

1 L .
Show that the equation of the tangent to the curve x4 ¥ =a* at the point

. -k -4 X1
P(xo»}’o) on the curve is xx, ™ +yy, * =a?.

Consider the polynomial P(x)=x° —ax+1. By considering tuming points
on the curve y = P(x), prove that P(x)=0 has three distinct roots if

3

15
5/ =1 .
a>3(3)
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Section C
(Start a new answer booklet)
Question 5 (15 marks)
(@ A particle of mass m is thrown Vertic;ally upward from the origin with initial

®

SHS 2005 Extension 2 Trial HSC

speed V. The particle is subject to a resistance equal to mkv, where v is its
speed and £ is a positive constant.

(i)  Show that until the particle reaches its highest point the equation of
motion is

j=—(lv+g)
where y is its height and g is the acceleration due to gravity.

(i)  Prove that the particle reaches its greatest height in time 7 given by

kT =log, [l + f-‘—/"-]
-4

(iv)  Ifthe highest point reached is at a height H above the ground prove
that

Vo= Hk+gT.

If o and B are roots of the equation z> —2z+2=0

() find ¢ and B in mod-arg form.

(i) show that " + " = ‘,2”2-[005»1’;],
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Question 6 (15 marks)

(@

(b)

©

@

A group of 20 people is to be seated at a long rectangular table, 10 on each 2

side. There are 7 people who wish to sit on one side of the table and 6 people
who wish to sit on the other side. How many seating arrangements are
possible?

The area enclosed by the curves y=+/x and y=2x? is rotated about the y axis
through one complete revolution. Use the cylindrical shell method to find the
volume of the solid that is generated.

The diagram shows a hemi-spherical
bowl of radius r, The bowl has been
tilted so that its axis is no longer
vertical, but at an angle @ to the
vertical. At this angle it can hold a
volume ¥ of water.

The vertical line from the centre O
meets the surface of the water at W
and meets the bottom of the bowl at B.
Let P between W and B, and let 4 be
the distance OP.

. : _f 2
(i)  Explain why V= Linaﬂ(r —hz)dh.
r’r, 2
(i) Hence show V = —3«(2 ~3sin 6 +sin’ 9) .
()  Show that x* +y* > 2x%*. 2

(i) If P(x,y) isany point on the curve x* + y* =1 prove that OP < 2%, 3
where O is the origin. N NA( i vy L

b o 2wTY
X- ard
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Section D.
(Start a new answer booklet)

Question 7 (15 marks)

(@)  How many sets of 5 quartets (groups of four musicians) can be formed from

5 violinists, 5 viola players, 5 cellists, and 5 pianists if each quartet is to
consist of one player of each instrument?

() (@ Ift=tand, prove that

(i) If tanOtan40 =1 deduce that 5¢* ~10¢* +1=0.

(ili) Given that 0= % and 0= % are roots of the equation .

tan@tan46 =1, find the exact value of tan—l% .

©
AMa b
j( ) V\l\‘“\’
1

Two circles intersect at 4 and B. A line through 4 cuts the circles at M and N,

The tangents at M and N intersect at C.

(®  Prove that LCMA+ ZCNA= ZMBN .

(i) Prove M, C, N, B are concyclic.
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(e) A stone is projected from a point O on a horizontal plane at an angle of

Question 8 (15 marks) N elevation o and with initial velocity U metres per second. The stone reaches
apoint 4 in its trajectory, and at that instant it is moving in a direction
(@ ‘ perpendicular to the angle of projection with speed ¥ metres per second.
Y 6

Alr resistance is neglected throughout the motion and g is the acceleration
due to gravity.

If ¢ is the time in seconds at any instant, show that when the stone is at 4:

i @ V=Ucota
' 2 4 n n+l % :
1 ) r=—2—.
gsing
The diagram above shows the graph of y = log,x for 1S x<n+1.
® . I?gactzonsidering the sum of the areas of inner and outer rectangles show This is the end of the paper.
/ ntl
()< [ Inxde<In(a+ 1)1
J @  Find ["inxde.
(iily Hence prove that
e’ > .(f..:‘.-...l.)_
n!
(b)  Ifaroot of the cubic equation x° +bx +cx+d =0 is equal to the reciprocal 3 .
J of another root, prove that
 l+bd=c+d.
This question continues on the next page.
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S.B.H.S. = 2005 TRIAL HSC SOLUTIONS

Section A

O 0 [Zaefe
3{mn4L;]}
- E[tan-' ()-0]

3z

8

(ii) I cosxsin*xdx = I w'du [u = sinx]
¥ e

sin’ x
= +c

5

(i) J (¢ = fg- | fear
s/

=t — J' (—e"’ X l)dt
=—te' + I e'dt

=—te' —e"+¢

(d) (1) l= a(ﬂ’— 2x)+ bx

1
x=0=>a=—
/1

2a = b [coefficients of x]
nb=2
V3

§ =
-
it

ERES]

@) g[x@ m) HI="

=;1nx——*1ﬂ—_ln(7r—2x)+c

=—1—1n( X \+c
z L7L’-—2xJ

- |

€)  [e-b=2[ G|

[O 2- |x| is even]

=2[ (- x)ax [Q2-[=2-xx>0]

(f) (1) x=ag—t=>dx=-dt
x=0=t=a
x=a=>t=0

[7G)ax=[f(a-1)-ar)
= J:‘f(a— t)dt
= Lnf(a - x)a’x

@) 7= [in(anx)ax

Pz )
=J'0 lnktankz—xU dx
= fln(cotx)dx
21 = Eln(tanx)dx+ fln(cotx)dx
= fl:ln (tan x)+ In (cotx)] dx

o f! £y [ 1G]

[Q choice of variable inrclevant]




@) @) z=2+iw=-1+2 ; .
ST w=3~] (e) arg(z+2)=g,arg(z—2)=—é~.
Im(z - w): -1 z is represented by the point C, the intersection of the two rays.
BC =4co0s60°=2
~. ABOC is equilateral
2= 2is60° =1+ i3

®

60°
A 300
b
Alternatively
. il o1
c i —|=-"t=—
0 0 |5
; iy ) BC = 4c0s60° =2
(ii) argL—ZJ =argi—arg (z ) = heosbu=
z CH =2sin60° =3
3 o _
_E_zargz 60° BH = 2co0s60° =1
4
=‘2‘—29 cz=1+i3
(d) z =7 = z is purely real
So the locus is y =0, except x=0.
Alternatively:
Letz=x+iy,(z¢0) @
o Ll
LT=EX— PRLP
e B i
LZ=T S x+Hiy=x—iy ‘PR|=‘PQ'
s 2y=0=y=0 P ) ‘I_f;}“!j "
-~ z 18 a purely real number excluding 0 aan represents 74
0 PQ represents z, - z,

t(zz~z,)=zs—z,
2
iz(zz—zl) =(zg—z,)2
. 2 2Y_,2_ 2
..—(12 -22,2,+2, )— z, ~2z,z,+2

2212 + Zzz + 232 =222, + 22,7, =22 (22 + Z3)




Section B

‘i“:g“_”._‘m 1(.3) €AY Lo seuy Yo ¥R propostion
By S5 psm wa = &by %P ek pw K No= O Pha t= s Lk
:E~Z fr% 4 e Tp sy ¥ abee Fl. ety hezt Mmoo 52 w3,
T fsiy 8 e Zepo Thin L e «<p ¥ = = AT e
.Cz_n—)’:-\—@,»u)\:-(—q/:o~ Neow, “p = =pY o b, el sy >14 -
Sy law | v - ¥ ‘ poogiey v e
(2.-—3.&)’ (2= 3/&) <L~—3A W BY = T Kesisitom e, SCED: 15 i, . -
= e g-tax J(E- vy Au A Ly = — n Phovas hoian for = e €ii) g = _X—-ﬁft»'i(i-k%) ——3—-,'77.".
: A-. e .Qh N ! ©o bt & = —_L = %:—‘ Clesiy V= Ly ny
_";—“(ﬁ—hlf ‘:(L—\hi :sj,—o | e Hhoa poty uonnd | ﬂ_whw > ey =¥ : '
prating heal par t¢ 6,(_ J‘_é(ﬁA{_l 6 s e Ee >4 5 X
Al vZp+qrEo ’ i \
e R —_— — — Gyt y’ =o > .4,z:l s e 2 l_J__ — gt
1= I—nw akagin e ¥ T e | =S e ! )
k tad 3/ “5’1 M?/h ! ”’ & J [?':] = ;ki—( P ~—.’:[_i.'.l o II’I-; w %
. e 1 -t (=)
Quastich, (). o \ F |
I
4= S %, l'“Tréx & : :
0y Y = Stn" >
= 3 (§—trrx)
&%) ,\_a/"\z:= + 7/
(7:,4»4 . NG TR VR I”‘ ""7"""*""‘ e —\-’i‘}—}i %‘(— =0 -
- (2m o, o L
4) = 48 > = = =
G [ b4 )(——g) 1 /H S HA e & & yrE .
( % e [ (o) I a wmmn furwng b 7\'}: . I
= 2 (v xek) i ol
D) = K ko 2_—_—»“ 16 a Yerteal ch?a.z«o—u "1" +a’+
—%‘L o =D x=-=4 2 &Sﬁ——'mp“('ﬂe ‘ [_‘I Yo, P Td Ln—y )
\N%ZM K= —A& , yTe - ] 5o ‘_Lv -;—,57; . L
g0y U a s‘kxf‘“twm-\a.,ﬁ*“ e L ’%‘3, e
‘:’L'E\,p ;——z«[ *0 = k-‘M)ix"J => yi )H_.,,&3=,< ok C}a_wé
x .
= g 2:%3 i’;x}—j (. Yo ) e M-Lf‘\g_.(au‘av_t
.[L TXe = >k Yo = at
= “&% W - . " i ‘
i ( W ) , Y=3, N a\a;lvw{e—b ta Side ¢ ef @
j&(X):o' = w=~L & Yo ve. Raye,
ViR 2w wo=—b, y,=3(§6—§ -4 l Q . % 7;%"7‘%—3:&3-:;\,4':
" 7 G A S i
v S Neke
7)&3- wa (R =3
tia. K’bkvé,ow**kkascd/mrfvl;u‘f‘jr)’,




¢

&
wm«q - Kﬂlﬁx %1
Py = sn*—a
Plen) = zox?
M\T»,.Tqﬁsfu\ pts wley

St — 4 =
KA- =&

b = (et

.mw.w X = .l@..uvn.

Y 3
b I +(BNH
For thrre dvsducet real Tg.rms
Fhe curve eube Fhe n—ayic th
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Y —s féllv.oomv&
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Section D

@ G écxi yy\dﬁ @

7. (a} Howmany sots of 5 quartets. (groups of four musivians) can be formed from

"’2""’ ’{7 v&______-——— Bovielinists, & viclaplipers, 5. eellists, and B pianists i oach quarbes i8 to consist
7 - { of pire plager of eadly tusbarnint?
/ ‘{"—7 2 2x & -
' : B, gligeat o n¥gqd’
Setugion: TAAIEXTRL s
= 1728000

cm aew of - W

- A :

- t e ey
. 0P é *‘7 ) 5 gl = ‘m",’i_t?)
3 a;,b",\_—b,"‘ +=-2u,vg T GBI R

(B 1 If t'= banf) prove that

&
< »7‘4—0 ¢ # va*ﬁ [ ]
< ‘%’“““ N - 2 % tan 26
. Bolution: LHS, T (fanzﬂjg’

o (e - Ty

L
'3

it

- /aﬁ £a

= RI—L‘?

i TEtan B gan 46 = 14, defluse that 562 — 1082 . 1.=0.

Solatiom: b3 ;t_t(_l_;-tf_)_g = 1,
42 4t = ] B,
Bt~ 102 41 = 0.
{it. Given that § = B T nd 0 = %' are voots of the equation tanf tandd = 1,
_ﬁm-f, thie. sxach w:lw.* of ﬁm-iﬁ

Solution: Weing the quadratic formuly, 17 = -

10

Ncrw,afsﬂm—— 4tan§7£, ﬁani--ﬁ =

= )3 =14 -




n
| Bahution: St inmer rectangles = ¥ lwxl,

P
= It b@tnd 4 lnn,
Thyocireles infersust 4t 4 and 5. = Im;z!
A ve throngh A ciths the. girdles i

i

o M niid N “The bangents o€ M S vuter rectangles Elnm %1, or an g4 1) x 1,
gnd N intersect at C. In 2 + 34 g + o In(m A+ 1),
e + 1)

41
“ lnnl < f Inwde < Infh + 1)1
1

]

i, f*md e de.

‘ S Salumcm P _,"” Tngx dz, we=lnz v =1
i Frave that ZOMA + LONA = ZMBN. = il — I di oo .
‘ - = (gt-l—vfr)ln{n& 1) 0 [t ®
Solution: Join 4B, ) = {n + Dlafa ) — vt~ 1)
LOMA = AMBA (anglein albernate segment), = (a3 lnfi b 4) = 1,
LONKA = ZABN (angle in alternate segment),
. LOMA& LONA = LMBA+ZLABN, i, Honee prove that
= AZMEN, ' (",.*.1]“
- 1
i/ Prove M, 0, N, B areconayelip. "
EMGN = = 180° {anigle sunviof ACMN), olutiore  Promd, (n+ 1> {4 nods,
. Infn4+ O s (4 1Y —n,
" ln (n + I)ﬂ‘f‘l
(11"
8. (a) ¥ | ol {4 1)
D+ e | TLI '
iR g BRLd
e R ___(n-l-l) g
L o ’ nl
t L] i ] () B ko of, thig-ciibile vguiston &%+ B coa =1 15 eqnal o the recipreies]
// 2 4 non+l of amablier oot prove that
L T bid = o P
Tha dingram abiove sliows the graph of y = log, 2 for 1 £x £ v+ 1,
{.‘ By considering the sum of the aress of inner and outer vectiigles, e o 1
chow thab Bolittien: Fet the rgotsbe L B.
w pitd » ethod 1
(int) < f Tnwde < Inffn=+1)1) Mathad &
i @ % =X B ed,
S B=—d
Substituté in the egquation for the oot 4:

PR Y ™




e 4—bz32—gd+d =B,

) Eilt = bd 1.
Method 2:
at=+f= b,

3
1+&ﬂ+”§ =g
B= .

o w‘+-§'»~d= -5 ... [1
s ’

Iv...ad—-%z e
1

T~e= dlo+ ~),
&

{e) A steme fsprojectsd frome a paint & ohva horizontal plaxie at an dngle of elevation
a rmd W]ﬂl initial velocily I mebres per second. The stone reaches & pobit 4
Fatthait nstant it ‘mvingdn-s divection: perpendienlar to

with speed V migives persetord,

Al veststence is-nsplected Fhroughont the motioi and g is the secoloration dile
to gravity.

Tf¢1s the time in seconds at any instant, show that when the stone is at A:
iV =Tecota

Balution:
¥

o #%F

o

F= 0 i = —g
%= U coste § = Usinnee — gt
Ar & Uspsa = Vena,
g, W= Uesta

:A2 4= —V cosa {oov heading dowhwards),
-—thcz w0 e = I s — — gty
Hcmw ,

U 7 gini T £ o o
- : Sﬂla ’

geino

_./8—




